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Summary

In this paper recent NLR research on transonic limit cycle oscillations of fighter aircraft
configurations is reported. Focus is on modelling the dynamic non-linearity of the
aerodynamics. Computational aeroelastic simulations of fighter aircraft configurations subjected
to complex transonic flow conditions including flow separation are discussed. Important details
of the simulation method are highlighted. The simulation method is first applied to standard test
cases for limit cycle oscillations due to shock motion (ISOGAI test case) and shock induced
flow separation (DLR test case). Finally, the capability of the simulation method to capture limit
cycle oscillations of an F-16 aircraft in heavy store configuration and at moderate angles of
attack in transonic flow is demonstrated. The obtained results confirm the role of shock-induced
flow separations as one of the possible causes of limit cycle oscillations for specific fighter
aircraft configurations.
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Abstract. In this paper recent NLR research on transonic limit cycle oscillations of fighter air-
craft configurations is reported. Focus is on modelling the dynamic non-linearity of the aero-
dynamics. Computational aeroelastic simulations of fighter aircraft configurations subjected to
complex transonic flow conditions including flow separation are discussed. Important details of
the simulation method are highlighted. The simulation method is first applied to standard test
cases for limit cycle oscillations due to shock motion (ISOGAI test case) and shock induced flow
separation (DLR test case). Finally, the capability of the simulation method to capture limit cy-
cle oscillations of an F-16 aircraft in heavy store configuration and at moderate angles of attack
in transonic flow is demonstrated. The obtained results confirm the role of shock-induced flow
separations as one of the possible causes of limit cycle oscillations for specific fighter aircraft
configurations.

1 INTRODUCTION

It is well-known that several types of modern fighter aircraft suffer from sustained vibrations
known as the limit cycle oscillation or LCO. A large number of investigations have been, and
are, devoted to this topic to investigate the cause of the problem. However, until now a com-
prehensive insight into the problem has not been reached. This type of vibrations hampers
the effective use of these aircraft, mostly when carrying different types of stores. For instance,
the Royal Netherlands Air Force (RNLAF) operates F-16 fighter aircraft which are susceptible to
limit cycle oscillation for certain heavy store configurations. Investigation of limit cycle oscilla-
tions is important in association with operational limits, safety aspects and also the influence on
maintenance aspects such as fatigue. The repeating loads during LCO may have some influence
on the life cycle consumption.

It is generally accepted that non-linearity in the aeroelastic system plays an essential role in limit
cycle oscillation phenomena. For a complex aeroelastic system such as a fighter aircraft the

�The work presented in this paper is partly funded by the Netherlands Ministry of Defence through the AESIM-
MIL project contract number (NTP) N98/04.
Copyright c 2003 by National Aerospace Laboratory NLR. Published by Nederlandse Vereniging voor Lucht-
vaarttechniek with permission.
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nonlinearity may originate from various sources, e.g. structural nonlinearity (stiffness, damp-
ing, free-play), aerodynamic nonlinearity (shock-induced flow separation, shock wave motion,
vortex dynamics), control-system nonlinearities, etc.

Several LCO investigations published in the literature have been directed towards modelling of
structural nonlinearity, e.g. Refs. [2, 15] on the nonlinear damping and Ref. [21] on the stiff-
ness nonlinearity. NLR in co-operation with Lockheed Martin Aeronautics has been exploring
nonlinearities in the aerodynamics. Various wind-tunnel campaign have been carried out, both
steady and unsteady, to characterise the transonic flow about the F-16 fighter aircraft during
limit cycle oscillation. Semi-empirical models are then co-developed based on the measured
data and have been successfully applied, e.g.[13, 14], to model limit cycle oscillations at mod-
erate angles of attack where shock-induced flow separation occurs. Further applications of the
method, however, are hampered by the availability of the required data. New approach is there-
fore necessary either to generate high fidelity aeroelastic database or to be applied directly to
simulate and analyse LCO phenomena.

In the past years, a computational aeroelastic simulation system has been developed at NLR. The
system embodies a suitable platform for investigating non-linearities in the aeroelastic system.
Based on the experience at hand, a first step is taken in which a linear structural model is
used along with a nonlinear flow model based on the Euler/Navier-Stokes equations. In the
following sections the methods underlying the computational aeroelastic simulation system and
its validation will be presented in detail.

Results of dynamic aeroelastic simulation for standard test cases are shown first. The appli-
cability of the method is finally demonstrated by simulating limit cycle oscillation of an F-16

fighter aircraft in transonic flow at a moderate angle of attack. The predicted frequency of the
limit cycle oscillation is comparable to with the results of flight measurement.

2 AEROELASTIC SYSTEM

The aeroelastic simulation system that has been developed at the NLR in the past years is based
on the NLR CFD tool, i.e. the ENFLOW system. The ENFLOW CFD system consists of the EN-

DOMO domain modeller, the ENGRID grid generator, the ENSOLV flow solver and the ENADAP

grid adaptation tool. The flow model employs the Euler/Reynolds-Averaged Navier-Stokes
equations while the geometry modelling uses structured multiblock grids. The ENFLOW sys-
tem is the workhorse at NLR for activities requiring high fidelity flow simulations such as aero-
dynamic performance prediction, aircraft-engine integration, support for wind tunnel measure-
ment, unsteady cavity flow, unsteady flow about oscillating wing, internal flow inside aircraft
cabin, etc.

The extension of the ENFLOW system as a computational aeroelastic simulation (CAS) system
has been driven by the need to investigate various aeroelastic phenomena associated with com-
plex flows that commonly occur about military aircraft configurations, e.g. shock waves, vortex
flow, shock-induced flow separation, etc. The ENFLOW CAS system can be applied for static
aeroelastic simulation on a routine basis, e.g. Refs. [19, 25]. However, dynamic aeroelastic
simulations using the ENFLOW CAS system are mostly carried out for specific investigations
and seldom for routine applications. This situation is expected to change in the near future. The
NLR aeroelastic tool that is designed for routine industrial applications is called the AESIM-

BASIC system. The NLR AESIM-BASIC system is based on the linear lifting surface and the
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non-linear full potential aerodynamic model.

