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 A B S T R A C T

Double–Double (DD) laminates provide unique design and manufacturing opportunities. This makes them a 
promising challenger for conventional laminates used in aerospace composite parts today. DD laminates benefit 
from an effect denoted as ’homogenization’, which leads to a mechanical behavior known from orthotropic 
laminates, without complex coupling effects, although DD laminates have asymmetric ply-stacking sequences. 
Manufacturing aspects and particularly the topic of process-induced distortions (PID) have attracted little 
attention in DD context. The present article is dedicated to this topic. It outlines why some DD laminates 
show warpage and twist after a typical 180◦C curing process, while others remain almost flat. Hence, the 
article provides practical guidance for selecting building-block stacking sequences, which induce minimum 
warpage.
1. Motivation

Dimensional fidelity is an important requirement for aerospace 
composites. This is true for parts made with conventional laminates, 
but also for parts made from Double–Double laminates. The later be-
longs to the group of so-called unconventional laminates (UCL). While 
design [1–3] and optimization aspects [4–8] for DD laminates have 
been addressed in dedicated studies, the manufacturing-related topic 
of process-induced distortions (PID) has attracted little attention up 
to now. The following section provides and overview of sources for 
unwanted part deformations and limits the relevant drivers in focus of 
the present paper.

1.1. Reasons for warpage and twist of carbon-fiber-thermoset laminates, 
autoclave cured at elevated temperatures

Unwanted, non-trivial part deformations accompany composite
manufacturing inevitably [9]. Fernlund and Poursartip summarize it 
excellently with: ‘Composite parts will never have the same dimensions 
as the tool they were made on’ [10]. The origins are manifold and could 
not all be discussed in detail here, without diluting the article’s focus. 
However, the following list shall briefly outline well examined drivers 
for unwanted part distortions in composite manufacturing context.

• Reversible & irreversible effects: Curing a typical aerospace-grade, 
carbon-fiber epoxy prepreg, in a high-temperature (e.g. 180◦C) 
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autoclave process, results in reversible and irreversible effects. 
The thermoset matrix curing is irreversible. Curing-induced volu-
metric shrinkage of the neat resin distributes to the plies principal 
directions, which leads to contraction. The temperature drop, 
during the cool down from curing to room temperature, induces 
thermo-elastic contraction of the matrix, with its comparably high 
CTE. The related strains lead to shape changes.

• Globally orthotropic material properties: Unidirectional(UD)-ply-
based composite laminates have fiber-dominated in-plane prop-
erties and resin dominated out-of-plane properties. As through-
thickness strains due to chemical shrinkage or thermal expansion 
in in-plane 𝜀𝑇 ,𝐶𝑧 ≫ (𝜀𝑇 ,𝐶𝑥 , 𝜀𝑇 ,𝐶𝑦 ) [9,11,12]. This inevitable leads 
to the fact that a curved composite sections deform, which is 
well known as the driver for Spring-in (see for example [13]) 
distortions.

• Residual stresses: A composite laminate is a stack of numerous 
individual differently oriented unidirectional (UD) plies. Each ply 
shows for example the same thermal expansion behavior with 
respect to their local coordinate system, with 𝛼1 ≪ 𝛼2. However, 
due to the plies’ different orientation in the global laminate coor-
dinate system the individual expansion/contraction characteristic 
is constrained. Residual stress inevitably build up. As long a 
laminate stacks are symmetric, those stresses balance out, and no 
warpage of a flat part is observed. Asymmetric laminate usually 
deform after a high-temperature manufacturing process.
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Fig. 1. Warpage of a 400 mm × 500 mm CFRP Double–Double laminate. Courtesy: NLR.
• Tool-part interaction: Warpage of thin laminates ≈(< 1.0 mm) can 
arise from a CTE mismatch between the manufacturing tool and 
the composite laminate cured on it. In particular, single-sided 
tool concepts are prone to produced warpage, as the stresses 
due to the CTE-mismatch are introduced in the laminate only 
at the tool-part interface. This, leads to pre-stressing of plies 
close to the tool. Once, the part is fully cured and cooled down, 
those introduced stresses redistribute, which usually results in 
considerable warpage of samples. [12,14]

• Forced-interaction: Forced-interaction is related to the scenario, 
when a composite laminate is partially wrapped around a male 
tool, with a CTE higher than the composite CTE. Acting autoclave 
pressure enforces the laminate to stay in contact with the expand-
ing tool during the process. Interaction between the part and the 
tool induces an asymmetric residual stress state, similar as for 
the tool-part interaction effect. However, it has been shown that 
forced interaction can lead to deformation of even thick laminates 
with symmetric stackings [15].

• Fiber-volume fraction gradients: Coefficients of thermal expansion 
of a single ply depend on the ply’s fiber and resin content 𝛼1, 𝛼2 =
𝑓 (𝑉𝑓 ), as can be seen when typical rules of mixture are exam-
ined. Selected manufacturing and bagging scenarios can lead to 
resin squeeze/bleed, as for example a single peel ply on top of 
a laminate, in a single-sided manufacturing scenario. Resin is 
soaked by the peel ply during the process, which can lead to fiber-
volume fraction gradients in the laminates thickness direction. 
This affects the local laminate properties. Once the peel-ply is 
removed, initially flat parts deform. Thermo-elastic warpage can 
be the consequence, even though the laminate stacking sequence 
is symmetric.

The present article focuses on the most simple geometrical case. 
Laminates in focus are cured on a flat tool. A double-sided tool ap-
proach is used for the samples, with a no-bleed vacuum bagging 
setup being applied. Thus, the extrinsic effects forced-interaction and 
tool-part interaction are considered irrelevant for the parts at hand. 
𝑉𝑓 -gradients are also considered as irrelevant, due to the use of a 
double-sided tool and no use of peel plies on the laminate surfaces.

In context of compression-after-impact (CAI) sample manufacturing, 
Double–Double panels were manufactured by the authors. Remarkable 
warpage was observed, which was surprising at first sight. Fig.  1 shows 
the manufactured 400 mm × 500 mm, 20-ply panel after demolding.

The approximately 4.2 mm thick panels showed considerable
warpage of multiple mm. This was unexpected, as the selected four-
ply Building Block (BB) stacking sequence [15,−55,−15, 55] was chosen 
carefully, to promote ‘homogenization’ of the DD laminate. In addition, 
five BB repeats (𝑟 = 5) were realized for the 20-ply laminate. The 
present article aims to explain the unexpected high deformations.

It this context it is highlighted that Hawkins et al. [16] pub-
lished a comprehensive study on warpage of Double–Double laminates, 
parallel to the composition of the present manuscript. Aside from 
2 
Table 1
All 24 conceivable BB stacking sequences.
 BB layup BB layup BB layup BB layup  
 [15,−15, 55,−55] [−15, 15, 55,−55] [55, 15,−15,−55] [−55, 15,−15, 55] 
 [15,−15,−55, 55] [−15, 15,−55, 55] [55, 15,−55,−15] [−55, 15, 55,−15] 
 [15, 55,−15,−55] [−15, 55, 15,−55] [55,−15, 15,−55] [−55,−15, 15, 55] 
 [15, 55,−55,−15] [−15, 55,−55, 15] [55,−15,−55, 15] [−55,−15, 55, 15] 
 [15,−55,−15, 55] [−15,−55, 15, 55] [55,−55, 15,−15] [−55, 55, 15,−15] 
 [15,−55, 55,−15] [−15,−55, 55, 15] [55,−55,−15, 15] [−55, 55,−15, 15] 

baseline DD laminates, the authors presented also new particular stack-
ing sequences. Those are termed symmetry-enhanced-Double–Double 
(SEDD), being introduced as SEDD-1 : [(𝐵𝐵)𝑠∕(𝐵𝐵)𝑟]𝑇  and SEDD-2 with 
[(𝐵𝐵)𝑠,𝑟∕(𝐵𝐵)𝑛]𝑇 , wherein 𝑠, 𝑟 indicating symmetry and the number of 
BB-repeats, respectively. 𝑇  denotes ‘total’ as outlined in [17].

