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Problem area 

Because of the increasing interest in fuel-efficient aircraft, the application of open 
rotors is actively being researched as an alternative propulsion system for airliners. 
Both single-rotating and contra-rotating open rotors have gained renewed interest, 
because of practically unlimited bypass ratio’s. One of the issues of open rotors is 
the noise level, both external and inside the cabin. The use of advanced CFD/CAA 
methods, as well as extensive wind tunnel testing, has produced a lot of knowledge 
on the noise generated by these propulsion systems. However, the computation 
(or measurement) of the sound field of a complete aircraft model with rotating 
open rotors is still very costly, much more costly than the assessment of the noise 
from an isolated propulsion system. Therefore the need exists for fast computation 
models for the installation effects on the noise of an open rotor.  

Description of work 

An analytical method has been developed for the acoustic interaction of open 
rotors and a cylindrical fuselage including its boundary layer. The source is 
represented by a proven lifting-line model in the case of single-rotation propeller  
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(SR). In the case of a contra-rotating open rotor (CROR) the source is modelled by a 
similar model, which does not represent a CROR in full detail, but has the physically 
correct radiation properties. 
The fuselage is modelled as a circular cylinder, embedded in a uniform flow, 
parallel to its axis. The effect of a boundary layer is included. A number of 
examples has been analyzed, pertaining to the scattering of rotor-alone tones and 
CROR interaction tones. Results have been computed for the acoustic pressure on 
the fuselage, relevant for cabin noise, and the acoustic pressure in the far field, 
relevant for the impact on the environment.  

Results and conclusions 

A analytical method has been obtained for the computation of the acoustic 
interaction of open rotors and a rigid cylinder, representing an aircraft fuselage. In 
the computation of the sound field of an installed configuration the boundary layer 
can be incorporated. The model is suitable for computing both the acoustic 
pressure on the fuselage wall, relevant for cabin environment studies, and the 
pressure waves radiated to the far-field. The effort to prepare the computations 
and the computational costs are very low.  

Applicability 

The analytic formulations presented in this report provide a powerful tool to 
estimate the effect of a fuselage and it boundary layer on rotor noise, both as it 
impinges on the fuselage itself and as it radiates to the far field.  Although the 
method is not suitable to predict installed rotor noise accurately for a real aircraft 
geometry, it can be used to better understand the effects, to yield a quick first 
estimate of the installation effects, and to serve as a benchmark for high-fidelity 
computational methods. 
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The Scattering of Open Rotor Tones by a Cylindrical 

Fuselage and its Boundary Layer 

Harry H. Brouwer1 
 

Netherlands Aerospace Centre NLR, 1006 BM Amsterdam,The Netherlands 

A method is presented for the acoustic interaction of open rotors and a cylindrical 
fuselage including its boundary layer. The source is represented by a proven lifting-line 
model in the case of single-rotation propeller (SR). In the case of a contra-rotating open 
rotor (CROR) the source is modelled by a similar model, which does not represent a CROR 
in full detail, but has the physically correct radiation properties. The fuselage is modelled as 
a circular cylinder, embedded in a uniform flow, parallel to its axis. The effect of a boundary 
layer is included. The mathematical model of both the sources and the scattering is given. 
Numerical results are presented for both a single-rotation propeller and a CROR, in terms 
of the acoustic pressure on the fuselage, and in the far field. Directivity plots show 
interference patterns with a strong variation of the sound pressure level as a function of 
circumferential angle. At larger distances the results are distorted by the discrete Fourier 
transformation, if applied to the same axial domain. This might be solved by the use of a 
large computational domain, especially in the case of interaction tones, which radiate over a 
wider angular range than rotor-alone tones. As an alternative, an asymptotic approximation 
is derived for large distances, avoiding the discrete Fourier transformation. The analytic 
formulations presented in this paper provide a powerful tool to estimate the effect of a 
fuselage and its boundary layer on rotor noise, both as it impinges on the fuselage itself and 
as it radiates to the far field.  The method can be used to yield a quick first estimate of the 
installation effects, and to serve as a benchmark for high-fidelity computational methods. 

Nomenclature 
An = coefficient of reflected acoustic pressure 
α = axial wavenumber 
B = blade number 
BF = blade number front rotor 
BR = blade number rear rotor 
Bn = multiplication factor for acoustic pressure in boundary layer 
β = √1 −𝑀𝑀2 
g = generic function 
γ = radial wavenumber 
𝐷𝐷� =  tensor representing thickness and moment in lifting-line source 
𝐿𝐿�⃗  = lift 
M = flight Mach number 
p = acoustic pressure 
pb = acoustic pressure in the boundary layer 
ptot = total acoustic pressure 
pre = reflected acoustic pressure 
pin = incoming acoustic pressure 
�̂�𝑝𝑛𝑛 = circumferential component of acoustic pressure 

                                                           
1 Senior Scientist, Department of Helicopters and Aeroacoustics, P.O. Box 90502. 



 
 
 

6 

March 2017  |  NLR-TP-2016-360 

 

I. Introduction 

II. General model description 

  

 
 
 

4 

𝑝𝑝�𝑛𝑛 = axial Fourier transform of �̂�𝑝𝑛𝑛 
𝑄𝑄�𝑛𝑛,𝑚𝑚 = modal CROR source strength  
�⃗�𝑞 = vector representing unsteady lift 