The equations governing the mechanics of an aeroelastic system consist of the equations gov-
erning the dynamics of the structure of the aircraft and the equations governing the flow field
around the aircraft. The deformation of the structure is assumed to be relatively small, therefore
a linearised structural model is employed. The nonlinear Euler/Navier-Stokes equations are
used to model the flow field around the aircraft. In a non-dimensional form the set of governing
equations can be written as:

M �x+C _x+Kx =
1

2
V � 2 CA(Q;x; _x; t); (1)

@Q

@t
+r � F(Q; _x;Re1;M1) = S(Q; _x;Re1;M1): (2)

These equations are coupled through the kinematic condition at the fluid/structure interface. Let
n be a vector normal to the fluid/structure interface. The kinematic boundary condition for the
flow field on the solid surface of the configuration then becomes:

(u� _x) � n(x) = 0; for inviscid flow; (3)

u� _x = 0; for viscous flow. (4)

This boundary condition is completed by conditions for the thermodynamic quantities, e.g. the
adiabatic wall condition. In equations (1) to (4), M is the mass matrix, C is the damping
matrix, K is the stiffness matrix and CA is the aerodynamic force coefficient vector which
is a function of the flow state vector Q = [�; �u; �E; �T 1; ::; �TNT ]T where � is the density,
u = [u; v; w]T is the velocity vector, E is the total energy per unit mass, and T 1; ::; TNT are
the variables for the turbulence models. F and S are the flux matrix and the source term in the
Euler/Navier-Stokes equations, respectively.

In addition to the usual similarity parameters, i.e. the Reynolds number Re1, the Mach number
M1, and the coefficient of aerodynamic force CA, a fluid/structure interaction parameter, the
so-called speed index V �, is involved in the governing equations. V � is defined as:

V � =
URp
�
; (5)

where UR = u1=(!refLref) and � = mref=(�1vref) are the reduced velocity and the mass ratio,
respectively. UR and � are defined by the reference frequency !ref , the reference mass mref , the
reference volume vref , the reference lengthLref , the free-stream velocity u1, and the free-stream
density �1. The mass ratio is a parameter representing the ratio of the reference mass (mass
of the structure) and the mass of the surrounding air. In the present formulation, the reference
volume is defined as vref=L3

ref . All similarity parameters are invariant across the fluid/structure
interface.

To take the advantage of the available methods for the aerodynamics and structural dynamics
a loosely coupled method is adopted. Such method is built upon three distinct components: (i)

unsteady aerodynamic part, (ii) structural dynamic part and (iii) space and time synchronisation.
In the following sections some aspects of these components are discussed.

2.1 Unsteady aerodynamics

The Euler/Reynolds-Averaged Navier-Stokes equations are discretised following a cell-centred
finite-volume method in multiblock structured grids. Second-order central differencing with
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either scalar of matrix numerical dissipation is adopted. Time-accurate integration is carried
out using a dual-time stepping scheme:

dQn+1

dtP
+R(Qn+1;Qn; Qn�1) = 0; (6)

with the Runge-Kutta method for the relaxation in the pseudo time tP. The residualR(Qn+1;Qn;

Qn�1) includes the time derivative of the flow state Q, approximated using second order back-
ward differences. Convergence acceleration is provided by FAS multigrid method and a line-
relaxation method.

When the method is applied to simulate turbulent flows, Reynolds averaging is used and an
additional model is required to represent the Reynolds stresses. Several turbulence models
are available in ENSOLV including algebraic models and various variants of the k � ! two-
equation turbulence model. In the present work, all viscous computations have been carried
out using the NLR TNT (turbulent-non-turbulent) k � ! turbulence model. The TNT variant of
k � ! turbulence model removes the unnecessary dependency of the results on the free-stream
turbulence level [10]. Another important aspect of the turbulence model is the ability to handle
strong shock-boundary layer interaction. For this purpose, the explicit algebraic Reynolds stress
model has been augmented to the present NLR TNT k � ! turbulence model.

During an aeroelastic simulation, the multiblock grids have to deform to follow the deformation
of the fluid/structure interface due to the aerodynamic and inertial loads. In the present work,
a robust and efficient grid deformation technique has been developed. The method combines a
three-dimensional spline technique, e.g. the volume spline of Ref. [8], and a standard transfinite
interpolation technique. The first is applied to the block boundaries while the second is applied
to the grid inside the block. A more detailed description can be found in Ref. [22].

2.2 Structural dynamics

To take advantage of the fact that dynamic aeroelasticity of aircraft concerns mainly low fre-
quency vibrations, a modal approach is applied. The structural deformation is mapped to a
preselected vector space with a limited number of degrees of freedom:

h(t) � �1q1(t) + �2q2(t) + :::+ �NqN (t) = [�]fq(t)g; (7)

where h is the deformation of the structure and qi is called a generalised coordinate. The modal
space [�] is selected to be the eigenvectors of the system of undamped structural dynamic
equations, also called the mode shapes of the structure. In most cases, the required number
of mode shapes involved in the analysis, N , is much smaller than the number of degrees of
freedom of the model to represent the dynamics of the structure.

Due to orthogonality of the mode shapes with respect to the mass and stiffness matrices, insert-
ing equation (7) into equation (1) results in a set of equations:

mi �qi + 2�imi!i _qi +mi!
2

i
qi = Qi; i = 1:::N; (8)

where mi = �T
i
M �i is the generalised mass withM the mass matrix, �i is the modal damping

coefficient, and !i is the natural frequency. Qi = �i �F srf is the generalised aerodynamic force
(GAF) where F srf is the surface force vector due to the pressure and viscous forces. In equation
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( 8), the damping matrix has been assumed to be proportional to the mass and stiffness matrices.
Equations (8) are coupled by the generalised aerodynamic forces, Qi.

The second order ordinary differential equation (ODE), equation (8), is integrated in time using
the transition matrix method after a transformation into a set of first order ODE’s. This tech-
nique is commonly applied in flight mechanics problems but proves to be also very useful for
aeroelastic problems, see Refs. [4, 16, 18].

The required structural data for the simulations, i.e. the mode shape, the generalised mass and
the generalised stiffness, have been obtained in the present work with the help of finite element
method. The NASTRAN finite element package has been used to generate the modal data for
the three-dimensional cases considered in the present paper, i.e. the AGARD 445.6 wing and the
F-16 heavy store configuration. The overview of the finite element model for the AGARD 445.6

wing is shown in Figure 3 and the model for the F-16 heavy store configuration is shown in
Figure 4.