Hawkins et al.’ results for baseline DD laminates are particular 
relevant for the study at hand, as they substantiate the findings later 
presented in this article. The authors present a conventional DD lam-
inate with the stacking [+9∕ − 61.5∕ + 61.5∕ − 9]5, which showed 
minimum warpage. As will be seen later the particular BB characteristic 
[±𝜑,∓𝜓,±𝜓,∓𝜑] is also identified as the minimum-warpage sequence 
in the present article.

1.2. A brief intro to DD

Double–Double laminates belong to the UCL group. An overview of 
recent activities in DD context can be found in [6]. In its initial laminate 
description [1] a DD laminate is described by the notation [±𝜑,±𝜓]𝑟. 
In context of dry-fiber materials, ±𝜑 refers to one layer of a crimped bi-
axial material. In unidirectional (UD) prepreg context, a Building Block 
is usually described by a 4-ply sequence, such as [𝜑,−𝜓,−𝜑,𝜓]𝑟, for 
example. 24 conceivable BB stackings exist.

Table  1 shows them, while in conjunction with the aforementioned 
OHT and CAI activities, the ply orientations |𝜑| = 15, |𝜓| = 55 are 
considered hereafter only, for sake of conciseness.

A DD laminate consists of a sequence of BBs. A requirement for 
symmetry does not exist. A DD laminate is asymmetric, but always 
balanced, due to the BB architecture. The parameter 𝑟 quantifies the 
number of BB repeats. The laminate thickness is determined by 𝑡𝑙𝑎𝑚 =
4 ⋅ 𝑟 ⋅ 𝑡𝑝𝑙𝑦. The typical notation is deduced from the classical-laminate 
theory (CLT) [17], as presented hereafter. 
[

𝑁
𝑀

]

=
[

𝐴 𝐵
𝐵 𝐷

]

⋅
[

𝜀0
𝜘

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
CLT

,
[

𝜎
𝜎𝑓

]

=
[

𝐴∗ 𝐵∗

3𝐵∗ 𝐷∗

]

⋅
[

𝜀0
𝜀𝑓

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
typical DD notation

(1)

with the ‘thickness-normalized’ matrices [𝐴∗] = [𝐴]∕𝑡𝑙𝑎𝑚, [𝐵∗] =
2[𝐵]∕𝑡2𝑙𝑎𝑚 and [𝐷∗] = 12 ⋅ [𝐷]∕𝑡3𝑙𝑎𝑚 (A more detailed derivation is 
provided in [8]). The process of ‘homogenization’ is often cited in DD 
context. It describes how the laminate-asymmetry induced coupling 
coefficients, in the [ABD] matrix, and/or its thickness-term-normalized 
equivalent [A∗B∗D∗], diminish with increasing BB repeats 𝑟. Basically 
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Table 2
M21E/IMA prepreg parameters. ppm denotes parts-per-million (10−6).
 Property 𝐸1 𝐸2 𝜈12 𝐺12 𝛼1 𝛼2 𝑡𝑝𝑙𝑦,𝑛𝑜𝑚𝑖𝑛𝑎𝑙 
 Unit GPa GPa – GPa ppm/K ppm/K mm  
 Value 154.0 8.5 0.32 4.2 1.5 32.2 0.184  
 Source [18] [18] [18] [18] [19] [19] –  

one finds that all coefficients of the [𝐵∗] matrix scale with 1∕𝑟. The 
bending–twist coupling coefficients, 𝐷∗

16 and 𝐷∗
26, scale proportional 

with 1∕𝑟2. 

[𝐵∗] ∝ 1
𝑟

 and [𝐷∗] =

⎡

⎢

⎢

⎢

⎢

⎣

��𝑓 (𝑟) ��𝑓 (𝑟)
1
𝑟2

⋅ (…)

��𝑓 (𝑟) ��𝑓 (𝑟)
1
𝑟2

⋅ (…)
1
𝑟2

⋅ (…) 1
𝑟2

⋅ (…) ��𝑓 (𝑟)

⎤

⎥

⎥

⎥

⎥

⎦

. (2)

This ‘homogenization’ basically leads to a simplified mechanical be-
havior of a laminate. It uncouples in-plane tension and shear, bending 
and twisting, as well as the global coupling of the aforementioned 
in-plane and out-of-plane effects, as it is indicated hereafter by the 
population of the [A∗B∗D∗] matrix. 

[

𝐴∗ 𝐵∗

3𝐵∗ 𝐷∗

]

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

∙ ∙ 0 ≈ 0 ≈ 0 ≈ 0
∙ ∙ 0 ≈ 0 ≈ 0 ≈ 0
0 0 ∙ ≈ 0 ≈ 0 ≈ 0
≈ 0 ≈ 0 ≈ 0 ∙ ∙ ≈ 0
≈ 0 ≈ 0 ≈ 0 ∙ ∙ ≈ 0
≈ 0 ≈ 0 ≈ 0 ≈ 0 ≈ 0 ∙

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

for 𝑟 ≫ 1 . (3)

The population equals the one of both homogeneous isotropic and or-
thotropic materials, which explains the phrase ‘homogenization’. Most 
studies in DD context focus on those briefly outlined dependencies in 
context with the [𝐴𝐵𝐷] matrix. The effect of manufacturing and in 
particular high-temperature curing remains widely disregarded and in 
particular the relevant drivers for warpage 𝑁𝑇  and 𝑀𝑇  are not exam-
ined. Earlier studies, on a tapered omega-shaped stiffener (Chapter 3 
in [2]), showed that the actual building-block stacking sequence affects 
part deformation, but the effect was neither generalized to other DD 
laminates nor assessed for all conceivable BB stackings.

2. Numerical cool-down analyses

FE-model based cool-down analysis are a practical approach to as-
sess and visualize, laminate-asymmetry-induced warpage of composite 
structures. Therefore, this type of analysis is used hereafter to inter-
relate the BB stacking sequences and corresponding part deformations 
due to manufacturing. Hexcel’s M21E/IMA prepreg is considered in the 
following FE analyses. The corresponding ply data is summarized in 
Table  2.

However, it shall be highlighted, that the recommendations, de-
duced hereafter, are also valid for other UD prepreg materials, as long 
those can be considered as ‘similar’ in terms of stiffness ratio, CTE ratio 
and curing temperature.

