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Summary

This document contains the (mathematical part of the) contribution to the book *The Mathematics
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Jan C. Willems! on the occasion of his 60th birthday.

A brief overview is given of the behavioural approach to modelling linear inequality systems.
Linear inequality systems often arise when models of acrospace systems are derived from so-
called first principles.
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1 Introduction

Mathematical models of constrained dynamical systems often contain higher-order differential
equations to model the dynamics. Additional inequalities may be present that model the hard
environmental or operational restrictions. Given the fact that both authors worked that long in the
vicinity of Jan Willems it is only natural that they studied constrained systems in a behavioural

setting. Behavioural theory is well developed, especially for linear dynamical systems [9, 10, 11].

In the behavioural theory, which encompasses a foundation for the theory of deterministic dy-
namical sysiems, all variables are initially treated on an equal footing whereas in a more classical
setting usually an explicit distinction is made between input and cutput variables. Such a distinc-
tion however, may not be clear a priori. Examples that illustrate this already in a linear context
can be found in for instance (11]. An other example is a unilaterally constrained robotic manipu-
lator [4]. Interaction of a manipulator with its environment, for instance grappie of an object, will
inevitably mean restrictions on (possibly all) the positions, velocities and forces that are used to

model the behaviour of the manipulator.

An important feature of the behavioural framework is that it offers a mathematical theory to discuss
interconnected systems. In the behavioural theory a basic distinction is made between a system
and its representation(s). In this paper the beginning of a theory is presented for systems described
by difference inequalities in a behavioural setting. A dynamical system X is defined as a triple
T (T, W, B), where T C R is the time set, W is the space of variables, and 5 is a subset of
WT . 98 called the behaviour of the system. Detailed introductions to the behavioural approach to

systems and control can be found in [9, 10, 11].

The remainder of this paper is organized as follows. In section 2 we will introduce the notion
of convex conical systems. In section 3 we formally define unilateral dynamical systems. It is
investigated which properties allow dynamical systems to be described by a class of difference
inequalities. In section 4 we discuss the elimination probiem for difference inequalities. In section
5 results on a Farkas theorem for behavioural inequalities are presented. Concluding remarks can

be found in section 6. References are collected in section 7.
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2 Convex conical behaviours

We will discuss dynamical systems that can be described by linear difference inequalities. Some
basic notions and properties are introduced, where we closely follow the line of thought presented
in [7] for static inequalities.

Definition 2.1 A dynamical system = = (T, W, B) is said to be convex if W is a real vector space
over R and B is a convex subset of W<, L.e. if wy, wy € B then {l-c)un+ouw|0 <a<i}te
8. It is said 10 be conical if B is a cone, i.e. 5B is closed under multiplication by a nonnegative
scalar: {w € B,a > 0} = {ow € B}, If a system is both convex and conical it is called convex

conical, 7

Linear systems are a special case of convex conical systems. (Unless stated otherwise, proofs of
results presented in this paper can be found in [3].)

Proposition 2.2 Let ¥ = (T, W,B) be a dynamical system. Then X is convex conical if and
only if B contains all nonnegative linear combinations of its elements, i.e. if wy,...,wy € B and
a1, .0y Oy € [0, 00) then cown + ... + apwy, € B, O

For a behaviour %5 let (—8B) := {w € WT | —w € B}.

Proposition 2,3 Let & = (T, W, B) be a convex conical dynamical system. Then:

(i) The behaviour of the smallest linear system containing T, denoted by T, is given by
BB ={wecW |w=w —w, wi,wy € B}

(it) The behaviour of the largest linear sysiem contained in %, denoted by Yig, is given by
BN(—B)={wecW|weBadwec (—B)}. 0

In R* a subset is called convex polyhedral if it is the intersection of a finite collection of closed
halfspaces.

Definition 2.4 Let £ = (Z, W, B) be a discrete-time dynamical system. Then X is said to be a
Jinite-polyhedral (conical) system if ¥i1,12 € Z, —00 < 11 < 12 < 00, ‘Bl[h,tﬂ] is (a) polyhedral
(cone) in (R)e2~41+1, In that case B is said to be (a) finite-polyhedral (cone), m|

Proposition 2.5 Let ¥ = (Z,W,*B) be a time-invariant discrete-time dynamical system. Let &
be finite-polyhedral. Then % is complete if and only if B is closed. O

The question arises if the *finite-polyhedral’ condition on % is a necessary condition in proposition
2.5. We return to this issue later,
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3 Behavioural inequalities

A behavioural difference inequality representation of a discrete-time dynamical system with the
time axis T = Z and signal space W is, as in the linear case, defined by two integers L and {, and
amap f: Wil 5 R9 (for some g € N). (In the remainder, equalities as well as inequalities
will be referred to as equations.) A difference inequality is given by:

Flwt+ L), . ywt+1) > 0,¥ € Z. @

It is clear that the system ¥ = (Z, W, 9B), with

B = {w:Z — W| equation (1) is satisfied} (2)

defines a time-invariant dynamical system.