2.3 Fluid/structure synchronisation

As consequence of adopting a loosely coupled scheme a synchronisation in space and time
between the aerodynamic part and the structural part has to be devised.

The modelling of the fluid/structure interface according to requirements set in the aerodynamic
part and in the structural part is in most cases different. This implies that an interpolation is
needed to interchange the interface data, i.e. the deformation and the loads. Here, a spline
method is used which interpolates the deformation of the fluid/structure interface computed in
the structural part. Various types of spline methods can be applied according to the available
data, i.e. surface spline, volume spline, component-wise spline, etc., see Ref. [8] for a compre-
hensive description of spline methods for aeroelastic applications.

time aerodynamic module structural module

level

n Un+
1

2 � P(Xn�1;Xn�2:::;Un�1;Un�2:::) ! receiveUn+
1

2

receiveXn+1  Xn+1 = �Xn +�Un+
1

2 (�)
deform aerodynamic grid
solve R(Qn+1;Qn; Qn�1) = 0

Un+
1

2 = 1

2
(Un +Un+1) ! receiveUn+

1

2

if required back to (�)
n + 1 else time level n+1 is reached

Table 1: Aero-structural iteration scheme for the simultaneous time integration of the aeroelastic equa-
tions

Time integration of an aeroelastic system presents a special problem due to the interdependency
of the subsystems, i.e. the structural part and aerodynamic part. Solving the aerodynamic
equations requires the deformation of the surface computed in the structural part while the
structural equations of motion can only be solved when the aerodynamic forces are available.
In the present work, an iterative scheme is used in each time step which leads to a fully-implicit
convergence of the whole aeroelastic system. In such approach the following items have been
found important to ensure good convergence of the fluid/structure iteration:
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� Proper initial condition, i.e. prediction of the state at the next time step, for the aerodynamic
part and structural part.
� Prior to interchanging the data, sufficient convergence should be obtained, i.e. the data should

be sufficiently smooth.

Concerning the initial condition, two possibilities can be followed: predicting the aerodynamic
forces at the next time step and solving the structural deformation or predicting the structural
deformation at the next time step and solving the aerodynamic equations. The first scheme,
called aerodynamic extrapolation method, is applied in ENSOLV. Experience with the aeroe-
lastic system up to now shows that the aerodynamic extrapolation scheme yields satisfactory
results and requires only a very small number of iterations in each time step to obtain conver-
gence. The aerodynamic extrapolation method is summarised in Table 1 where the sequence or
processes during one step from time level (n) to time level (n + 1) is shown. The predictor P
in Table 1 can be a simple extrapolation method, e.g. Refs. [4, 17], or an advanced prognostic
method involving parameter identification technique, e.g. Ref. [7, 17].

2.4 Special case, two-dimensional model

For two-dimensional cases, the standard procedure to reduce the number of degree of freedom
by applying the modal approach as described in previous section, is not performed because this
case features only two degrees of freedom. For the sake of completeness the simplification
of the aeroelastic system that is applicable to a two-dimensional aerofoil is presented in this
section.

The equations of motion for a typical wing section can be derived by balancing the forces and
moments around the elastic axis EA, see Figure 2. Assuming small structural deformations, the
equations of motion become:

�
1 �x�
�x� r2

�

��
�h

��

�
+ 2

�
Æh�! 0

0 Æ�r
2
�

��
_h

_�

�
+

�
�!2 0

0 r2
�

��
h

�

�
=

1

2
V � 2

�
CL
CM

�
; (9)

where the chord length c has been used as the reference length, mass of the aerofoil per unit
span m as the reference mass and the uncoupled natural frequency of the rotation motion !� =p
K�=I� as the reference frequency with K� the stiffness of the rotational spring and I� the

moment of inertia about the elastic axis EA. In equation (9) h is the translational displacement
(positive upwards), x� is the distance between elastic axis EA and the centre of gravity CG, � is
the angle of attack, �! = !h=!� is the ratio of uncoupled natural frequencies, Æh is the damping
coefficient for translational motion, Æ� is the damping coefficient for the rotation motion and
r� =

p
4I�=(mc2) is the dimensionless radius of gyration with respect to EA.

In this paper two two-dimensional cases will be presented, i.e. the ISOGAI case of NACA

64A010, Refs.[9] and the DLR case of NLR 7301, Ref. [20]. The values of the parameters for
these cases are presented in Table 2. The values for the ISOGAI case are representative for a
swept-back wing, i.e. the elastic axis EA is located in front of the leading edge of the section
and the frequency ratio of the first mode (bending) and the second mode (torsional) is relatively
high.

For a simplified wind-on analysis, the steady aerodynamics model for a flat plate in incompress-
ible flow can be used. In this case, the aerodynamic lift force and pitching moment depend only
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parameter ISOGAI case DLR case remark

aerofoil NACA 64A010 NLR 7301

a �0:50 0:25 position of EA measured from the nose
x� 0:90 0:0484

r2
�

3:48 0:3881

!h=!� 1:0 0:761

!1=!� 0:713 0:735 first coupled natural frequency
!2=!� 5:338 1:070 second coupled natural frequency

Table 2: Aeroelastic parameters of a characteristic aerofoil suitable for two-dimensional aeroelastic modelling

on the angle of attack. The dynamic angle of attack formulation is used in which the effect of
the plunging motion is included in the pitching motion through the dynamic angle of attack:

�dyn = � +
_h

u1
: (10)

The coefficients of the lift force and pitching moment around the elastic axis can then be ex-
pressed as:

�
CL
CM

�
�
�
CL0

CM0

�
+

�
0 CL�
0 �eCL�

��
h

�

�
+

�
�CL�=u1 0

eCL�=u1 0

��
_h

_�

�
(11)

where the value of the gradient with relation to angle of attack of the lift coefficient is taken to
be CL� = 2� and e is the distance between elastic axis and aerodynamic centre.

3 RESULTS OF SIMULATIONS

The results of the dynamic aeroelastic simulations using the newly developed CAS system based
on the NLR ENFLOW CFD system are now presented. First, standard test cases are simulated to
validate the CAS method.