2.1. FE model description

The examined FE models were created in ABAQUS CAE 6.14. A 
quadratic plate, with 500 mm × 500 mm, is modeled, using the 
ABAQUS’ composite modeler. The simulation mimics a cool-down from 
the curing temperature of 180◦C to 20◦C room temperature, which 
is equivalent to the modeled temperature change of 𝛥𝑇 = −160 K
(Note that a parametric ABAQUS input-file is provided in the Ap-
pendix). Table  3 provides an example result (case [55,−55, 15,−15]
from Table  1) and outlines additional modeling settings. All BB-case 
comparisons hereafter refer to out-of-plane displacements (𝑧-direction, 
𝑈3 in ABAQUS) of the modeled flat part, whose edges illustrated as 
black lines in all plots in undeformed state are.
3 
Model execution as well as output plotting were executed script 
based. Thus, all plots hereafter are directly comparable, as legend 
thresholds, view settings as well as the magnification setting (= 1) are 
identical in all plots.

2.2. Numerical study - result overview

The described numerical analysis have been executed for all 24 BB 
cases, while four BB-repeats (𝑟 = 4) are considered. Thus, the examined 
16-ply laminates are 2.944 mm thick. Fig.  2 summarizes all results. 
Note, that the corresponding BB stackings are provided in each picture, 
for the readers’ convenience.

At first sight, the plots allow for the following observations:

1. Only two cases apparently show almost no/little warpage/ de-
formation.

2. One can further distinguish in cases showing either upward or 
downward displacements

3. Twist is observed, almost in all cases.

A more detailed comparison of the individual results reveals, that 
for stackings belonging to the [±𝜑,∓𝜓,±𝜓,∓𝜑] group, mirroring the 
stacking sequence results in a mirrored out-of-plane displacement char-
acteristic. The effect can be seen well for the pair [15, 55,−55,−15]∕
[−15,−55, 55, 15], for example. Later the presented analyses show that 
mirroring a BB stacking results in a sign change of the curvature 
vector coefficient 𝜘𝑇𝑥𝑦, which explains the observed ‘mirror’-effect on 
the deformation characteristic.

3. A study on the origins for warpage

In fact, DD’s asymmetric laminate stacking results in thermal-
contraction induced in-plane forces and out-of-plane moments. Those 
are defined as 

⎡

⎢

⎢

⎢

⎣

𝑁𝑇
𝑥

𝑁𝑇
𝑦

𝑁𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎦

=
𝑛
∑

𝑘=1
[𝑄̄]𝑘

⎡

⎢

⎢

⎢

⎣

𝜀𝑇𝑥
𝜀𝑇𝑦
𝛾𝑇𝑥𝑦

⎤

⎥

⎥

⎥

⎦𝑘

⋅𝑡𝑝𝑙𝑦 ,

⎡

⎢

⎢

⎢

⎣

𝑀𝑇
𝑥

𝑀𝑇
𝑦

𝑀𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎦

=
𝑛
∑

𝑘=1
[𝑄̄]𝑘

⎡

⎢

⎢

⎢

⎣

𝜀𝑇𝑥
𝜀𝑇𝑦
𝛾𝑇𝑥𝑦

⎤

⎥

⎥

⎥

⎦𝑘

⋅
1
2
⋅
(

ℎ2𝑘 − ℎ
2
𝑘−1

)

.

(4)

For symmetric laminates, one observes 
[

𝑀𝑇
𝑥 𝑀𝑇

𝑦 𝑀𝑇
𝑥𝑦

]𝑇
= 0⃗. 

In addition, [𝐵] equals zero, which explains that a symmetric laminate 
only shows in-plane contraction/ expansion, but remains flat after the 
cool-down from the curing temperature, although [𝐷]−1 ≠ [0]. 
⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜀0𝑥
𝜀0𝑦
𝛾0𝑥𝑦
𝜘𝑥
𝜘𝑦
𝜘𝑥𝑦

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=
[

[𝐴] [𝐵]
[𝐵] [𝐷]

]−1

⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑁𝑇
𝑥

𝑁𝑇
𝑦

𝑁𝑇
𝑥𝑦

𝑀𝑇
𝑥

𝑀𝑇
𝑦

𝑀𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=
[

[𝑎] [𝑏]
[𝑏] [𝑑]

]

⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑁𝑇
𝑥

𝑁𝑇
𝑦

𝑁𝑇
𝑥𝑦

𝑀𝑇
𝑥

𝑀𝑇
𝑦

𝑀𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(5)

For DD laminates it is essential to consider both 𝑁𝑇  and 𝑀𝑇  vectors, 
as well as the [𝑎], [𝑏] and [𝑑] matrices. Both vectors will always be 
≠ 0⃗ for DD. Thus, they contribute to in-plane strains and out-of-
plane warpage and twist, which can be seen above in Fig.  2. The 
following expression shows the different contributions for symmetric 
and asymmetric laminates.
[

𝜀0𝑥 𝜀0𝑦 𝛾0𝑥𝑦
]𝑇

= [𝑎] ⋅
[

𝑁𝑇
𝑥 𝑁𝑇

𝑦 𝑁𝑇
𝑥𝑦

]

𝑇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≠0⃗, (≠0⃗ for symmetric laminate)
+ [𝑏] ⋅

[

𝑀𝑇
𝑥 𝑀𝑇

𝑦 𝑀𝑇
𝑥𝑦

]

𝑇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≠0⃗, (=0⃗ for symmetric laminate)
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Table 3
Example result (case [55,−55, 15,−15] from Table  1) and additional FE model parameters.

 • 2500 4-node S4R elements (50 × 50, 10 mm edge length)
• out-of-plane displacement 𝑈3 in range −30∕+30 mm
• Boundaries: 𝑈1 = 𝑈2 = 𝑈3 = 𝑈𝑅1 = 𝑈𝑅2 = 𝑈𝑅3 at node 1
• Geometrically nonlinear calculation, ‘nlgeom = YES’

 

Fig. 2. Distortion plots of all 24 conceivable building-block configuration [±15◦∕ ± 55◦]4, for 𝑡𝑝𝑙𝑦 = 0.184 mm. The reader is referred to the PDF version of the 
article for improved readability.

[

𝜘𝑥 𝜘𝑦 𝜘𝑥𝑦
]𝑇 = [𝑏] ⋅

[

𝑁𝑇
𝑥 𝑁𝑇

𝑦 𝑁𝑇
𝑥𝑦

]

𝑇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≠0⃗, (=0⃗ for symmetric laminate)
+ [𝑑] ⋅

[

𝑀𝑇
𝑥 𝑀𝑇

𝑦 𝑀𝑇
𝑥𝑦

]

𝑇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≠0⃗, (=0⃗ for symmetric laminate)

(6)

The extension-bending stiffness matrix plays a key role. It is defined 
as 

[𝐵] = 1
2
⋅
𝑛
∑

𝑘=1
[𝑄̄]𝑘 ⋅

(

ℎ2𝑘 − ℎ
2
𝑘−1

)

. (7)

It is well known from conventional laminates, that laminate symmetry 
leads to [𝐵] = [0], driven by the (ℎ2𝑘 − ℎ2𝑘−1

) term, which induces a 
sign change for a ply positioned symmetrically above or below the 
laminates’ mid plane. This behavior transfers similarly to the thermal 
moment vector 𝑀⃗𝑇 =

[

𝑀𝑇
𝑥 𝑀𝑇

𝑦 𝑀𝑇
𝑥𝑦

]𝑇
. For symmetric laminates 

𝑀𝑇 = 0⃗. Thus, a flat laminate will not bend when subjected to a 
4 
temperature change. It will only show in-plane elongation, which refers 
to the laminates’ CTEs 𝛼𝑥, 𝛼𝑦 and 𝛼𝑥𝑦. Double–Double laminates are 
asymmetric. Thus, 𝑀𝑇 ≠ 0⃗ must be considered.