R = ��𝑥𝑥
𝛽𝛽
�
2

+ 𝑟𝑟2  
Rf = radius of fuselage 
r = radial coordinate 
rp = radial coordinate in rotor reference system 
rh =  dimensionless hub radius 
t = time 
U = relative flow velocity at blade section 
θ = angular coordinate 
θp = angular coordinate in rotor reference system 
x = axial coordinate 
ϕ = polar angle in (x/β, r) plane 
Ω = angular velocity 
ΩF = angular velocity front rotor 
ΩR = angular velocity rear rotor 
ω = angular frequency 
 

I. Introduction 
ECAUSE of the increasing interest in fuel-efficient aircraft, the application of open rotors is actively being 
researched as an alternative propulsion system for airliners. Both single-rotating and contra-rotating open rotors 

have gained renewed interest, because of practically unlimited bypass ratio’s. One of the issues of open rotors is the 
noise level, both external and inside the cabin. The use of advanced CFD/CAA methods, as well as extensive wind 
tunnel testing, has produced a lot of knowledge on the noise generated by these propulsion systems. However, the 
computation (or measurement) of the sound field of a complete aircraft model with rotating open rotors is still very 
costly, much more costly than the assessment of the noise from an isolated propulsion system. Therefore the need 
exists for fast computation models for the installation effects on the noise of an open rotor. An example of such a 
model is presented in references 1 and 2, where an analytic model is presented for the acoustic interaction of rotating 
point sources and rigid surfaces, such as a cylinder. 

In this paper a method is presented for the acoustic interaction of open rotors and a cylindrical fuselage including 
its boundary layer. The source is represented by a proven lifting-line model in the case of single-rotation propeller 
(SR). In the case of a contra-rotating open rotor (CROR) the source is modelled by a similar model, which does not 
represent a CROR in full detail, but has the physically correct radiation properties. 

The fuselage is modelled as a circular cylinder, embedded in a uniform flow, parallel to its axis. The effect of a 
boundary layer is included. In the first sections of the paper the mathematical model is given. Then results will be 
presented for both a single-rotation propeller and a CROR, in terms of the acoustic pressure on the fuselage, and in 
the far field. Finally, an asymptotic approximation is derived for the acoustic pressure in the very far field. 

II. General model description 
The model problem consists of an infinitely long cylindrical fuselage and a rotor, which can be either a single 

rotation rotor or a contra-rotating rotor. The axis of the rotor is parallel to that of the clinder. The whole system is 
immersed in a uniform main flow, parallel to the axes of the fuselage and rotor. In the computational model a 
simplified boundary layer is incorporated. All coordinates and variables are made dimensionless on the (front) rotor 
tip radius, the speed of sound, and the ambient density of air. Two cylindrical co-ordinate systems will be used in the 
sequel: one centered on the fuselage axis denoted by �⃗�𝑥 = (𝑥𝑥, 𝑟𝑟,𝜃𝜃), and one centered on the propeller axis denoted by 
�⃗�𝑥 = (𝑥𝑥, 𝑟𝑟𝑝𝑝 ,𝜃𝜃𝑝𝑝), see Figure 1. Note that the direction of θp has been chosen opposite to that of θ, to be consistent with 
a positive sense of rotation in a right-handed coordinate system. 

In both systems the x-axis is aligned with the main flow 𝑀𝑀𝚤𝚤𝑥𝑥, where M is the flight Mach number. In section III 
analytical models will be presented for the tonal noise generated by both single rotation rotors (SR) and contra-
rotating rotors (CROR). In section IV a model will be presented for the scattering of tones by a cylinder. The final 
output of the model is the total acoustic pressure of a scattered tone. 

B 
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III. Ource models 

A. Single rotation rotor 
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III. Source models 

A. Single rotation rotor 
In the lifting-line approach the wave equation for the acoustic pressure p and the source term can be written as 

(Ref. 3): 
 

 
�∇2 − �

D
D𝑡𝑡
�
2
� 𝑝𝑝 = 

−�∇𝑝𝑝 ∙
1
𝑟𝑟 �
𝐿𝐿�⃗ (𝑟𝑟𝑝𝑝) − 𝐷𝐷�(𝑟𝑟𝑝𝑝) ∙ ∇�𝛿𝛿(𝑥𝑥)𝛿𝛿(𝜃𝜃𝑝𝑝 −Ω𝑡𝑡 −

2𝜋𝜋𝜋𝜋
𝐵𝐵

)
𝐵𝐵−1

𝑗𝑗=0

 

(1)  

 
with D

D𝑡𝑡
= 𝜕𝜕

𝜕𝜕𝑡𝑡
+ 𝑀𝑀 𝜕𝜕

𝜕𝜕𝑥𝑥
. Here 𝐿𝐿�⃗  is the force on the blade per unit span, i.e. lift and drag, and 𝐷𝐷� is a tensor with elements 

that are proportional to either the pitching moment, also per unit span, or the area of the local cross section of the 
blade. The latter is responsible for the so-called thickness noise. Furthermore, B is the number of blades and Ω the 
rotational speed. Ω is positive if the the rotor rotates in clockwise direction, viewed from an upstream position.  

In a uniform flow, parallel to the propeller axis, 𝐿𝐿�⃗  and 𝐷𝐷� only depend on the radial coordinate and not on the 
azimuthal position of the blade. 