3.1 Fluid/structure iteration procedure

As mentioned in the previous section, an iteration procedure is applied to drive a fully-implicit
convergence of the aeroelastic system. Dynamic aeroelastic simulations have been carried out to
check the present fluid/structure iteration procedure. To isolate this issue, a simplified aeroelas-
tic system is used in the first set of computations, i.e. a two-dimensional aerofoil approximated
by a flat plate. Furthermore, steady aerodynamic theory for incompressible flow is used instead
of the full solution obtained from the CFD module, see equation (11) in section 2.4. The sim-
ple expressions for the aerodynamic forces and pitching moment allow an implicit treatment
of them in the time integration scheme, i.e. this results into implicit integration for the whole
aeroelastic system. Furthermore, since an analytical expression for the transfer matrix method
is used, the solution is exact. Aeroelastic parameters studied by Zwaan [28] are used in the
present investigation, i.e. � = 100 and e = �0:50 chord. The flutter speed expressed in terms
of the reduced velocity UR = u1=(!�b) is given in Ref. [28] to be about 20. Simulations have
been carried out with a small initial velocity at t = 0 as initial condition for stable condition
at UR = 18, neutral condition at UR = 20 and unstable condition at UR = 21. The results are
shown in Figure 5. Next, the dynamic aeroelastic simulation at UR = 18 is repeated using the
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loosely-coupled fluid/structure coupling method. Three simulations have been carried out with
different numbers of structural updates. The results, depicted in Figure 6, show that only the re-
sponse with one structural update differs from the other responses, including the exact solution.
Thus convergence is obtained using a small number of updates.

To check whether a similar conclusion can be drawn for simulations involving nonlinear aero-
dynamics, the CFD module of the ENFLOW system is used for aerodynamic computations based
on the Euler equations on the NACA 64A010 aerofoil at the transonic condition of M1 = 0:85

and UR = 4:26. Three multigrid cycles have been carried out before the structural position
is updated. Figure 7 presents the results of the simulations in terms of the responses for the
pitching and plunging motions. The results for one, two and three structural updates in the
fluid/structure coupling procedure are hardly distinguishable. Looking closely to a peak of the
responses, a similar observation can be made as for the flat plate case in the sense that responses
obtained with two and three structural updates almost coincide.

Based on the results presented in this section, it is concluded that the present loosely-coupled
scheme is efficient and robust. Only a small number of fluid/structure iterations is required per
time step to obtain sufficient convergence of the aeroelastic system.

3.2 Flutter of the AGARD standard test case: 445.6 wing

The results of the computations on the standard three-dimensional dynamic aeroelastic test case
of AGARD are presented in this section. The case of weakened wing 445.6 number 3 is selected.
The purpose of the investigation is to establish the applicability of the present CAS method for
transonic flutter simulation.

Following the suggestion given in Ref. [27], the first four mode shapes of the 445.6 wing have
been used in the simulation along with the measured natural frequencies. The mode shapes in
the nodes of the structural grid and the interpolated ones on the aerodynamic grid are shown
in Figure 8. The contours on the grids correspond to associated magnitudes of the mode shape
which is in this case only the deformation in the z-direction. Since the data is completely located
on a two-dimensional surface, the surface spline method has been used to interpolate the mode
shapes.

The aeroelastic simulations have been started with the computation of the steady flow field based
on the Euler equations around the wing at zero angle of attack. Next, the required response is
generated by application of the initial condition of a relatively small generalised velocity for all
mode shapes at t = 0. In order to determine a suitable size of the time step, two simulations
at M1 = 0:96 and speed index V � = u1=(!2cR

p
�) = 0:2 have been carried out. The

time step size is determined with respect to the highest natural frequency of the mode shapes
involved in the simulation. The duration of the simulation is defined by the required number
of periods of the lowest natural frequency of the mode shapes. Figure 9 shows the time history
of the generalised coordinates of the second and third mode shapes obtained from simulations
using time step sizes �t = T4=8 and �t = T4=16, respectively. Up to four periods of the
first mode shape are simulated to obtain enough samples. It is clear from the figure that only
small differences exist between the two generalised coordinates which suggests that the time
step is sufficiently small to properly model the system. To be on the safe side, all computations
described in the remainder of the present paper have been carried out with 16 samples of the
highest structural natural frequency involved in the simulation.
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The flutter boundary has been predicted through the execution of simulations at several speed-
indices, approximation of the damping for each simulation and interpolation to obtain a speed
index associated with zero damping. In the present study, the damping for each simulation is
approximated simply using a logarithmic decrement technique. More advanced methods can
also be applied, e.g. [7]. Note that post-processing of time-domain simulation results deserves
significant attention and is beyond the scope of the present work. In a logarithmic decrement
technique, the damping of the system is assumed to be proportional to the logarithm of the ratio
of two consecutive peaks in the response. In each simulation, the average of the damping for
several consecutive peaks is used. Figures 10 and 11 show two examples of the responses of
the first and second mode shapes of the 445.6 wing at subsonic (M1 = 0:499) and supersonic
(M1 = 1:114) flow, respectively. At each Mach number, stable and unstable responses have
been obtained.

Comparison of the flutter boundaries obtained from four computational methods and exper-
imental data of NASA [27] is presented in Figure 12. The computational results are obtained
from ENFLOW with flow model based on the Euler equations, from Lee-Rausch and Batina [11]
also based on the Euler equations on structured grids, from Farhat and Lesoinne [5] based on
the Euler equations on unstructured grids, and from Hounjet and Eussen [6] based on the full
potential equation. This figure shows that the flutter boundary is lowest in terms of the speed
index at a free-stream Mach number close to unity. This property is known as the transonic
dip. Further inspection shows that at subsonic speed, all Euler results correspond well, and
also correspond well to the experimental data of NASA. The flutter boundary computed using
the full potential method is somewhat higher in terms of speed index than those obtained using
the Euler methods. At supersonic speed, however, the flutter boundary obtained by Farhat and
Lesoinne [5], diverges from the other Euler results but corresponds well to the experimental
boundary. The flutter boundaries predicted using ENFLOW and CFL3D of NASA [11], corre-
spond mutually well at these speeds, but yield a considerably higher flutter boundary than the
experimental boundary. It is suggested in Ref. [11] that at this supersonic speed the effect of
viscosity is significant which may explain this difference. The results in Ref. [5], also obtained
from computations based on the Euler equations for inviscid flow, have been obtained using a
very coarse unstructured grid. The associated substantial numerical dissipation seems to have a
favourable effect by mimicking real viscosity.