As the ABD matrix population state from Eq.  (3) is not perfectly 
reached, the curvatures depend on contributions from [𝑏] ⋅ 𝑁⃗𝑇  and 
[𝑑] ⋅ 𝑀⃗𝑇 . Analyzing the relations above from a DD perspective allow 
for some cognition.

The notation 

𝐵𝐵 ∶= [𝑏𝑏1, 𝑏𝑏2, 𝑏𝑏3, 𝑏𝑏4] (8)

is introduced for the four-ply building block angle, for the subsequent 
analysis. For a DD laminate, made from plies with a constant ply 
thickness 𝑡𝑝𝑙𝑦, the force vector can be written as follows,

⎡

⎢

⎢

⎢

𝑁𝑇
𝑥

𝑁𝑇
𝑦
𝑇

⎤

⎥

⎥

⎥

=
𝑛
∑

𝑘=1
[𝑄̄]𝑘

⎡

⎢

⎢

⎢

𝜀𝑇𝑥
𝜀𝑇𝑦
𝑇

⎤

⎥

⎥

⎥

⋅ 𝑡𝑝𝑙𝑦 = 𝑡𝑝𝑙𝑦 ⋅
𝑛
∑

𝑘=1
[𝑇 ]−1𝑘 ⋅ [𝑄] ⋅

⎡

⎢

⎢

⎣

𝛼1
𝛼2
0

⎤

⎥

⎥

⎦

⋅ 𝛥𝑇
⎣
𝑁𝑥𝑦⎦ ⎣

𝛾𝑥𝑦⎦𝑘
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= 𝑟 ⋅ 𝑡𝑝𝑙𝑦 ⋅
(

[𝑇 ]−1𝑏𝑏1 + [𝑇 ]−1𝑏𝑏2 + [𝑇 ]−1𝑏𝑏3 + [𝑇 ]−1𝑏𝑏4

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
⎡

⎢

⎢

⎢

⎢

⎣

∙ ∙ 0
∙ ∙ 0
0 0 ∙

⎤

⎥

⎥

⎥

⎥

⎦

⋅ [𝑄] ⋅
⎡

⎢

⎢

⎣

𝛼1
𝛼2
0

⎤

⎥

⎥

⎦

⋅ 𝛥𝑇

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
⎡

⎢

⎢

⎢

⎢

⎣

∙
∙
0

⎤

⎥

⎥

⎥

⎥

⎦

with [𝑇 ]−1𝑘  being defined according to Eq.  (13). This leads to the gener-
alization of the in-plane force vector for all conceivable DD laminates. 

𝑁𝑇
𝑥 , 𝑁

𝑇
𝑦 ≠ 0 and 𝑁𝑇

𝑥𝑦 = 0 (9)

The moment vector can be written as
⎡

⎢

⎢

⎢

⎣

𝑀𝑇
𝑥

𝑀𝑇
𝑦

𝑀𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎦

=
𝑛
∑

𝑘=1
[𝑄̄]𝑘

⎡

⎢

⎢

⎢

⎣

𝜀𝑇𝑥
𝜀𝑇𝑦
𝛾𝑇𝑥𝑦

⎤

⎥

⎥

⎥

⎦𝑘

⋅
𝑡𝑝𝑙𝑦
2

⋅
(

ℎ𝑘 + ℎ𝑘−1
)

.

Introducing the DD-specific relations 
ℎ𝑘 = −4 ⋅ 𝑟 ⋅ 𝑡𝑝𝑙𝑦∕2 + 𝑘 ⋅ 𝑡𝑡𝑝𝑙𝑦, ℎ𝑘−1 = −4 ⋅ 𝑟 ⋅ 𝑡𝑝𝑙𝑦∕2 + (𝑘 − 1) ⋅ 𝑡𝑡𝑝𝑙𝑦 (10)

allows for the reformulation to
⎡

⎢

⎢

⎢

⎣

𝑀𝑇
𝑥

𝑀𝑇
𝑦

𝑀𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎦

=
𝑛
∑

𝑘=1
[𝑄̄]𝑘

⎡

⎢

⎢

⎢

⎣

𝜀𝑇𝑥
𝜀𝑇𝑦
𝛾𝑇𝑥𝑦

⎤

⎥

⎥

⎥

⎦𝑘

⋅
𝑡2𝑝𝑙𝑦
2

(−4𝑟 + 2𝑘 − 1) .

With inserting 

[𝑄̄] = [𝑇 ]−1[𝑄][𝑇 ]−𝑇  and 
⎡

⎢

⎢

⎢

⎣

𝜀𝑇𝑥
𝜀𝑇𝑦
𝛾𝑇𝑥𝑦

⎤

⎥

⎥

⎥

⎦

= [𝑇 ]𝑇 ⋅
⎡

⎢

⎢

⎣

𝛼1
𝛼2
0

⎤

⎥

⎥

⎦

⋅ 𝛥𝑇 (11)

one finds 
⎡

⎢

⎢

⎢

⎣

𝑀𝑇
𝑥

𝑀𝑇
𝑦

𝑀𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎦

=
𝑡2𝑝𝑙𝑦
2

( 𝑛
∑

𝑘=1
[𝑇 ]−1𝑘 ⋅ (−4𝑟 + 2𝑘 − 1)

)

⋅ [𝑄] ⋅
⎡

⎢

⎢

⎣

𝛼1
𝛼2
0

⎤

⎥

⎥

⎦

⋅ 𝛥𝑇 (12)

It is important to highlight the effect of the ply-angle sign on the 
inverted transformation matrix for the following analyses. It is hereafter 
outlined for ply angles 𝜑 and −𝜑. 

[𝑇 ]−1(𝜙) =
⎡

⎢

⎢

⎣

𝑐2 𝑠2 −2𝑠𝑐
𝑠2 𝑐2 2𝑠𝑐
𝑠𝑐 −𝑠𝑐 𝑐2 − 𝑠2

⎤

⎥

⎥

⎦

, [𝑇 ]−1(−𝜙)
⎡

⎢

⎢

⎣

𝑐2 𝑠2 2𝑠𝑐
𝑠2 𝑐2 −2𝑠𝑐
−𝑠𝑐 𝑠𝑐 𝑐2 − 𝑠2

⎤

⎥

⎥

⎦

,

(13)

with 𝑐, 𝑠 denoting cosine and sine, respectively.
The ply-angle sign effect affects the term 

(𝑛=4𝑟
∑

𝑘=1
[𝑇 ]−1𝑘 ⋅ (−4𝑟 + 2𝑘 − 1)

)

(14)

in Eq.  (12), which requires particular attention. The following example 
shows how the individual contribution of a single ply in the BB can be 
quantified. With 𝑟 = 2 (eight-ply laminate) one finds

( ) =
(

−7[𝑇 ]−1𝑏𝑏1 − 5[𝑇 ]−1𝑏𝑏2 − 3[𝑇 ]−1𝑏𝑏3 − [𝑇 ]−1𝑏𝑏4 + [𝑇 ]−1𝑏𝑏1 + 3[𝑇 ]−1𝑏𝑏2

+5[𝑇 ]−1𝑏𝑏3 + 7[𝑇 ]−1𝑏𝑏4

)