Definition 3.1 Let ¥ = (Z, W, B) be a discrete-time dynamical system. If there exists a map
[ W s RO such that B allows a representation as in (2) then the system % is said to be a

unilateral dynamical system. |

We will focus on convex conical unilateral dynamical systems whose behaviour can be represented
by

B = {w e (’)?| R0, )w >0}, 3

where o denotes the shift operator and R € R9%9[s, 571 the (g x ¢) polynomial matrices with
real coefficients and positive and negative powers of the indeterminate 5. As in the linear case [9],
the number of columns of R(s,s~!) is fixed and equals the number of manifest variables. The

number of rows of R(s,s™1) is equal to the number of equations used to describe the behaviour.

The question immediately arises what intrinsic properties of a dynamical system allow its be-
haviour to be represented as in (3). In [9] it has been shown that a discrete-time dynamical system
¥ = (T, W, ®8) can be described by a difference equality if and only if it is linear, time-invariant
and complete.
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It is clear that system = (Z, W, B) with *B as in (3) is a convex conical system. Convex conical
behaviours can also arise from certain nonlinear representations. For instance, the discrete-time
system that is described by the nonlinear latent variable description {w(t) = £2(¢)}, can also be
described by the convex conical manifest description {w(t) > 0}.

To differentiate behaviours where inequalities are present from behavioural representations where
only equalities are present we introduce the following notation. Let By € R9*9[s,s~!] and Ry €

R™*4{s, s~]. Denote:

Br(f)
B1(Ra)

{w € (R)Z| R1(o,0~w = 0},
{w & (R9)% | Ry(o, 07 )w 2 0}.

@

i

The following definition is a generalization of the notion of lineality space for the static case [7].

Definition 3.2 The lineality behaviour By, of a nonempty convex conical system L = (Z, W, *B)
is defined as By, = B N (~B). For system I, the system L, = (Z, W, B, is called the lineality
system. o

By proposition 2.3 the lineality system is the largest linear system in a given system.

Lemma 3.3 Let & = (Z,W,B) be a discrete-time dynamical system with B = B;(R). Then
Br, = Be(R). o

Difference inequalities uniquely define the lineality behaviour, Since the reverse statement is not
generally true one can not hope to find a difference inequality representation of a behaviour from a
characterization of its lineality behaviour, This implies that the results that have been obtained in
the behavioural approach to linear difference equalities are not directly applicable to the inequality
case. To obtain an inequality description a different approach must be followed.

Definition 3.4 Ler o be a RY-valued sequence with compact support. Then the set H = {w €
(RNVE| T cq o ()w(t) > O} is said fo be a halfspace in (R?)Z. If a set P is the intersection of
a finite number of halfspaces M;, i.e. P = NY_H; for some g € N then the set P is said to be a
polyhedral cone in (R9)Z, o

Note that if the sequence « in definition 3.4 has compact support in [£.,¢*}, then for w € P there
is no requirement on w outside this interval [t.,%*]. For a polyhedral cone P in (R7)Z, define
otP,t € Z,by o*P := {o*w € (R?)% | w € P}. This leads to the following notion.
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Definition 3.5 Ler © = (Z, R, B) be a discrete-time convex time-invariant complete dynamical
system, Then S is said to be shifted-polyhedral conical if there exists a polyhedral cone P in (R9)%

such that B = (yezotP. In that case B is said to be a shifted-polyhedral cone. i

Theorem 3.6 Let 3 = (Z, W, 8) be a discrete-time convex finite-polyhedral time-invariant com-
plete dynamical system. Then: T is shifted-polyhedral conical if and only if IR € RI*9[s, s71]
such that B = {w € (R)Z | R(o, o™ )w > 0} a

It follows from definition 3.1 that if & == (Z, (R)Z,B) satisfies the conditions in theorem 3.6
with 28 a shifted-polyhedral cone then % is a unilateral dynamical system. The question arises if
the conditions ¥ = (Z,R?, B} is complete, time-invariant and convex finite-polyhedral conical,
or equivalently (by proposition 2.5), 9B is closed, shift-invariant and a convex finite-polyhedral
cone, are also sufficient for X to be a shified polyhedral cone. This conjecture, which was raised
in [1], was disproven in [6] for the case T = Z. by the following illustrative and nontrivial
counterexample,