Based on the presented results of dynamic aeroelastic simulations for the AGARD 445.6 wing,
it may be concluded that, at least for attached flow fields, the present CAS method has been
validated for transonic flutter simulations.

3.3 Flutter and inviscid LCO of the NACA-64A010 aerofoil

The interesting LCO case of the NACA 64A010 aerofoil in transonic flow is considered. This
case shows important features of transonic aeroelastic phenomena: a pronounced transonic
dip, multiple flutter boundary and LCO. The aeroelastic parameters of Isogai [9] as given in
Table 2 are used in the present simulations. Although experimental data for this case is not
available, many computational results have been published in the literature and can be used for
comparison.

The flutter boundary is predicted in a similar manner as in the case of AGARD wing through sim-
ulations at various speed indices, defined as V � = u1=(!�b

p
�, approximating of the damping
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of the responses and interpolation to obtain a speed index associated with zero damping. Log-
arithmic decrement technique is also applied to approximate the damping for each simulation.
Figure 13 shows the flutter boundaries obtained using the ENFLOW system based on the Euler
equations and those available in the literature, i.e. results employing the Euler equations from
Bendiksen and Kousen [1] and Darracq et al. [3] (CERFACS), results using the full potential
equation from Hounjet and Eussen [6] and results using the linear doublet lattice method. This
figure clearly shows the inadequacy of the linear doublet lattice method to produce a conserva-
tive prediction of the flutter speed at transonic conditions. The flutter boundary computed using
ENFLOW corresponds well to the CERFACS results. The results from Bendiksen and Kousen
[1], that are the first published results using the Euler equations for this case, have been ob-
tained from computations on a relatively coarse grid which explains the differences with the
two other Euler results. One of the features of the present NACA 64A010 aerofoil test case is the
existence of multiple flutter boundaries at a range of Mach numbers. Figure 13 shows that be-
tween M1 = 0:85 and 0:90 a stable region exists above the (first) flutter boundary. This stable
region is bounded by a second flutter boundary at speeds higher than the speeds associated with
the first boundary.

Next, conditions beyond the first flutter boundary are investigated at M1 = 0:875. Figure 14
shows the time histories of plunging and pitching motions at three speed indices beyond the first
flutter boundary. It can be seen in the figure that the amplitudes of the oscillations increase to a
relatively large value and thereafter the amplitudes of responses remain at a constant level. This
type of response is identified as the limit cycle oscillation LCO. The figure shows also that the
magnitudes of the limit cycle oscillation amplitudes depend on the speed index. However, the
final state of the LCO does not depend on the initial condition. This is in contrast to the results
obtained from linear systems that depend on the initial conditions. Figure 15 shows the phase
plane, i.e. the plot showing the relation between displacement and velocity, for the pitching
motion at speed index V � = 0:60 and for two initial conditions. The first simulation is started
using a relatively small initial velocity and the second using a relatively large velocity. The
responses follow different paths but eventually arrive at the same LCO state.

The dependency of the LCO amplitude on the speed index is clearly shown in Figure 16. Stable
responses are represented by zero LCO amplitudes. After the first flutter boundary is crossed,
the response exhibits LCO whose amplitude increases initially with the increase of the speed
index. However, for even higher speed indices the amplitude of LCO decreases again until a
stable response (zero LCO amplitude) is reached. After the second flutter boundary is crossed,
LCO responses are obtained again, but with larger amplitudes compared to the previous area
with LCO responses. The first LCO constitutes a bending-torsion mode and the second LCO a
dominantly torsion mode. Similar results for LCO have also been reported in the literature, e.g.
Refs. [1]. It is worth noting that the amplitude of the first LCO features an apparent discontinuity
at its inception at V � � 0:60, while it terminates continuously at V � � 1:8. This discontinuous
inception of the LCO is indicative of the possibility of the existence of unstable LCO as in the
case of aileron buzz, see Steger and Bailey [23]. The present numerical approach is not suitable
to capture an unstable LCO. However, this is not an undesirable property of the method, since
unstable LCO is in practice not of importance.
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3.4 LCO of the NLR-7301 aerofoil

The other interesting LCO case based on a relatively recent measurement campaign is the DLR

case of NLR 7301 aerofoil, see e.g. Schewe et al. [20]. Flutter boundary and the condition
beyond the flutter margin were investigated during the wind-tunnel measurement. Due to the
increasing interest in the LCO phenomena in the past years, this test case became one of the
most important validation cases for transonic flutter and LCO. Several computational results
have been published in literature, e.g. Tang et al. [24], Weber et al. [26], and there is no doubt
that many others will follow.

The DLR case is a two-dimensional two-degree-of-freedom, in pitch and plunge, aeroelastic
system subjected to transonic flow condition. The experimental set up does not include struc-
tural nonlinearities. The theoretical model of DLR experiment is similar to the ISOGAI case
except that it contains viscous damping parameters. The structural data of the DLR case is given
in Table 2. As suggested in Ref. [20], the measuring point number 77 (MP77) is selected. The
free-stream Mach number is M1 = 0:768, mean angle of attack � = 1:28, Reynolds number
Re1 = 1:727 million based on the chord length, mass ratio � = mref=(�1�b

2s) = 954:0 and
speed index V � = u1=(!�b

p
�) = 0:204, where b is the half chord and s is the span of the

wing. MP77 represents condition beyond flutter boundary close to the bottom of the transonic
dip. A two-degree of freedom transonic LCO is observed during the experiment.

Due to the significant size of the model compared to the wind tunnel test section, correction
should be applied to the measurement condition, i.e. the Mach number and angle of attack.
Weber et al. [26] also found that modelling of the porous wall of the wind-tunnel could influence
the results significantly. In the present paper, no attempt has been made to investigate this
correction, the correction as suggested in [20] has been used. Future research will take this
matter into account.

Aeroelastic simulations have been carried out at M1 = 0:754 and � = �0:15 degree using
flow model based on the Reynolds-Average Navier-Stokes equations. The TNT k � ! turbu-
lence model augmented with explicit algebraic Reynolds stress model. An initial condition in
the form of velocity at t = 0 is applied. The results in terms of the history of plunging and
pitching deformation and velocity are shown in Figure 17 and Figure 18. Results for two ini-
tial conditions have been shown in these figures, i.e. small and large disturbance. Contrary to
the observation of Tang et al. [24] where the final LCO state depends on the magnitude of the
disturbance, here similar final LCO states are reached for both simulations with small and large
disturbance initial condition. In other word, in the present simulations only one LCO state has
been found. Further investigation of this test case will be carried out including careful parameter
study to investigate the existence of multiple LCO states as found by Tang et al. [24].

methods �LCO (degree) hLCO=c !LCO=!� �LCO (degree)

present method 5.04 0.050 0.775 169.9
Tang et al. [24] 3.17 0.030 0.793 n.a.