As the pressure field will have the same periodicity as the source, we write the solution as: 
 

   
𝑝𝑝�𝑥𝑥, 𝑟𝑟𝑝𝑝,𝜃𝜃𝑝𝑝, 𝑡𝑡� = � �̂�𝑝𝑛𝑛(𝑥𝑥, 𝑟𝑟𝑝𝑝)𝑒𝑒𝑖𝑖𝑛𝑛𝐵𝐵(𝜃𝜃𝑝𝑝−Ω𝑡𝑡)

∞

𝑛𝑛=−∞

 (2)  

 
We take the Fourier transformation in axial direction: 

 
 

𝑝𝑝�𝑛𝑛�𝛼𝛼, 𝑟𝑟𝑝𝑝� = � 𝑒𝑒−𝑖𝑖𝑖𝑖𝑥𝑥�̂�𝑝𝑛𝑛(𝑥𝑥, 𝑟𝑟𝑝𝑝)
∞

−∞

d𝑥𝑥 (3)  

which defines α as the axial wavenumber, and find: 
 

 

 

Rf
θ

r
x

flow

θp

rp

Fuselage Rotor

Figure 1 Sketch of fuselage-rotor configuration. 
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B. Contra-rotating rotors 
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�
𝜕𝜕2

𝜕𝜕𝑟𝑟𝑝𝑝2
+

1
𝑟𝑟𝑝𝑝

𝜕𝜕
𝜕𝜕𝑟𝑟𝑝𝑝

− �
𝑛𝑛𝐵𝐵
𝑟𝑟𝑝𝑝
�
2

− 𝛼𝛼2 + (𝑛𝑛𝐵𝐵Ω−𝑀𝑀𝛼𝛼)2� 𝑝𝑝�𝑛𝑛�𝛼𝛼, 𝑟𝑟𝑝𝑝�

=
−𝑖𝑖𝐵𝐵
2𝜋𝜋𝑟𝑟𝑝𝑝

�𝛼𝛼𝐿𝐿𝑥𝑥 +
𝑛𝑛𝐵𝐵
𝑟𝑟𝑝𝑝
𝐿𝐿𝜃𝜃

− 𝑖𝑖 �𝛼𝛼2𝐷𝐷𝑥𝑥𝑥𝑥 + 𝛼𝛼
𝑛𝑛𝐵𝐵
𝑟𝑟𝑝𝑝

(𝐷𝐷𝑥𝑥𝜃𝜃+𝐷𝐷𝜃𝜃𝑥𝑥) + �
𝑛𝑛𝐵𝐵
𝑟𝑟𝑝𝑝
�
2

𝐷𝐷𝜃𝜃𝜃𝜃�� 

(4)  

 
Here Lx is the component of 𝐿𝐿�⃗  in x-direction, and similar for Lθ, Dxx, etc. A Green’s function for the wave 

operator at the left hand side can be expressed in terms of Bessel functions (Jn) and Hankel functions (𝐻𝐻𝑛𝑛
(2)), (e.g. 

ref. 4), and we find, transforming back to the x-domain: 
 
 

�̂�𝑝𝑛𝑛�𝑥𝑥, 𝑟𝑟𝑝𝑝� =
𝐵𝐵

8𝜋𝜋
� 𝑒𝑒𝑖𝑖𝑖𝑖𝑥𝑥𝐻𝐻𝑛𝑛𝐵𝐵

(2)(𝛾𝛾𝑟𝑟𝑝𝑝)� 𝐽𝐽𝑛𝑛𝐵𝐵(𝛾𝛾𝛾𝛾) �𝛼𝛼𝐿𝐿𝑥𝑥 +
𝑛𝑛𝐵𝐵
𝛾𝛾
𝐿𝐿𝜃𝜃

1

𝑟𝑟ℎ

∞

−∞

− 𝑖𝑖 �𝛼𝛼2𝐷𝐷𝑥𝑥𝑥𝑥 + 𝛼𝛼
𝑛𝑛𝐵𝐵
𝛾𝛾

(𝐷𝐷𝑥𝑥𝜃𝜃+𝐷𝐷𝜃𝜃𝑥𝑥) + �
𝑛𝑛𝐵𝐵
𝛾𝛾
�
2
𝐷𝐷𝜃𝜃𝜃𝜃��d𝛾𝛾 d𝛼𝛼 

(5)  

 
with 𝐿𝐿�⃗  and 𝐷𝐷� evaluated at radial coordinate ρ. The (dimensionless) hub radius is denoted by rh. Further γ is defined 
by: 
 
 𝛾𝛾2 = (ω + 𝑀𝑀𝛼𝛼)2 − 𝛼𝛼2, Im(γ) ≤ 0 (6)  

with ω = −𝑛𝑛𝐵𝐵Ω . 
For the SR tones we adopt a 2nd order polynomial distribution of the lift coefficient that has a maximum value of 1 

at r = 0.7 and drops to a value of 0.6 at the tip, which gives a distribution that reflects the usual behavior found from 
computations, see e.g. reference 3. Note that the absolute value is irrelevant in the present context. The direction of 
the lift is taken to be perpendicular to the local main flow. The contributions from the tensor 𝐷𝐷� are generally much 
smaller and not incorporated in the sequel. 