=
(

−6[𝑇 ]−1𝑏𝑏1 − 2[𝑇 ]−1𝑏𝑏2 + 2[𝑇 ]−1𝑏𝑏3 + 6[𝑇 ]−1𝑏𝑏4

)

This term can be transferred to 
[

[𝑇 ]−1𝑏𝑏1 , [𝑇 ]
−1
𝑏𝑏2
, [𝑇 ]−1𝑏𝑏3 , [𝑇 ]

−1
𝑏𝑏4

]

⋅
[

𝑐(𝑏𝑏1), 𝑐(𝑏𝑏2), 𝑐(𝑏𝑏3), 𝑐(𝑏𝑏4)
]𝑇 , (15)

with 𝑐(𝑏𝑏𝑖) referring to the summed contribution of the ply 𝑏𝑏𝑖 in the 
BB. This step basis on the repetitive pattern of a DD laminate. The 
5 
Table 4
BB ply contribution for different number of repeats.
 Case 𝑐(𝑏𝑏1) 𝑐(𝑏𝑏2) 𝑐(𝑏𝑏3) 𝑐(𝑏𝑏4) 
 𝑟 = 1 −3 −1 1 3  
 𝑟 = 2 −6 −2 2 6  
 𝑟 = 3 −9 −3 3 9  
 𝑟 = 4 ... ... ... ...  

value 𝑐(𝑏𝑏1), for example, denotes the contribution of all 𝑏𝑏1 plies in 
the laminate. For a 20-ply laminate (𝑟 = 5), 𝑐(𝑏𝑏1) equals the sum 
of five individual contributions of ply 𝑏𝑏1. The reformulation allows 
for quantifying the contribution of the specific building-block plies 
depending on the number of repeats. Table  4 provides the individual 
ply contribution for multiple repeat cases.

The previous table shows that the ply contributions can be general-
ized as follows 
[

[𝑇 ]−1𝑏𝑏1 , [𝑇 ]
−1
𝑏𝑏2
, [𝑇 ]−1𝑏𝑏3 , [𝑇 ]

−1
𝑏𝑏4

]

⋅ [−3,−1, 1, 3]𝑇 ⋅ 𝑟 . (16)

Introducing in Eq.  (12) yields the DD specific formulation for the 
moment-vector: 
⎡

⎢

⎢

⎢

⎣

𝑀𝑇
𝑥

𝑀𝑇
𝑦

𝑀𝑇
𝑥𝑦

⎤

⎥

⎥

⎥

⎦

=
𝑡2𝑝𝑙𝑦
2

⋅
(

−3[𝑇 ]−1𝑏𝑏1 − [𝑇 ]−1𝑏𝑏2 + [𝑇 ]−1𝑏𝑏3 + 3[𝑇 ]−1𝑏𝑏4

)

⋅ 𝑟 ⋅ [𝑄] ⋅
⎡

⎢

⎢

⎣

𝛼1
𝛼2
0

⎤

⎥

⎥

⎦

⋅ 𝛥𝑇 .

(17)

Due to the individual scalar pre-factors of the BB-ply specific transfor-
mation matrices, only one particular case is found. Only with |𝑏𝑏1| =
|𝑏𝑏4| and |𝑏𝑏2| = |𝑏𝑏3|, specific contributions blank-out each other. For 
those cases, one will always see a matrix population of type 
(

−3[𝑇 ]−1𝑏𝑏1 − [𝑇 ]−1𝑏𝑏2 + [𝑇 ]−1𝑏𝑏3 + 3[𝑇 ]−1𝑏𝑏4

)

→
⎡

⎢

⎢

⎣

0 0 ∙
0 0 ∙
∙ ∙ 0

⎤

⎥

⎥

⎦

. (18)

When this population is combined with 

[𝑄] ⋅
⎡

⎢

⎢

⎣

𝛼1
𝛼2
0

⎤

⎥

⎥

⎦

⋅ 𝛥𝑇 →
⎡

⎢

⎢

⎣

∙
∙
0

⎤

⎥

⎥

⎦

, (19)

one will always find 𝑀𝑇
𝑥 = 𝑀𝑇

𝑦 = 0 (‘no bending’) and 𝑀𝑇
𝑥𝑦 ≠ 0

(‘non-zero twist’).
Thus, the analysis reveals only two particular cases .

𝑁𝑇 = [≠ 0,≠ 0, 0]𝑇  and 

𝑀𝑇 =

{

[0, 0,≠ 0]𝑇 ,  when |𝑏𝑏1| = |𝑏𝑏4| and |𝑏𝑏2| = |𝑏𝑏3|
[≠ 0,≠ 0,≠ 0]𝑇 ,  all remaining (20)

for all DD laminates.

3.1. Intermediate summary

The previous analyses show that all 24 conceivable BB stackings can 
be divided into only two distinct groups. Their corresponding matrix 
populations are outlined in Table  5.

The ‘twist-only’ group contains 8 out of 24 cases and is characterized 
by the BB pattern |𝑏𝑏1| = |𝑏𝑏4| and |𝑏𝑏2| = |𝑏𝑏3|. Cooling down a 
laminate of this group leads to shear-free in-plane distortions (𝛾𝑇𝑥𝑦 = 0), 
superposed by a twist-only out-of-plane (𝜘𝑇𝑥𝑦 ≠ 0) distortion mode. All 
other BB stackings show a full population of the in-plane strain and 
curvature vectors, which is responsible for complex coupling and cor-
responding deformations. Table  6 summarized the cool-down induced 
strain and curvatures for the elements of ‘twist-only’ group, and Fig.  3 
re-plots the corresponding warpage plots.

It can be seen in Table  6 that in-plane strains are in a comparable 
range for all eight ‘twist-only’ cases. Thus, in-plane CTEs of all lam-
inates would be all very similar. Comparisons show, that mirroring 
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Table 5
Two-distinguishable population patterns, referring to Eq.  (5).
 BB case ‘twist-only’ All remaining  
 |𝑏𝑏1| = |𝑏𝑏4| and |𝑏𝑏2| = |𝑏𝑏3|  

 Population, Eq. (5)

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

≠ 0
≠ 0
0
0
0
≠ 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

∙ ∙ 0 0 0 ∙
∙ ∙ 0 0 0 ∙
0 0 ∙ ∙ ∙ 0
0 0 ∙ ∙ ∙ 0
0 0 ∙ ∙ ∙ 0
∙ ∙ 0 0 0 ∙

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

≠ 0
≠ 0
0
0
0
≠ 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

≠ 0
≠ 0
≠ 0
≠ 0
≠ 0
≠ 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

∙ ∙ ∙ ∙ ∙ ∙
∙ ∙ ∙ ∙ ∙ ∙
∙ ∙ ∙ ∙ ∙ ∙
∙ ∙ ∙ ∙ ∙ ∙
∙ ∙ ∙ ∙ ∙ ∙
∙ ∙ ∙ ∙ ∙ ∙

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

≠ 0
≠ 0
0
≠ 0
≠ 0
≠ 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

 