Weber et al. [26] 4.09 0.035 0.772 169.8
experiment [20] 0.18 0.002 0.759 176.7

Table 3: Comparison of several LCO parameters between computational results and experiment for the DLR case
of NLR 7301 aerofoil at condition MP77, M1EXP = 0:768, �EXP = 1:28 degree

The comparison of some LCO parameters with other computational results and the experiment is
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presented in Table 3. Similar to the other computational results, the amplitude of the LCO is far
larger than that measured in the experiment. As mentioned before a porous wall modelling can
influence the results significantly [26]. In the present computations a free-stream boundary has
been used. However, the good agreement of the frequency !LCO=!� and the phase-lag between
pitching motion and plunging motion �LCO at LCO condition suggests that the LCO mechanism
has been modelled properly by numerical simulations.

3.5 LCO of the F-16 aircraft heavy store loading configuration

The final test case considered in this paper is the F-16 aircraft in an air-to-ground heavy store
loading configuration. The purpose of this test case is not to analyse extensively the aeroelastic
characteristics of the F-16 because such activities are beyond the scope of the present paper.
Instead, it is intended to demonstrate the capability of the present CAS method to model LCO of
a real fighter aircraft configuration. The air-to-ground configuration considered here is shown in
Figure 19 (the upper left figure). From a geometry point of view, the configuration is extremely
complex, i.e. including AIM-9J missiles mounted at the tip of the wing and at the outboard
underwing attachment, a MK-84 bomb mounted at the mid underwing attachment, and a full
370-GALLON fuel tank mounted at the inboard underwing attachment. This configuration is
also known as the heavy store loading configuration.

At NLR, a computational grid suitable for the solution of the Euler flow field equations is avail-
able for this configuration. However, for LCO simulations a Navier-Stokes flow model is re-
quired because shock-induced flow separation is present in the flow field. Unfortunately, a
computational grid suitable for the solution of the Navier-Stokes flow field equations will be
extremely complex to generate and unmanageable during the execution of the computations.
Therefore, simplifications of the geometry have been sought and carried out.

The main assumption underlying the present LCO investigations is the finding in previous work,
e.g. Refs. [12–14], that the origin of LCO for the heavily-loaded F-16 is the occurrence of shock-
induced flow separations at the outer part of the wing. This observation has been used as the
basis to judge whether geometry simplification is allowed. The simplifications have also been
validated using steady and unsteady measurement data. The underwing stores and the wing tip
missiles will not be included in the aerodynamic computations. However, the wing tip launcher
has been maintained in the model. Also the tail section of the aircraft has been omitted. The
reduction of the geometrical complexity is also shown in Figure 19.

The next step in the computational procedure is the mapping of the mode shapes from the
nodes on the structural grid to the nodes on the aerodynamic grid. In the structural dynamics
module of the CAS system, all components of the configuration are always taken into account
in contrast to the aerodynamics module. The volume spline method is applied to interpolate the
mode shapes. Examples of the mapped mode shapes are shown in Figure 20 that presents the
first four flexible anti-symmetrical mode shapes of the F-16 heavy store configuration. In total
10 symmetrical and 10 anti-symmetrical mode shapes have been used in the simulation. For the
present investigation, a very small structural damping has been used throughout the simulations.

Dynamic aeroelastic simulations have been carried out for a flight speed that corresponds to
M1 = 0:90 at an altitude of 10,000 ft (usually called FL100) and an angle of attack of 7 degree
and zero angle of side slip. This condition has been selected in order to correspond to the
condition that has been used in a previous study of Meijer [12]. The simulations have been
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started from a steady flow field condition and with a rigid structure. Through inclusion of the
symmetrical mode shapes in the simulation, the static deformation of the structure has also been
obtained as part of the solution. Thus, in the present simulations, the absolute deformations have
been computed instead of deformations that are taken with regard to the static deformation state.
Initial conditions have been specified for all anti-symmetrical mode shapes in the form of an
initial generalised velocity.

Figure 21 shows a typical time history of the generalised coordinates for the symmetrical mode
shapes during an LCO simulation based on application of the Navier-Stokes equations. The
time traces feature oscillations around averaged values that correspond to static deformations.
It is evident that the oscillations do not wash out. The amplitudes of the oscillations initially
increase to a certain level and remain at those levels next. This is characteristic for the LCO

phenomenon.

Figure 22 shows the time history of the generalised coordinates for the anti-symmetrical mode
shapes during the same simulation. In contrast to the symmetrical mode responses, the de-
formations feature oscillations around the initial, undeformed state. These responses represent
largely the dynamic deformations. Only the first two mode shapes, the first wing bending and
torsion mode shape, feature oscillations that initially increase up to a certain level and remain
at those levels next. The other mode shapes damp out. It can be concluded that the first and
second mode are coupled by the aerodynamic forces and contribute to the instability. In the
remaining part of the present report, the anti-symmetric mode shapes will mainly be presented
because the investigation has been concentrated on the dynamic behaviour of the phenomena.

One of the characteristics of LCO that has been shown in the test case of the NACA-64A010

aerofoil and NLR 7301 aerofoil is that the LCO final state is invariant to the initial condition,
see Figure 14, Figure 15, Figure 17 and Figure 18. This feature has also been investigated
for the LCO of the F-16. For this purpose, two simulations have been carried out based on
the Navier-Stokes equations. The first simulation is performed using a relatively small initial
velocity, while the second one uses a relatively large initial velocity. Figures 23 and 24 show
the first anti-symmetrical bending and torsion mode shapes for small and large initial velocity,
respectively. The final LCO amplitudes for the two simulations are the same although the paths
to reach this state are different. The first part of the time history for the simulation with small
initial condition shows a typical response of in case of flutter, i.e. an exponentially growing
amplitude of the oscillations. After a long period of oscillations with increasing amplitude,
the growth of the amplitude decreases until a stable LCO is obtained. From the point of view
of the numerical approach, this type of simulation is not preferable because it requires a very
long simulation time. The case with large initial velocity, on the other hand, does not feature
long transient responses and reaches quickly the LCO condition. For an LCO investigation using
numerical tools, this latter type of response is preferable.