Example 3.7 Define the following sequence of vectors in (B)Z+:

o= (2,0,0,...),
ke = (1,2,0,0,...), )
k, = (1,1,...,1,2,0,0,...),

N e’

(n—1)-fimes

ie kn(i) =11 <i<mn ky(n) =2and k, (i} =0 ifi > n. Now define the following sequence
of polyhedral cones in (R)%+:

K1 = cone(k;) = {w € (R)Z+|w = Atki, A > 0}, ©
Ky = cone(ky,ko,... km) = {we (R)2+|w = 1 Aikiy Ay > 0}

Now define system © = (Z4, W, B) with
B = U‘nZlKﬂa (7)

i.e the closure of the union of the cones K. First we will show that 5 is closed, shift-invariant
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and finite-polyhedral. Now by construction in (7) 8 is closed. From oK, = K,,_, we have
aB = B. It remains to show that B is finite-polyhedral. It suffices to show that the pro-
Jection of B on the first n coordinates of Z.. is equal to cone((1,0,...,007,(1,2,0,...,0)7
ooy (1,1,000,1,2)T) C R, The latter statement follows from the fact that in R :

L0,...,0). @®)

1,1,...,1) = =

(L1 L2+ 301, 12,0+

B2 -

To disprove the conjecture it must be shown that there is no polynomial matrix R(s) such that;
w € B & R(o)w > 0. Let Ky, be the projection of Ky, on the first m coordinates of L., i.e.

Ko = cone{(1,0,...,0)7,(1,2,0,...,00%,...,(1,1,...,1,2)"). (9)

It is easy to see that from (x1, %o, ., 3pp)T € Knyy it follows that (z1,29,...,2,)7 € K,
and (%9, ..., 21 )T € Ky However (z1,%0,...,20)7, (29,25 ..., Zas1)” € Ky, does not
imply that (z1,%o,...,3n41)T € Knyr. To see this, observe that (1,1,...,1)7 € K,, and
(1 — 57,1,1,...,1)7 € Ky Now consider, in K'Y, the vector (1 — 57, 1,1,...,1)7,
Suppose that this vector is in K41, Then from

(1~ 57, 1,1,...,1) = 3(4L,1,...,2) + 5(1,1,...,1,2,0) +...

(10)
+22(1,2,0,...,0) — 5257(2,0,...,0),
it follows that My < 0. This contradicts the requirement that Ay > 0.
Now assume that there does exist a polyhedral cone K € R*, for some n € N, such that
{we B} e {VteZy, (wit),wlt+1),...,w(t+n~1))T € K}. an

By construction one has that K, C K. But now from K, C Kuy1,¥n € N and the fact that
(m1, 32, ...,2,)T € K, and (22,23 ...,2n41)7 € K, does not imply that (x1, 2, ..., Tpe1)T
€ K41 it follows immediately that one can not conclude from (w(t),w(t + 1),...,w(t +n —
W € Kand (wt+1),w(t+2),...,wt+n)T € K thar (w(t),w(t+1),...,wt+n))T €
%][t,ﬂ,n]. This disproves the statement in equation (11}, This in turn disproves the conjecture for
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T":Z.I_. O

The above exampie can be used also to disprove the conjecture for the case T = Z, by redefining
kp=1(-..,1,1,2,0,0,...), where k, (n) = 2.

In [9] the linear case is proven in two different ways. In the first proof, one of the essential
observations is that a decreasing sequence of linear subpaces L; € R? with L4417 C L; attains a
limit in a finite number of steps. This however need not be the case for convex polyhedral sets.
Moreover, the convex cone that is obtained as the limit of this sequence need not to be polyhedral.
Take the ice-cream cone K := {(z,v,2)T € B®|z? + 4*> < 2%,z > 0}. There are infinitely
many polyhedral cones that contain the closed convex cone K. (This follows already in B2,
where a circle can be obtained as the limit of a sequence of polygons.) However, K itself is not
polyhedral. For the second proof in [9], E := (]R‘*‘)Z is equipped with the topology of pointwise
convergence. The dual of [E, denoted by [£*, consists of all R?-valued sequences that have compact
support, and is equipped with the weakest topology such that (E*)* = [E. It is then shown that
with B = {r € B | 3,z r(t)w(t) = 0}, (BL)L = 8. In the present case we have so far not
been able to prove or disprove that similar statements hold for inequality behaviours.