B. Contra-rotating rotors 
The noise generation mechanism of a CROR is more complicated than that of a single rotor.. The tonal noise 

consists of rotor-alone tones, which can be described with the same model as for the single-rotation rotor, and of 
interaction tones for which such a simple model is not available. However, a general expression for these tones can 
be derived based on the assumption that these tones are generated by the impingement of the viscous wake of the 
front propeller on the rear blades. In that case the interaction noise can be written as (see ref. 5): 
 
 

𝑝𝑝�𝑥𝑥, 𝑟𝑟𝑝𝑝,𝜃𝜃𝑝𝑝, 𝑡𝑡� = � � �̂�𝑝𝑛𝑛,𝑚𝑚(𝑥𝑥, 𝑟𝑟𝑝𝑝)𝑒𝑒𝑖𝑖(𝑛𝑛𝐵𝐵𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅)𝜃𝜃𝑝𝑝−𝑖𝑖(𝑛𝑛𝐵𝐵𝐹𝐹Ω𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅Ω𝑅𝑅)𝑡𝑡
∞

𝑚𝑚=−∞

∞

𝑛𝑛=−∞

 (7)  

Here BF is the number of blades of the front rotor, ΩF its angular velocity, and the subscript R refers to the rear 
rotor. We thus find that the solution is a sum over n and m, the terms of which have frequency 
ω = −(𝑛𝑛𝐵𝐵𝐹𝐹Ω𝐹𝐹 − 𝑚𝑚𝐵𝐵𝑅𝑅Ω𝑅𝑅) and a symmetry pattern with |𝑛𝑛𝐵𝐵𝐹𝐹 − 𝑚𝑚𝐵𝐵𝑅𝑅| lobes. This symmetry pattern rotates with an 
angular frequency of  𝑛𝑛𝐵𝐵𝐹𝐹Ω𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅Ω𝑅𝑅

𝑛𝑛𝐵𝐵𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅
 .  The individual tones satisfy: 
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IV. Diffraction/refraction by a cylinder and its 
boundary layer 
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 �̂�𝑝𝑛𝑛,𝑚𝑚(𝑥𝑥, 𝑟𝑟𝑝𝑝)

=
𝑖𝑖
4
� 𝑒𝑒𝑖𝑖𝑖𝑖𝑥𝑥𝐻𝐻𝑛𝑛𝐵𝐵𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅

(2) (𝛾𝛾𝑟𝑟𝑝𝑝)� 𝛾𝛾𝐽𝐽𝑛𝑛𝐵𝐵𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅(𝛾𝛾𝛾𝛾)𝑄𝑄�𝑛𝑛,𝑚𝑚(𝛼𝛼,𝛾𝛾)
1

𝑟𝑟ℎ
d𝛾𝛾

∞

−∞

d𝛼𝛼 
(8)  

No exact model is pursued here for the details of the source, represented by 𝑄𝑄�𝑛𝑛,𝑚𝑚. In this paper it is assumed that 
only the unsteady lift on the rear blades, caused by the impingement of the wake of the front propeller, is of interest.  
As in the sequel of this paper each tone will be analyzed separately, the subscript of 𝑄𝑄�  can be dropped, i.e. the 
relative magnitude of the tones is not relevant here. In analogy with the expression for the SR propeller, it is 
assumed that the source can be written as 𝑄𝑄� = �𝛼𝛼𝑞𝑞𝑥𝑥 + 𝑛𝑛𝐵𝐵𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅

𝜌𝜌
𝑞𝑞𝜃𝜃� /𝛾𝛾, with �⃗�𝑞 representing the unsteady lift. As the 

direction of the unsteady lift will be approximately perpendicular to the local main flow, we take 𝑞𝑞𝑥𝑥
𝑞𝑞𝜃𝜃

= Ω𝑅𝑅𝜌𝜌
𝑀𝑀

. For 
simplicity we take the magnitude of q constant in ρ, which leads to the final expression: 
 
 �̂�𝑝𝑛𝑛,𝑚𝑚(𝑥𝑥, 𝑟𝑟𝑝𝑝)

≈
𝑖𝑖𝑞𝑞
4

� 𝑒𝑒𝑖𝑖𝑖𝑖𝑥𝑥𝐻𝐻𝑛𝑛𝐵𝐵𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅
(2) (𝛾𝛾𝑟𝑟𝑝𝑝)� 𝐽𝐽𝑛𝑛𝐵𝐵𝐹𝐹−𝑚𝑚𝐵𝐵𝑅𝑅(𝛾𝛾𝛾𝛾)

𝛼𝛼Ω𝑅𝑅𝛾𝛾 + 𝑛𝑛𝐵𝐵𝐹𝐹 −𝑚𝑚𝐵𝐵𝑅𝑅
𝛾𝛾 𝑀𝑀

𝑈𝑈

1

𝑟𝑟ℎ
d𝛾𝛾

∞

−∞

d𝛼𝛼 
(9)  

with 𝑈𝑈(𝛾𝛾) =  �(Ω𝑅𝑅𝛾𝛾)2 + 𝑀𝑀2.  
It is clear that this expression does not provide the noise emitted by a CROR in an absolute sense. It is expected 

however, that the directivity and propagation properties of each tone are described fairly well, as these are mainly 
governed by (the order of) the Bessel functions. Eq. (9) is therefore suited as a basis for studying the effects of the 
fuselage and its boundary layer on interaction tones. 

IV. Diffraction/refraction by a cylinder and its boundary layer 
For the application on the fuselage we switch to the co-ordinate system that is centered on its axis: �⃗�𝑥 = (𝑥𝑥, 𝑟𝑟,𝜃𝜃). 