The dependency of the LCO amplitude on the dynamic pressure has been shown in the test case
of the NACA-64A010 aerofoil and has also been observed in the flight test of the RNLAF. To
check whether the present CAS method captures this dependency properly, a simulation has
been carried out at the same Mach number M1 = 0:90 but at an altitude 1,000 ft lower than
the previous simulation, i.e. at FL90. Comparison of the responses of the anti-symmetrical first
bending and torsion mode shapes at FL90 with those from the previous simulation at FL100 is
shown in Figures 25 and 26. The figures show that the amplitude of the LCO increases with
increasing dynamic pressure.
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Finally, the analysis of the results is presented. The surface pressure distributions during one
cycle of LCO are shown in Figure 27. The time step size applied in the simulation is 6.33
milliseconds. During the occurrence of LCO, the small surface deformations cause significant
changes to the surface pressure distribution. The surface deformation has been rendered in this
figure with its real magnitude. To be able to see the deformation more clearly, the surface de-
formation during one cycle of LCO is plotted at a magnitude of 7 times its real deformation
in Figure 28. This figure confirms the observation from the time histories of the generalised
coordinates that the LCO consists of a coupled anti-symmetrical bending and torsion mode. The
frequency content of the time trace has been analysed using Fourier transformation. Figure 29
shows the magnitude of the Fourier components of the deformation at a measurement point in
the foremost part of the starboard wing tip missile launcher. A comparison has been made with
flight test data of the RNLAF. The frequency spectrum features a very dominant component at
about 5.5 Hz. Very good correspondence is found between the result from the numerical simu-
lation and from the flight test. The acceleration at a certain point is determined by application of
a finite difference scheme to the values of the velocity that are computed during the simulation.
The acceleration at a measurement point in the foremost part of the starboard missile launcher
is presented in Figure 30. The amplitude of the oscillation is larger than the amplitude obtained
from the flight test. Most probably, this is due to the very small value of structural damping used
in the simulation. It is known from previous research that an increase of the structural damp-
ing will reduce the amplitude of the LCO. More detailed and systematic study of the structural
damping will be carried out in future research. In any case, the present CAS method yields the
correct tendency with respect to the acceleration. A summary of the main frequency spectrum
and acceleration data is presented in Table 4.

parameter simulation flight test

main frequency in the response 5.46 Hz 5.5 Hz

acceleration amplitude � 6 g � 2 g

Table 4: Summary of the LCO simulation of the F-16 in heavy store configuration at M1 = 0:9, � = 7:0 degree
and altitude FL100

Summarising the previous discussion, it may be concluded that the results of the present inves-
tigation inspire confidence with respect to the validity of the method.

4 Concluding remarks

In this paper, the description and results of the computational aeroelastic simulation CAS system
developed at NLR in the past years are presented.

Dynamic aeroelastic simulations have been described for configurations ranging from a two-
dimensional aerofoil to the F-16 aircraft undergoing LCO. Based on the results of the simula-
tions, the following conclusions can be drawn:

� The computational procedures that have been selected and applied in the present CAS system
have been found to be robust and efficient.
� The LCO occurring at the F-16 aircraft in heavy-store loading configuration at a moderate

angle of attack has been successfully simulated. The frequency of the LCO obtained from the
simulation corresponds well to the frequency observed during flight tests. The amplitude of
the oscillations, however, has been found too high in the computations.
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� For the case of NLR 7301 aerofoil, the present results confirm the finding published in the
literature that the numerically computed amplitude of LCO is far larger than that observed in
the experiment. However, the frequency of the LCO and the mode of the LCO are in a good
agreement with the experiment.
� In all of the LCO cases investigated in the present work, i.e. the inviscid LCO of NACA

64A010, the DLR case of NLR 7301 and the F-16 heavy store configuration, the final LCO state
is invariant to the initial condition.
� The amplitude of the LCO depends on the free-stream dynamic pressure as shown in the case

of NACA 64A010 and F-16 heavy store configuration.
� Reducing the required length of simulation to investigate LCO can be done by applying a

relatively large disturbance for the initial condition.
� Further investigation on LCO phenomenon and non-linear aeroelasticity in general, can now

be carried out using the newly developed computational aeroelastic simulation method.

During the development and applications of the present CAS system, several issues have been
identified that are recommended to be investigated in future research.

� The computed amplitude of LCO which are too large for the NLR 7301 case and for the F-16

heavy store case should be further investigated. In the case of NLR 7301 modelling of porous
tunnel wall is one of the possible causes of discrepancy. For the F-16 case, the use of better
values of structural damping should be investigated.
� As suggested in various publications, nonlinearity in the structural dynamics of fighter aircraft

may play also an important role during an LCO process. Structural nonlinearity such as free-
play and dry-damping should be investigated to obtain a comprehensive understanding of the
tramsonic LCO phenomenon.
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Figure 1: Schematic diagram of the present CAS system for computational aeroelastic simulation based on the
NLR ENFLOW CFD system
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Figure 2: Characteristic wing section and the main parameters used in the mathematical model of two-dimensional
aeroelastic computations