Open Problem 3.8 Let ¥ = (Z, W, B) be a discrete-time convex finite-polyhedral conical time-
invariant dynamical system. Give necessary and sufficient conditions for %8 io be a shifted-

polyhedral cone. O

We conclude that at least until problem 3.8 is solved, the finite-polyhedral condition on ¥ can not
be omitted easily from proposition 2.5.
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4 The elimination problem

In this section we focus on elimination of latent variables from a difference inequality represen-
tation. Let Ry € R9%4[s,571], Ry € R9*%[5,5" '], w : Z — B9 and £ : Z — R, Consider the
latent variable difference inequality:

Ri(o, 0 Hw > Ra(o, 0 1)L (12)

The question arises whether or not the latent variable £ can be eliminated from (12) to arrive at a
representation R(o, o~ }w > 0 for some polynomial matrix R.

The next result states that the number of equations necessary to describe the manifest behaviour

depends on the values of reals present in the latent variable description.

Proposition 4.1 Let a; € R(i € g). Consider the latent variable system By = (Z,(R7)Z,
(R)Z, By), with By = {(w,£) € (RN)Z x (R)Z | Ry(0,0 ™ Nw > ard, ..., Relo,07w = ey},
g € N Define Hy := {i : a; > 0}, Hy := {# : a; = 0}, H. := {i : a; < 0}, and
ng = card{H'), ng := card(Hp) and n_ := card(H_) (where card denotes cardinality.) The
latent variables can be eliminated. Moreover, the manifest behaviour that the system X4 represents

can be described by the (ny - n_ + ny) inequalities

Ri(g,0”Yw > 0, i € Hy,

ajRi(o,0 ™ w > epRiloyoNw, j € Hy,ke H-.

Consegquently, if ng = 0 and either ny = 0 or n_ = 0 then there are no restrictions on the

marnifest variables w. |

It is now easy to sec that in case R{o,o™)w > Af, with A € R9*¢ and £ € (R?)%, the
latent variables can also be eliminated by repeated use of the result in proposition 4.1: write
£ = col(fy,...,43) and eliminate the £;’s one after the other. The resulting set of inequalities con-
tain$ a large number of equations, but is stated in terms of the manifest variable w only. This also
provides some clues for the elimination of the latent variables from R(c, o™ Jw > A(s,0™)L.
For instance if A(s,s™!) has positive or negative entries only, then the variables w are not re-
stricted.
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The following representation will play an important role in our discussion of the elimination prob-
lem. Letb € N, M € R?’[s,5™1], and N € R9*®[s,5™1].

w = M(o,07Y)B,

13
N(o,e=')g = 0. @)

The variable 8 appears in (13) as a unilaterally constrained latent variable.

Proposition 4.2 Let %y = (Z, (R9)%, (RM)Z, B,) be a discrete-time time-invariant latent variable
dynamical system represented by Ri(o,0 " )w > Ra(o,0™ )¢, with By € R9%9[s,57 ] and
Ry € R9%[s,571). Then 3b € N and there are polynomial matrices M € RI%¥[s,57] and
N € RO%®[s, s such that the manifest system % = (Z, (R?)2,9B) of =¢ can be described by
B = {w € (R?)? |38 € (R*)2 such that equation (13) holds). O

Since a behaviour B, (R) is a special case of a latent variable description (take Re = 0 in (12)),
proposition 4.2 applies to systems & = (Z, (R)Z, B;(R)) as well. Note also that any represen-
tation (13) can be written as a latent variable description (12). Therefore, the remaining problem
to be solved reads as follows. Can the latent variable 3 be eliminated from (13) to arrive at an
inequality representation R(c, o' }w > 0 for some polynomial matrix R? The following propo-
sition gives sufficient conditions,

Proposition 4.3 Let M € R**[s, s and N € R9%%[s,s7] Let 5 = (Z,(R9)%, (R")?,
Bg) be a discrefe-time time-invariant latent variable dynamical system. Suppose it induces the
manifest behaviour with B = {w € (R?)% |38 € (R®)Z such that (13) holds}. Then there exists
a polynomial matrix R(s,s™1) such that the manifest behaviour of Tg is given by B = B1(R} if
8 is observable inw = M{o,6- 1), or N(s,57!) = 0. O

The first condition in proposition 4.3 implies that there exists a polynomial matrix R'(s,s™1)
such that 8 = R'{o,0 1 )w. This gives {{T — MR)(o,07Hw = 0,(NR)(o,c 1 )w > 0}
as a model of the manifest behaviour. The second condition in proposition 4.3 implies that the
prescribing equation is w = Mo, 0~1)f5. Since we are now in the linear case, the elimination
theorem [9] provides us with the manifest behaviour R"(o,0™*)w = 0 for some polynomial
matrix R (s,s71).