In this section a single tone of angular frequency ω is considered. If sources are discarded, the total acoustic pressure 
amplitude ptot outside the boundary layer satisfies the homogeneous convective wave equation: 
 
 

�∇2 − �
D
D𝑡𝑡
�
2
� 𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑖𝑖𝑖𝑖𝑡𝑡 = 0 (10)  

The acoustic field can be written as the sum of an incoming field and a reflected field ptot = pin + pre, which each 
satisfy eq. (10). Eq. (10) is solved by separation in the variables x, r, and θ. After Fourier transformation in 
circumferential and axial direction the general solution for the reflected field, satisfying the outward radiation 
condition is: 
 
 𝑝𝑝�𝑟𝑟𝑟𝑟,𝑛𝑛(𝛼𝛼, 𝑟𝑟) = 𝐴𝐴𝑛𝑛(𝛼𝛼)𝐻𝐻𝑛𝑛

(2)(𝛾𝛾𝑟𝑟) (11)  

 
Note that this index n is not the same as in the previous sections, where it denoted the n-th harmonic of the 

propeller BPF. Here it simply denotes the circumferential mode number: 
 
 

𝑝𝑝(𝑥𝑥, 𝑟𝑟,𝜃𝜃) = � �̂�𝑝𝑛𝑛(𝑥𝑥, 𝑟𝑟)𝑒𝑒𝑖𝑖𝑛𝑛𝜃𝜃
∞

𝑛𝑛=−∞

 (12)  

The meaning of γ is the same as before (eq.(6)).  
Inside the boundary layer the Mach number varies as function of r. We assume that the boundary layer is 

constant in axial direction,  which again enables separation of variables. Then we find the following ordinary 
differential equation for the total amplitude (Ref. 6): 
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V. Numerical implementation 

VI. Cabin noise application: acoustic pressure 
on the fuselage, with and without BL 

  

 
 
 

8 

 
 

�(𝜔𝜔 + 𝑀𝑀𝛼𝛼) �
𝜕𝜕2

𝜕𝜕𝑟𝑟2
+

1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

− 𝛼𝛼2 −
𝑛𝑛2

𝑟𝑟2
+ (𝜔𝜔 +𝑀𝑀𝛼𝛼)2�

− 2𝛼𝛼
𝜕𝜕𝑀𝑀
𝜕𝜕𝑟𝑟

𝜕𝜕
𝜕𝜕𝑟𝑟�

𝑝𝑝�𝑏𝑏,𝑛𝑛(𝛼𝛼, 𝑟𝑟) = 0 

 

(13)  

with boundary condition: 
 𝜕𝜕𝑝𝑝�𝑏𝑏,𝑛𝑛

𝜕𝜕𝑟𝑟 �
𝑟𝑟=𝑅𝑅𝑓𝑓

= 0 (14)  

and with Rf the radius of the fuselage. Eq.  (13) is solved numerically for a function g(r),  for each value of α, with 
boundary condition g(Rf) = 1, and g’(Rf) = 0. The solution for 𝑝𝑝�𝑏𝑏,𝑛𝑛 can then be written as Bn(α)g(r). By demanding 
that the total pressure amplitude, and its radial derivative, are continuous at the outside of the boundary layer, the 
coefficients An(α) and Bn(α) can be solved for. Note that eq. (13) is singular at the point where 𝑀𝑀(𝑟𝑟) = −𝑖𝑖

𝑖𝑖
. This 

singularity can be treated by approximating the solution near this point with a Frobenius series (ref. 7). 

V. Numerical implementation 
The relative amplitudes of each mode, as a function of x and θ, are computed by the integration over ρ and α in 

eqs. (5) and (9). The integration over ρ is done by a simple summation over a number of blade sections, typically 
about 10. The integration over α is done by using Fast Fourier Transformation (FFT). The axial domain should be 
large enough so that the amplitudes at both ends are negligibly small. The range in α should at least cover all the 
propagating contributions, i.e. values for α for which γ is real, see eq. (6). These two conditions set the minimum 
number of points in x and α. In practice this number is varied between 27 and 211. For simplicity the same number of 
points is used in the FFT in circumferential direction, eq. (12), in the computation of the scattered field. This is 
always far more than required, as can be seen by inspection of the modal amplitudes. 
For the numerical solution of eq. (13) a 5th order Runge-Kutta solver is used from the Numerical Recipes (ref. 8). 
The singularity at the point where 𝑀𝑀(𝑟𝑟) = −𝑖𝑖

𝑖𝑖
 is bridged using a local analytical solution in the form of a Frobenius 

series (ref. 7). 

VI. Cabin noise application: acoustic pressure on the fuselage, with and without BL 
In this section results are presented for the tones of a CROR-driven aircraft in cruise conditions. In cruise the 

acoustic pressure on the fuselage is of great importance as it is the main cause of cabin noise. The parameters used 
are given in Table 1. The RPM’s are selected such that the helical tip speed is still subsonic. The boundary layer is 

modelled as a 1/7 power law profile, with a thickness of 0.2 m. 
The coordinate system is chosen such that the propeller axis is at 
θ = 0°, see Figure 1, and the distance between the propeller and 
fuselage axes is set at 3.8 m. 

Figure 2 shows the resulting acoustic pressure on the fuselage 
for the n=1, m=0 rotor-alone tone, both without (left) and with the 
boundary layer included (right). In this and following figures the 
levels are scaled on the maximum value of the incoming pressure 
on the fuselage. The length of the fuselage section in the 
computation is 15 meters, which ensures that the levels at the ends 
are small enough to avoid visible effects from the discrete Fourier 
transformation. 