Table 6
Identified ‘twist-only’ cases.
 DD BB 𝜀𝑇𝑥 𝜀𝑇𝑦 𝛾𝑇𝑥𝑦 𝜘𝑇𝑥 𝜘𝑇𝑦 𝜘𝑇𝑥𝑦  
 𝑟 = 4 for all 10−6∕K 10−6∕K 10−6∕K 10−6∕(m K) 10−6∕(m K) 10−6∕(m K) 
 [15, 55,−55,−15] 2.25 5.85 0.00 0.00 0.00 1.48  
 [15,−55, 55,−15] 2.15 5.82 0.00 0.00 0.00 −0.16  
 [−15, 55,−55, 15] 2.15 5.82 0.00 0.00 0.00 0.16  
 [−15,−55, 55, 15] 2.25 5.85 0.00 0.00 0.00 −1.48  
 [55, 15,−15,−55] 2.21 6.19 0.00 0.00 0.00 2.65  
 [55,−15, 15,−55] 2.11 6.16 0.00 0.00 0.00 2.21  
 [−55, 15,−15, 55] 2.11 6.16 0.00 0.00 0.00 −2.21  
 [−55,−15, 15, 55] 2.21 6.19 0.00 0.00 0.00 −2.65  
Fig. 3. Distortion of the identified ‘twist-only’ cases. Legend from Fig.  2.
a BB, as for example from [15, 55,−55,−15] to [−15,−55, 55, 15], does 
not affect in-plane strain magnitudes. However, the sign of the twist-
curvature coefficient 𝜘𝑥𝑦 changes, which is equivalent to changing the 
rotation of the twist deformation, as indicated above. In general, it can 
be concluded that the in-plane strain magnitudes are almost identical 
for all eight cases. In contrast, the twist coefficient 𝜘𝑥𝑦 varies between 
|0.16| and |2.65|, which corresponds to a remarkable scaling factor of 
16.6. Table  7 summarizes the strain and curvature values for all 24 BB 
cases (with 𝑟 = 4). Entries marked with ⋆ refer to the identified ‘twist-
only’ group, with the |𝑏𝑏1| = |𝑏𝑏4| and |𝑏𝑏2| = |𝑏𝑏3| BB architecture. 
Cases, marked with ∙, are examined in an experimental validation spot 
check, presented in the following section.

• Only two selected BBs of the DD’s total 24 building-block options 
show minimal distortions after cool down.

• The study reveals that inverting the building-block ply order leads 
to a sign change of the in-plane shear coefficient 𝛾𝑥𝑦 and the twist 
coefficient 𝜘𝑥𝑦.

• The analysis reveals that curvature and twist is predominantly 
driven by in-plane thermal forces 𝑁𝑇

𝑥  and 𝑁𝑇
𝑦 , leading to:

[

𝜘𝑥,𝜘𝑦,𝜘𝑥𝑦
]𝑇 ≈ [𝑏] ⋅

[

𝑁𝑇
𝑥 , 𝑁

𝑇
𝑦 , 𝑁

𝑇
𝑥𝑦

]𝑇

• A stacking sequence of type [|𝜑|, |𝜓|, |𝜓|, |𝜑|] always result in 
𝛾𝑇 = 𝜘𝑇 = 𝜘𝑇 = 0 and 𝜘𝑇 ≠ 0
𝑥𝑦 𝑥 𝑦 𝑥𝑦

6 
• Depending on the stacking-sequence in the aforementioned build-
ing block, the twist-driving parameter 𝜘𝑇𝑥𝑦 is found to scale be-
tween 0.16 and 2.65 (positive and negative). Thus, twist deforma-
tions are found up to 16.6 times higher for the worst BB selection 
in this group, compared to the best possible selection.

• For the study at hand, the BB blocks [−15, 55,−55, 15] and
[15,−55, 55,−15]. shows the lowest deformations due to cool 
down.

• Table  7 shows why the deformation character does not mirror for 
BB cases of the ‘remaining’ group. For those cases, one observes 
that only 𝛾𝑇𝑥𝑦 and 𝜘𝑇𝑥𝑦 change sign, when the stacking is mirrored. 
As the in-plane strains 𝜀𝑇𝑥 , 𝜀𝑇𝑦 , and the out-of-plane curvatures 
𝜘𝑇𝑥 ,𝜘

𝑇
𝑦 , do not change sign, both BB cases lead to individual 

superpositions.

3.2. Experimental spot check

Two 500 mm × 500 mm hardware samples were manufactured for 
a spot check of the presented numerical study. The selected configu-
rations are: [15,−55, 55,−15]4 denoted as ‘mini’ and [−15,−55, 15, 55]4
denoted as ‘maxi’ hereafter. Both are marked with the symbol ∙, in Ta-
ble  7. The samples were made from Hexcel M21E/IMA medium grade 
unidirectional prepreg (see ply data in Table  2). Optical measurements 
were executed to quantify warpage of both parts, after they have been 
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Table 7
Result summary of strain-curvature vector results.
 DD BB 𝜀𝑇𝑥 𝜀𝑇𝑦 𝛾𝑇𝑥𝑦 𝜘𝑇𝑥 𝜘𝑇𝑦 𝜘𝑇𝑥𝑦  
 𝑟 = 4 for all ppm/K ppm/K ppm/K ppm∕(m K) ppm∕(m K) ppm∕(m K) 
 [15,−15, 55,−55] 2.25 6.01 −0.17 0.57 −1.56 0.98  
 [15,−15,−55, 55] 2.22 6.01 0.19 0.59 −1.58 −0.57  
 [15, 55,−15,−55] 2.26 6.02 −0.17 0.26 −0.75 2.05  
 ⋆ [15, 55,−55,−15] 2.25 5.85 0.00 0.00 0.00 1.48  
 [15,−55,−15, 55] 2.12 5.99 0.19 0.30 −0.78 −1.17  
 ⋆∙ [15,−55, 55,−15] 2.15 5.82 0.00 0.00 0.00 −0.16  
 [−15, 15, 55,−55] 2.22 6.01 −0.19 0.59 −1.58 0.57  
 [−15, 15,−55, 55] 2.25 6.01 0.17 0.57 −1.56 −0.98  
 [−15, 55, 15,−55] 2.12 5.99 −0.19 0.30 −0.78 1.17  
 ⋆ [−15, 55,−55, 15] 2.15 5.82 0.00 0.00 0.00 0.16  
 ∙ [−15,−55, 15, 55] 2.26 6.02 0.17 0.26 −0.75 −2.05  
 ⋆ [−15,−55, 55, 15] 2.25 5.85 0.00 0.00 0.00 −1.48  
 ⋆ [55, 15,−15,−55] 2.21 6.19 0.00 0.00 0.00 2.65  
 [55, 15,−55,−15] 2.26 6.02 0.17 −0.26 0.75 2.05  
 ⋆ [55,−15, 15,−55] 2.11 6.16 0.00 0.00 0.00 2.21  
 [55,−15,−55, 15] 2.12 5.99 0.19 −0.30 0.78 1.17  
 [55,−55, 15,−15] 2.25 6.01 0.17 −0.57 1.56 0.98  
 [55,−55,−15, 15] 2.22 6.01 0.19 −0.59 1.58 0.57  
 ⋆ [−55, 15,−15, 55] 2.11 6.16 0.00 0.00 0.00 −2.21  
 [−55, 15, 55,−15] 2.12 5.99 −0.19 −0.30 0.78 −1.17  
 ⋆ [−55,−15, 15, 55] 2.21 6.19 0.00 0.00 0.00 −2.65  
 [−55,−15, 55, 15] 2.26 6.02 −0.17 −0.26 0.75 −2.05  
 [−55, 55, 15,−15] 2.22 6.01 −0.19 −0.59 1.58 −0.57  
 [−55, 55,−15, 15] 2.25 6.01 −0.17 −0.57 1.56 −0.98  
Fig. 4. Evaluation procedure using ZEISS ATOS system.
demolded and trimmed to final dimensions. Fig.  4 shows the executed 
evaluation procedure, which uses a rotary table combined with a ZEISS 
Atos scanner and the corresponding Inspect software for evaluation 
purposes.