Another promising approach, which uses results from the linear case, is given in [3]. Up fill now
we have not been able to formulate necessary conditions in terms of the matrices M and N.
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5 On a Farkas theorem for behavioural inequalities

In this sectior we focus on efficient representations of behaviowrs that can be represented by
B(R) = {w € (R | R(0, 0™ w = 0}, (i4)

with R € R9%9[s, s71]. As in the linear case, minimality will always refer to keeping the number
of equations as small as possible.

Definition 5.1 Let ¥ = (Z,W, ). Let R € R9%9[s,s '] and R' € R *4[s, 5™, The systems
of difference inequalities R(o,o")w > 0 and R'(o,0”)w > 0 are said to be eguivalent if
{B1(R) = B;(R)}. The system of difference inequalities R(a,0™ )w > 0 is said to be a
minimal inequality (o¥, for short, minimal) if: {B7(R) = B;(R)}={9<g¢} O

In for instance [9], it is shown that a kernel representation R{c, o} )w = 0 is minimal if and only
if R{s,s™1) has full row-rank. It is easy to see that an inequality system {R(o, 0~')w > 0} with
R € R'%4[s, s is minimal, and also that B (R) # Br(R) if R(s,s™!) % 0 and R(s, s~!) has
full row-rank.

Proposition 5.2 The following holds:
(i) Notevery inequality behaviour 8 (R) has a full row-rank ineguality representation.
(ii) Forevery g € N there exists an inequality system in g variables such that the minimum

number of rows in the minimal inequality representation exceeds q. Q2

We are interested in the relation between two polynomial matrices R(s, 57!} and R/(s, 571} when
they satisfy

R(o,0 ™ Hw > 0= R(o,07Hw > 0. (15)

Based on the static case, one may expect that such a relation should be the extension of Farkas’
theorem to the behavioural case,

Proposition 5.3 Let R € R9%9[s,571] be a full row-rank polynomial mairix. Let R €
RS %[5, 571 Then: {R{g,0 " w 2 0 = R'(a,0")w > 0} if and only if there exists a
unique polynomial matrix H € Rﬂ:xg[s, s71] such that R'(s,s71} = H(s,s ) R(s,571). O
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In order to extend proposition 5.3 to the general case, i.e. without the assumption that the polyno-
mial matrix R(s, s~} has full row-rank, there remain some difficulties. One could try to extend
the original proof given by Farkas in [5]. However, this proof explicitly uses the fact that every
scalar that is unequal to zero is invertible. Such a general statement does not hold for elements
of R9%4[s, s~!]. The most promising approach for the dynamic case seems to be the usage of
mathematical tools such as the separation theorem of Hahn-Banach (see for instance [8]). The
basic mathematical preliminaries read as follows. Denote E := (R9)% with the topology of point-
wise convergence, The dual of E, denoted by E*, consists of all R?-valued sequences that have
compact support. Let B € R9%9[s,s~1]. Let B = B;(R). The polar cone of B, denoted by
B, is given by {w* € E* |Vw € B : ¥, ., w*{tyw(t) > 0}. We would like to establish that
PBH# = {w* € B [Jo € E*, & > 0 such that w* = RT (677, o’)e}, but we have so far not been
able to prove or disprove these statements. The statements, together with the fact that {8, C B,}

implies {932# C %fk} are believed to be useful in a proof of the following conjecture.

Conjecture 5.4 Let R € R9%9[s,57 ] and R' € W' *[s,s71]. Then: {R(s,0™)w > 0 =
R'(o,07Yw > 0} if and only if there exists a polynomial matrix H € IR?F’ *91s,s71] such that
Rl(s,57Y) = H(s,s ) R(s,57). O

When true, conjecture 5.4 would result in a Farkas theorem for behavioural inequalities.

The next logical step is to allow both equalities and inequalities in representation, For results in
that direction we refer to [3]. '
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6 Concluding remark

The beginning of a theory on dynamical systems described by behavioural difference inequalities
has been presented. The notions of convexity and conicity have been introduced in a behavioural
setting. It has been shown that so called shifted-polyhedral conical systems can be described by
a difference inequality. We have also discussed the elimination problem for representations that
involve latent variables. Sufficient conditions have been derived under which latent variables can
be eliminated from a representation. The extension of Farkas’ theorem has been proven for full
row-rank polyncmial matrices.

Throughout this paper we have shown that inequality systems have characteristics that are very
different from characteristics of linear systems. Clearly, there remains a lot of work to be done on
modelling behavioural inequalities, and a number of open research problems have been identified.
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