  

Table 1 

Altitude 10 km 
Mach nr. 0.8 
Front rotor tip radius 2 m 
Rear rotor tip radius 1.7 m 
Fuselage radius 1.5 m 
Number of front rotor blades 11 
Number of rear rotor blades 8 
RPM front 800 
RPM rear 940 
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The reflection by the fuselage without boundary layer causes an increase of the pressure level. The maximum 

increase in pressure level is 5.3 dB and is concentrated near the propeller plane because the directivity of rotor-alone 
tones is concentrated in that area. The maximum increase in pressure level is somewhat less than the pressure 
doubling that would be caused by a flat plate. The pressure increase when the boundary layer is included is smaller, 
4.7 dB at maximum. The higher harmonics and the rotor-alone tones generated by the rear propeller show similar 
behavior and are not shown here. 

Figure 3 shows the resulting pressure on the fuselage for the n=1, m=1 interaction tone, both without (left) and 
with the boundary layer included (right). The source pressure field has been obtained by application of eq. (9), with 
q = 1. 

 
 

 

 
In this case the directivity is much wider than that for a SR tone, which is consistent with test results (see e.g. 

reference 9) and with the lower order of angular symmetry of the rotor field, |𝑛𝑛𝐵𝐵𝐹𝐹 − 𝑚𝑚𝐵𝐵𝑅𝑅| = 3, against 
|𝑛𝑛𝐵𝐵𝐹𝐹 − 𝑚𝑚𝐵𝐵𝑅𝑅| = 11 in the previous case. To avoid spurious effects of the discrete Fourier transform, a longer 

 

  
 

Figure 2 Acoustic pressure levels on the fuselage for the 1,0 rotor-alone tone, without (left) and with the boundary 
layer included (right). 

 

  
 

Figure 3 Acoustic pressure levels on the fuselage for the 1,1 interaction tone tone, without (left) and with the 
boundary layer included (right). 
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cylinder has been taken: 34 m. One of the main effects of the boundary layer is that it bends the noise away from the 
upstream (x < 0) part of the fuselage wall, resulting in a significantly lower pressure level. Here the maximum level 
obtained without boundary layer is 5.7 dB, and with boundary layer 3.0 dB. Note that the effect is not symmetric 
with respect to the axial position: in downstream direction the noise is bent towards the fuselage which might cause 
a slight increase of the noise level. This effect is however not visible. 

The next example is the n = 2, m = 1 case. The results are shown in Figure 4. 

 
The directivity is more concentrated than in the previous case. This is related to the order of angular symmetry in 

the rotor field which equals |𝑛𝑛𝐵𝐵𝐹𝐹 − 𝑚𝑚𝐵𝐵𝑅𝑅| = 14. The difference in maximum noise levels is quite large here: 5.9 dB 
(left) against 1.7 dB (right). This might be caused by the higher frequency, 419 Hz against 272 Hz in the previous 
case. The wavelength is now closer to the thickness of the boundary layer, and the effect of the latter can be 
expected to be larger. 

The final case in this section is the n = 1, m = 2 interaction tone, presented in Figure 5. 
 

 
The order of angular symmetry is |𝑛𝑛𝐵𝐵𝐹𝐹 −𝑚𝑚𝐵𝐵𝑅𝑅| = 5, leading to a wider directivity compared to the previous 

case. The maximum values are now 4.4 dB (left) and 3.9 dB (right). 
 

 

  
 

Figure 4 Acoustic pressure levels on the fuselage for the 2,1 interaction tone tone, without (left) and with the 
boundary layer included (right). 

 

  
 

Figure 5 Acoustic pressure levels on the fuselage for the 2,1 interaction tone tone, without (left) and with the 
boundary layer included (right). 
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VII. Results in the Far Field 
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VII. Results in the Far Field 
Far-field results are of interest for community noise, and are therefore computed for a take-off or landing 

configuration, with a Mach number of 0.2, and zero altitude. As the forward speed is lower, and the speed of sound 
is higher, a higher rotational speed can be applied, while keeping the helical tip speed subsonic. The parameters used 
in this section are listed in Table 2.  

 
The first case considered is again the 1,0 rotor-alone tone.  The 

results are presented in Figure 6. In this case the axial range of the 
computational domain has been set to -17 < x/Rt < 17, with Rt the 
tip radius. The plots show the ‘shielding factor’, i.e. |𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡/𝑝𝑝𝑖𝑖𝑛𝑛| as a 
function of θ, for x = 0 (i.e. in the rotor plane). The blue curves are 
computed without boundary layer (BL), the red curves are 
computed with a BL of 0.2 m.  

 
 
 
 

 
 

 

 

 
r = 1.5 m 

 
r = 1.7 m 

 
r = 8 m 

 
r = 16 m 

 
Figure 6 Shielding factor for the 1,0 rotor-alone tone, at x = 0, at 4 different radial distances. 
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Table 2 

Altitude 0 km 
Mach nr. 0.2 
Front rotor tip radius 2 m 
Rear rotor tip radius 1.7 m 
Fuselage radius 1.5 m 
Number of front rotor blades 11 
Number of rear rotor blades 8 
RPM front 1060 
RPM rear 1240 
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The upper left plot shows the shielding factor on the fuselage. It shows the familiar behavior of approximately a 
pressure doubling at the rotor side, and strong reductions on the opposite side. The somewhat higher values for the 
case with BL can be explained by the directivity of the tone: the total pressure is compared to an incoming pressure 
that is emitted effectively at a different emission angle as the pressure reflected by the fuselage, due to the refraction 
in the boundary layer. The next figure, for r = 1.7 m, shows a similar pattern for the case without BL, but a very 
deviating curve for the case with BL. This is again due to the effect of directivity mentioned above. At large 
distances, see the two bottom plots, this effect seems to be much smaller. Moreover, both plots are quite similar, 
indicating that the far-field limit has almost been reached.  