Figure 3: Finite element model of the AGARD 445.6 wing consisting of CQUAD4 shell elements; the dashed
line shows the fourth flexible mode shape
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Figure 4: Finite element model of the F-16 aircraft in heavy store configuration consisting of CBEAM beam,
CBAR bar and QUAD4 shell elements; the dashed line shows the first symmetrical flexible mode shape
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Figure 5: Pitching and plunging responses (exact solutions) of a flat plate for several reduced velocities; M1 = 0,
� = 100, e = �0:50
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Figure 6: Pitching and plunging responses of a flat plate computed using the exact method and using the present
CAS method for different numbers of structural updates in the fluid/structure coupling procedure; M1 = 0,
� = 100, e = �0:50, UR = 18
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Figure 7: Pitching and plunging responses of the NACA 64A010 aerofoil computed using the present CAS
method for different numbers of structural updates in the fluid/structure coupling procedure; M1 = 0:85, � = 60,
e = �0:50, UR = 4:26, Euler flow model
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Figure 8: First four mode shapes of the AGARD 445.6 wing in the nodes of the structural grid and the mapping
to the aerodynamic grid
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Figure 9: Time history of the generalised coordinates of the second and third mode shapes of the AGARD 445.6
wing using two time step sizes; M1 = 0:96, V � = 0:2, Euler flow model
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Figure 10: Time history of the generalised coordinates of the first and second mode shapes of the AGARD 445.6
wing for three speed indices (V � = 0:240; 0:255 and 0:270); M1 = 0:499, Euler flow model
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Figure 11: Time history of the generalised coordinates of the first and second mode shapes of the AGARD 445.6
wing for four speed indices V � = 0:32; 0:34; 0:36 and 0:40, M1 = 1:141, Euler flow model
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Figure 12: Flutter boundaries of the AGARD 445.6 wing predicted using the present CAS method (Euler flow
model) and other computational methods and experimental data
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Figure 13: Flutter boundaries of the NACA 64A010 aerofoil computed using the present CAS method (Euler
flow model) and other computational methods
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Figure 14: Time history of the pitching and plunging responses of the NACA 64A010 aerofoil for three speed
indices (V � = 1:0; 1:2 and 1:4); M1 = 0:875, Euler flow model
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Figure 15: Pitching motion (phase plane plot) of the NACA 64A010 aerofoil at speed index V �
= 0:60 for two

initial conditions; M1 = 0:875, Euler flow model
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Figure 16: Dependency of the LCO amplitude on the speed index for the NACA 64A010 aerofoil; M1 = 0:875,
Euler flow model
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Figure 17: Time history of the plunging responses of the NLR 7301 aerofoil at MP77 condition of Ref. [20] for
small and large disturbance initial conditions, M1 = 0:754, � = �0:15, Reynolds-Averaged Navier-Stokes flow
model
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Figure 18: Time history of the pitching responses of the NLR 7301 aerofoil at MP77 condition of Ref. [20] for
small and large disturbance initial conditions, M1 = 0:754, � = �0:15, Reynolds-Averaged Navier-Stokes flow
model
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Figure 19: Reduction of the geometrical complexity of the F-16 heavy store configuration for the LCO simulation



-31-
NLR-TP-2003-526

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

Figure 20: First four interpolated flexible anti-symmetrical mode shapes of the F-16 aircraft as applied in the LCO
simulation

tU∞/L
0 200 400 600 800 1000 1200

-0.0005

0.0000

0.0005

0.0010

0.0015

0.0020

mode 1
mode 2
mode 3
mode 4

Figure 21: Time history of the generalised coordinates for the symmetrical modes of the F-16 aircraft during the
LCO simulation; M1 = 0:90, � = 7 degree, FL100, Reynolds-Averaged Navier-Stokes flow model
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Figure 22: Time history of the generalised coordinates for the anti-symmetrical modes of the F-16 aircraft during
the LCO simulation; M1 = 0:90, � = 7 degree, FL100, Reynolds-Averaged Navier-Stokes flow model
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Figure 23: Time history of the generalised coordinates for the first anti-symmetrical bending mode of the F-16
aircraft for two initial velocities; M1 = 0:90, � = 7 degree, FL100, Reynolds-Averaged Navier-Stokes flow
model
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Figure 24: Time history of the generalised coordinates for the first anti-symmetrical torsion mode of the F-16
aircraft for two initial velocities; M1 = 0:90, � = 7 degree, FL100, Reynolds-Averaged Navier-Stokes flow
model
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Figure 25: Time history of the generalised coordinates for the first anti-symmetrical bending mode shape of the
F-16 aircraft for two altitudes; M1 = 0:90, � = 7 degree, Reynolds-Averaged Navier-Stokes flow model
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Figure 26: Time history of the generalised coordinates for the first anti-symmetrical torsion mode shape of the
F-16 aircraft for two altitudes; M1 = 0:90, � = 7 degree, Reynolds-Averaged Navier-Stokes flow model
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Figure 27: Surface pressure distributions during one cycle of LCO of the F-16 aircraft; M1 = 0:90, � = 7

degree, FL100, Reynolds-Averaged Navier-Stokes flow model
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Figure 28: Surface deformations during one cycle of LCO of the F-16 aircraft plotted at a magnitude of 7 times
its real deformation; M1 = 0:90, � = 7 degree, FL100, Reynolds-Averaged Navier-Stokes flow model
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– Almost single frequency response at f ≈ 5.5 Hz
– Very good agreement with flight test

Figure 29: Frequency spectrum of the LCO responses of the F-16 aircraft at a measurement point in the foremost
part of the starboard wing tip missile launcher computed using the present CAS method compared with the results
of flight test; M1 = 0:90, � = 7 degree, FL100, Reynolds-Averaged Navier-Stokes flow model
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Figure 30: Acceleration during LCO of the F-16 aircraft at a measurement point in the foremost part of the
starboard wing tip missile launcher computed using the present CAS method compared with the results of flight
test; M1 = 0:90, � = 7 degree, FL100, Reynolds-Averaged Navier-Stokes flow model
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LIST OF SYMBOLS

b half chord
C structural damping matrix
CA vector of aerodynamic force coefficients
CL lift coefficient
CM pitching moment coefficient
cR reference length
e distance between elastic axis and aerodynamic centre
F convective flux of the Navier-Stokes equations
F srf surface force vector
h displacement vector
K stiffness matrix
Lref reference length
M mass matrix
M1 Mach number
m generalized mass matrix, �TM�
mi i-th diagonal element of generalized mass matrix
mref reference mass
n normal vector
Q flow variables [�; �u; �v; �w; �E]T , i.e. density, momentum, total energy
Qi i-th element of generalized aerodynamic force vector
q vector of generalized coordinates
qi i-th generalized coordinate
R residual of discretised Euler/Navier-Stokes equations
Re1 Reynolds number
S source terms of the Navier-Stokes equations
s span
u velocity vector
UR reduced velocity, u1=(!refLref)
u1 free-stream velocity
V � speed index, UR=

p
�

x physical coordinate vector
vref reference volume
� angle of attack
�i viscous damping coefficient of i-th vibration mode
� mass ratio, mref=(�1vref)
�1 mass density of air
� matrix of vibration modes
�i i-th vibration mode
!i natural frequency of i-th vibration mode
!ref reference frequency

Sub/Super-scripts

n time level