The manufactured samples substantiate the general trend of the 
numerical study. A strong effect of the BB selection is found. The ‘maxi’ 
part shows considerable warpage, with almost 35 mm measured out-
of-plane deformation. The ‘mini’ part shows little warpage, with the 
measurement showing an out of plane deformation of around 6 mm. 
Fig.  5 summarizes the spot-check, comparing the aforementioned dis-
tortions of the manufactured samples with the corresponding numerical 
predictions.

Overall, the experiments substantiate the numerical work. However, 
the observed discrepancy between the simulations and the measure-
ments are found surprisingly high. The observed diverging trend is 
even more conspicuous, as larger deformation of the ‘maxi’ part is 
overestimated by the simulation, while the smaller deformation, of the 
‘mini’ part, is underestimated.

More-detailed analysis has been executed, trying to explain the 
sources for the discrepancy. The respective section has been shifted to 
Appendix  A.1 in the Appendix for sake of conciseness. The analyses 
focuses on

• the effect of the applied evaluation procedure,
• the effect of simulation-parameter uncertainty.
7 
The analyses show that the selected boundary conditions for the FE 
model can be improved, as they cannot be directly mimicked when 
evaluating the measurement data. The effect of a more adequate se-
lection is quantified in Fig.  A.7.

A sensitivity study, on the effect of three main simulation parame-
ters 𝐸1, 𝛼1 and 𝛼2, reveals a very strong dependency of the simulated 
distortion results 𝑢3 from these parameters. The study shows that many 
parameter combinations in the examined parameter ranges lead to an 
excellent match between measured and predicted deformation. The best 
eight combinations are summarized in Table  A.9. The set 𝐸1 = 155 GPa, 
𝛼1 = 0.4 ppm/K, 𝛼2 = 28 ppm/K, for example, leads to a almost perfect 
match, with a 𝑢3 discrepancy of 0.00061 mm only.

While both examined effects can explain some discrepancy, the 
observed diverging trend could not be explained entirely. Nonetheless, 
the spot check underlines the importance of an adequate BB selection, 
when minimum warpage is desired. However, the experiments, also 
show that even the ‘best’ identified BB selection ‘mini’ leads to multiple 
mm warpage on part level, when a 3 mm DD laminate is made from 
only four building blocks.

3.3. A brief comment on extrapolation of findings

Typical questions in DD context are: ’What happens when the 
number of repeats is changed, while the laminate thickness remains 
constant, which refers to a potential thin-ply application or ’What 
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Fig. 5. Experimental spot check - numerical results, measured deformation of manufactured parts.
Table 8
Result summary - generic cases.
 DD 𝜀𝑇𝑥 𝜀𝑇𝑦 𝛾𝑇𝑥𝑦 = 𝜘𝑇𝑥 = 𝜘𝑇𝑦 𝜘𝑇𝑥𝑦  
 for all ppm/K ppm/K ppm∕(m K) 
 [15, 55,−55,−15]4,𝑡𝑝𝑙𝑦=0.184 mm 2.25 5.85 0.00 1.48  
 [15, 55,−55,−15]8,𝑡𝑝𝑙𝑦=0.184 mm 2.18 5.82 0.00 0.36  
 [15, 55,−55,−15]16,𝑡𝑝𝑙𝑦=0.184 mm 2.16 5.82 0.00 0.09  
 [15, 55,−55,−15]8,𝑡𝑝𝑙𝑦=0.092 mm 2.18 5.82 0.00 0.72  
 [15, 55,−55,−15]16,𝑡𝑝𝑙𝑦=0.046 mm 2.16 5.82 0.00 0.36  

happens when the number of repeats and the laminate thickness is 
changed?

This section provides a brief analysis on those simple questions. 
The previous simulation results and the manufactured parts refer to the 
specific laminate with 16 plies (r = 4) and 2.944 mm nominal laminate 
thickness. Hereafter the following five generic scenarios are examined:

1. Reference: (𝑟 = 4), 𝑡𝑝𝑙𝑦 = 0.184 mm, 𝑡𝑙𝑎𝑚 = 2.944 mm
2. Doubled repeats, doubled laminate thickness
3. Quadrupled repeats, quadrupled laminate thickness
4. Doubled repeats, halved ply thickness (=Reference laminate 
thickness) (see detailed results in Appendix  A.2)

5. Quadrupled repeats, quartered ply thickness (=Reference lami-
nate thickness)

The latter two cases assume that corresponding generic ply thicknesses 
are available for the prepreg at hand. This is linked to thin-ply devel-
opments, but rather generic for most prepreg types, which are on the 
marked right now. Table  8 summarizes the results for the five cases, 
in the same format of the tables above. The examples refer to the BB 
[15, 55,−55,−15], which belongs to the |𝑏𝑏1| = |𝑏𝑏4|, |𝑏𝑏2| = |𝑏𝑏3| group.

The previous table suggests the following conclusions:

• When the number of repeats of the reference is multiplied by a 
factor 𝑘, and the thickness increase is considered, on observes a 
scaling of the curvature coefficients with 1∕𝑘2.

• When the number of repeats of the reference is multiplied by a 
factor 𝑘, while constant laminate thickness is preserved, due to 
8 
the use of thinner plies, one observes a scaling of the curvature co-
efficients with 1∕𝑘. Fig.  6 shows that this scaling effects transfers 
directly to the warpage distortions (case ‘mini’ shown).

• It is found that the particular deformation characteristic does nei-
ther change when the ply thickness nor the number of BB repeats 
change. One only observes scaling for the curvature coefficients. 
The strain coefficient remain almost identical.

4. Conclusion and outlook

The present study focuses on the family of Double–Double (DD) 
laminates, which are composed of a repeated stack of 4-ply building 
blocks (BBs), while each BB is composed of the plies +𝜑,−𝜑,+𝜓,−𝜓 . An 
example 16-ply laminate can be written [+𝜑,−𝜓,−𝜑,+𝜓]4. It represents 
a stack of four BBs, without additional symmetry constraints.

Manufactured samples of the authors indicate that the stacking se-
quence, within the BB, is decisive whether a flat laminate shows almost 
no or considerable warpage. 24 conceivable BB stacking sequences 
exist, which makes it difficult for designers to pick the ‘best’ one.

The present study examined the relation between the BB’s stacking-
sequence and corresponding part warpage. The study consists of FE-
analysis, analytical analysis to explain observations and an experimen-
tal spot check to verify the findings. Due to research-project boundaries, 
the study focuses on the ply orientation ±15◦ and ±55◦. However, major 
findings can be extrapolated to other similar laminates, as independent 
results of a parallel study from Hawkins et al. indicate.