In Figure 7 the SPL is plotted along a sideline, at θ = 180°, i.e. opposite to the rotor, for the two largest radial 
distances. The levels are scaled to the maximum value of the result for the isolated rotor, the axial distance is scaled 
to the (front) rotor tip radius. The oscillations, mainly at the left, are caused by the discrete Fourier transform: the 
pressure is forced to be periodic over the length of the computational domain, about 34 times the tip radius, which 
introduces (nonphysical) high-wavenumber components. 

 

 
Note that the scales of the x-axis have been adapted such that they have the same ratio as the distance to the 

propeller axis. The shapes of the curves are then quite similar, again indicating that the far-field limit has been 
reached. 

Next the results for the 1,1 interaction tone are presented, see Figure 8.  
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Figure 7 Sideline SPL levels at θ = 180°, for 2 radial distances. 1,0 Rotor-alone tone. 
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In order to obtain meaningful results in the far field, the axial range of the computational domain has been taken 

much wider than in the previous case: -45 < x/Rt < 45. The pressure fields on the fuselage, upper left, again show the 
familiar diffraction pattern, now for a higher frequency. The results in the far field again show similarity over most 
of the θ -range, except for the region around θ = 180° with boundary layer.  

In Figure 9 the SPL is plotted along a sideline, at θ = 180°. Again the scales of the x-axis have been adapted such 
that they have the same ratio as the distance to the propeller axis. 

 

 
r = 1.5 m 

 
r = 1.7 m 

 
r = 8 m 

 
r = 16 m 

 
Figure 8 Shielding factor for the 1,1 interaction tone, at x = 0, at 4 different radial distances. 
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VIII. Asymptotic far-field approximation 
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It is clear from these plots why the axial extent of the computational domain has to be taken much larger than in 

the rotor-alone tone case. Even with this enlarged domain the effects of the discrete Fourier transform are quite 
severe, due to the fact that at the ends of the domain (i.e. x/Rt  = ±45) the SPL has not decreased yet to a small value. 
This effect can be reduced by enlarging the domain more and more when looking at larger distances. This will lead 
to increasing computation times. As an alternative, it is presented in the next section that the issue can be solved by 
using an analytic far-field approximation. 

VIII. Asymptotic far-field approximation 
 
The expressions for the source fields and for the reflected field can all be written in the form: 

 
 

�̂�𝑝𝑘𝑘(𝑥𝑥, 𝑟𝑟) = � 𝑒𝑒𝑖𝑖𝑖𝑖𝑥𝑥𝐻𝐻𝑘𝑘
(2)(𝛾𝛾𝑟𝑟)𝑔𝑔(𝛼𝛼)d𝛼𝛼

∞

−∞
 (15)  

see eqs. (5), (9) and (11), where k can be the index in any of these equations. For large values of r we can make use 
of the asymptotic approximation for the Hankel function, e.g. reference 10: 
 
 

𝐻𝐻𝑘𝑘
(2)(𝑧𝑧)~�

2
𝜋𝜋𝑧𝑧

𝑒𝑒−𝑖𝑖(𝑧𝑧−
1
2𝑘𝑘𝑘𝑘−

1
4𝑘𝑘) (16)  

If this is substituted into eq. (15) a form is obtained than can be approximated by using the method of stationary 
phase. The result is: 
 
 

�̂�𝑝𝑘𝑘(𝑥𝑥, 𝑟𝑟)~2𝑒𝑒
𝑖𝑖�𝑖𝑖𝑅𝑅𝛽𝛽 (𝑀𝑀cos𝜑𝜑−1)+12𝑘𝑘(1+𝑘𝑘)� 𝑔𝑔(𝛼𝛼0)

𝛽𝛽𝛽𝛽
 (17)  

with: 
 
 𝛼𝛼0 =

𝜔𝜔
𝛽𝛽2

(𝑀𝑀 − cos𝜑𝜑) (18)  

Here the coordinates R and ϕ are defined by: x = βRcosϕ and r = Rsinϕ, with 𝛽𝛽 = √1 −𝑀𝑀2. This expression 
shows that at large distances the radiation is dominated by a single axial wavenumber, which depends on the 
radiation angle in the (x/β, r) plane. To assess this approximation, it is applied to the 1,0 rotor-alone tone. The 
acoustic pressure amplitudes are computed on a sideline at distances to the fuselage axis of 8 m, 16 m, and 48 m, at 
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Figure 9 Sideline SPL levels at θ = 180°, for 2 radial distances. 1,1 Interaction tone. 
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θ = 180°. The results, sound pressure levels and phases, are presented in Figure 10, and compared to results from the 
‘exact’ formulation. 

 
The SPL’s are scaled to the maximum level at 8 m. It is remarkable that the SPL’s agree very well, even at the 

short distance of 8m. Only the sharp dip at x/Rt ≈ 10 in the r = 16 m results is not found in the far-field 
approximation. The phases however compare less favorably. At r = 8 m the differences are of the order of 70°, 
decreasing to 50° at r = 16 m, and to 15° at r = 48 m. 
Next the same is done for the reflected field, see Figure 11. As in the rest of this section, a boundary layer is not 
incorporated. 

 
In this case the peak levels at r = 8 m and r= 16 m are somewhat overpredicted by the far-field approximation, 

but the results for the SPL at r = 48 m agree quite well, apart from the scattering in the ‘exact’ results caused by the 
Fourier transformation. The phases differ by typically 30°, 15°, 5° at r = 8 m, 16 m, 48 m respectively. 

Both Figures 10 and 11 indicate that the far-field approximation is getting more accurate for larger distances, as 
may be expected. 

To obtain the total acoustic pressure, the results for the isolated pressure and the reflected field have to be added, 
which only yields correct results if the phases are correct. The result for the total pressure at r =8 m and r = 16 m can 
therefore not be expected to be accurate in the far-field approximation. In the next figure the directivity pattern of 
the shielding factor is plotted for r =16 m and r = 48 m. 
  

 

 
 

 
 

 
Figure 10 Comparison of ‘exact’ results with far-field (ff) approximation. Isolated 1,0 rotor-alone tone.  
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Figure 11 Comparison of ‘exact’ results with far-field (ff) approximation. Reflected 1,0 rotor-alone tone.  

-400

-300

-200

-100

0

100

200

300

-10 0 10 20

ph
as

e 
(d

eg
)

x/Rt



 
 
 

18 

March 2017  |  NLR-TP-2016-360 

 

  

 
 
 

16 

-30

-25

-20

-15

-10

-5

0

5

-50 -40 -30 -20 -10 0 10 20 30 40 50

SP
L 

(d
B)

x/Rt

total

isolated

 
Indeed, the left hand plot shows large differences compared to the two lower plots in Figure 6 (no BL), 

especially in the range from θ = 30° to 180°. The right hand plot however agrees better with Figure 6, which 
indicates that the distance of 48 m is large enough to obtain good results from the far-field approximation. In Figure 
13 the sideline SPL levels are shown of the isolated and the total pressure field at r = 48 m, both from the far-field 
approximation. The shape compares quite well to the plots in Figure 7, but here the curves are not distorted by the 
effects of the discrete Fourier transformation. 
  

 
 

 

 

 
 
Figure 12 Shielding factor for the 1,0 rotor-alone tone at x = 0 at two radial distances, far-field approximation. 
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Figure 13 Sideline SPL levels at θ = 180°, r = 48 m. 
1,0 Rotor-alone tone, far-field approximation. 
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Finally, results from the far-field approximation are presented 
for the 1,1 interaction tone. In Figure 14 the directivity pattern 
of the shielding factor is plotted for r = 48 m. This plot 
resembles the plots (bottom row, no BL) of Figure 8. The 
sideline SPL’s at r =48 are shown in Figure 15 (left hand side). 
Some ripples are visible, due to the small error in the phases in 
the far-field approximation. Apart from that, the curves are 
much smoother than those of Figure 9. The relative level of the 
total pressure is somewhat higher than in Figure 9, which may 
also be ascribed to the error in the phases. 

To check this, the same data have also been computed for a 
radial distance of 1000m, see Figure 15 (right hand side). The 
ripples are still there, but the relative levels of the total pressure 
are now more in agreement with those of Figure 9. 

 
 
 
 

 
 

 

IX. Conclusions 
A model is presented for the computation of the acoustic interaction of open rotors and a rigid cylinder, 

representing an aircraft fuselage. An analytic description of the rotor noise sources is used that is quite accurate in 
the case of a single-rotation propeller, and contains the main spatial characteristics of the sound field in the case of a 
contra-rotating open rotor (CROR). In the computation of the sound field of an installed configuration the boundary 
layer can be incorporated. The model is suitable for computing both the acoustic pressure on the fuselage wall, 
relevant for cabin environment studies, and the pressure waves radiated to the far-field. 

In the first application it is shown that the boundary layer significantly decreases the pressure level on the 
fuselage upstream of the rotor. This is caused by the gradient of the velocity profile in the boundary layer, which 
bends the acoustic waves away from the fuselage wall. Results are presented for a rotor-alone tone and a few 
interaction tones. 

Results for the scattered acoustic field are also presented at some distance from the fuselage. Directivity plots 
show interference patterns with a strong variation of the sound pressure level as a function of circumferential angle. 
At larger distances the results are distorted by the discrete Fourier applied in axial direction. This effect forces the 
use of a large computational domain in axial direction, especially in the case of interaction tones,  which radiate over 
a wider angular range than rotor-alone tones. As an alternative, an asymptotic approximation is derived for large 
distances, avoiding the discrete Fourier transformation. This method results into smooth curves at low computational 
costs. However, care should be taken with respect to the range of application; at intermediate distances the far-field 

Figure 14 Shielding factor for the 1,1 interaction tone 
at x = 0 at r = 48 m, far-field approximation. 
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Figure 15 Sideline SPL levels at θ = 180°, r = 48 m (left) and r = 1000 m (right). 1,1 Interaction tone, far-field 
approximation. 
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approximation leads to significant errors in the computed phase and the results are not suitable for the computation 
of interference patterns. 

The analytic formulations presented in this paper provide a powerful tool to estimate the effect of a fuselage and 
it boundary layer on rotor noise, both as it impinges on the fuselage itself and as it radiates to the far field.  The 
effort to prepare the computations and the computational costs are very low. Although the method is not suitable to 
predict installed rotor noise accurately for a real aircraft geometry, it can be used to better understand the effects, to 
yield a quick first estimate of the installation effects, and to serve as a benchmark for high-fidelity computational 
methods. 
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