The main conclusions from the current work are as follows:

1. The study shows, that a DD laminate will always show twist, 
as the coefficient 𝜘𝑥𝑦 ≠ 0 is found for all BB cases. However, the 
effective warpage magnitude in mm depends and scales with the 
number of BB repeats.

2. The analytical work shows that all conceivable 24 stacking 
sequences can be separated in the two groups ‘twist-only’ and 
‘remaining’.

3. The ‘twist-only’ group has eight members.
It consists of all BBs with [±𝜑,∓𝜓,±𝜓,∓𝜑] stacking.

4. Inverting the BB stacking sequence, for one of the ‘twist-only’ 
laminates, inverts the deformation pattern.
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Fig. 6. Effect of doubling the number of repeats at constant laminate thickness for ’Mini’ stacking (Case 4 in enumeration above)
5. Laminate of the ‘remaining’ group show a fully populated strain-
curvature vector. Thus, those laminates show a complex super-
position of in-plane and out-of-plane distortion modes, when 
subjected to a temperature change.

6. A dedicated study on the effect of BB repeat shows that the 
process of homogenization transfers to warpage of flat laminates. 
It is shown that doubling the number of repeats and therefore 
the laminate thickness scales the twist coefficient 𝜘𝑥𝑦 by a factor 
of 1/4. When the repeats are doubled, while the ply-thickness is 
halved the twist coefficient 𝜘𝑥𝑦 scales by a factor of 1/2. At the 
same time, the in-plane strain-properties (in-plane CTEs) do not 
change more than 5%.

7. The BB stackings [±15,∓55,±55,∓15], both members of the 
‘twist-only’ group, shows the smallest distortions within the sim-
ulation, with a minimum 𝜘𝑥𝑦 = ∓0.16. This finding is in line with 
a parallel published study of Hawkins et al. [16] who presented 
a ‘minimum-warpage’ DD laminate with a [+9∕−61.5∕+61.5∕−9]
BB.
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Appendix

A.1. Discrepancy assessment in the experimental spot check effect of the 
applied evaluation procedure

The applied boundary conditions in the simulation model are ideal-
ized, as only a single node is clamped. In fact, displacements (𝑢 , 𝑢 , 𝑢 )
𝑥 𝑦 𝑧
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Table A.9
Top-eight parameter combination, with minimum discrepancy between simu-
lation and measurement for the maxi case.
 𝐸1 𝛼1 𝛼2 |𝛥| 𝐸1 𝛼1 𝛼2 |𝛥|  
 GPa ppm/K ppm/K mm GPa ppm/K ppm/K mm  
 155 0.4 28 0.00061 163 1.4 30 0.00851 
 147 1.4 28 0.00138 158 2.0 30 0.02152 
 163 0.4 29 0.00349 150 2.0 29 0.02626 
 155 1.4 29 0.00433 158 1.0 29 0.02646 

and rotations (𝑢𝑟𝑥, 𝑢𝑟𝑦, 𝑢𝑟𝑧) of the single corner node are constrained in 
the models. The evaluated 𝑢3 displacements refer to the 𝑧-axis, and the 
scalar values represent node distances to the xy-plane (normal to z) in 
the deformed state. The evaluation of the measurement data pursues 
a slightly deviating strategy. Perfectly mimicking the idealized BCs 
of the FE model is impossible. The sample parts are clamped with a 
screw clamp in one corner, in order to hold them in fixed position, 
during the measurement on a rotary table. The evaluation plane for 
quantifying warpage is defined based on the measurement data. The 
plane is defined by three manually selected points on the measured 
surface, as Fig.  A.7(a) shows. This approach is accompanied by the risk 
that the defined plane does not perfectly represent a tangential plane, 
as it is the case in the idealized FE model. Even slight tilting of the 
pink plane in Fig.  A.7(a) affects the distance evaluation to that plane. 
Already a little deviation of 1◦, for example, induces a discrepancy of 
around 8−9 mm for the 500 mm long sample. Fig.  A.7(b) shows the 
effect in the FE model, when four nodes, close to the corner, are used 
for the corresponding boundary condition.

The boundary condition adaptation directly affects the 𝑢3 displace-
ment magnitude, as shown in Fig.  A.7(b). The updated boundary con-
ditions are used within the following parameter sensitivity study, as 
it is considered more realistic. It is examined, whether the measured 
displacement of the ‘maxi’ case (−34 mm in Fig.  5) can be reached when 
the specific simulation parameters are modified. Therefore, the maxi-
mum displacement in the FE model is evaluated, while the difference 
to the measurement is evaluated as |𝛥𝑢| = |𝑢𝑠𝑖𝑚3 − (−34) mm|.

Simulation parameter uncertainty
Table  2 provides the parameter set, used for the analyses of the 

present paper. Even though the CTE data has been determined in an 
earlier study using TMA measurements there remains some uncertainty. 
The Young’s modulus values usually differ for tension and compression. 
Thus, the 154 GPa value from the literature is likely an average value. 
A parametric study has been conducted to assess the sensitivity of the 
deformation analysis. The examined parameter ranges are: 𝐸1 in range 
[144, 164, steps: 1] GPa, 𝛼1 in range [0, 2, steps: 0.2] ppm/K and 𝛼2
[28, 32, steps: 1] ppm/K. Thus, 1155 calculations were examined in 
total (21 ⋅ 11 ⋅ 5).

Table  A.9 provides the eight parameter combination, which show 
the smallest deviation between measurement and simulation.

This excerpt clearly underlines the high sensitivity of the per-
formed simulation. Multiple excellent result are found, with completely 
different parameter configurations.
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Fig. A.7. Effect of an alternative evaluation strategy on the 𝑢3 deformation.
◦ ◦
Fig. A.8. Distortion of all 24 conceivable building-block configuration [±15 ∕ ± 55 ]8, for 𝑡𝑝𝑙𝑦 = 0.092 mm.
A.2. Generic case example: doubled repeats, halved ply thickness

The effect of BB repeats 𝑟 is often discussed. Hereafter, a particular 
scenario is examined which is focused on 𝑟. The study examines lami-
nates with doubled repeats (8 instead of 4). The ply-thickness is halved 
to assure the same total laminate thickness. The image collection in 
Fig.  A.8 shows the corresponding warpage plots. They can directly be 
compared with the plots shown in Fig.  2. 

One can observe the 1∕𝑟-scaling when strains and curvatures in 
Table  A.10 are compared with the initial results provided in Table  7.
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A.3. Reference ABAQUS *.inp file

Parametric input file for ABAQUS analysis. Note, that bb1, bb2, 
bb3 and bb4 are inserted as ply angles. Node locations, element def-
initions and the final composite laminate definition needs to be added, 
according to the shown patterns.

Data availability

No data was used for the research described in the article.
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Listing 1: Parametric *.inp files skeleton
*Heading
*Preprint , echo=NO, model=NO, history=NO, contact=NO
*Part, name=Part-1
*Node

1, 0., 0., 0.
2, 10., 0., 0.

...
2600, 490., 500., 0.
2601, 500., 500., 0.

*Element, type=S4R
1, 1, 2, 53, 52
2, 2, 3, 54, 53

...
2500, 2549, 2550, 2601, 2600
*Elset, elset=_Surf-1_SPOS, internal , generate

1, 2500, 1
*Surface, type=ELEMENT, name=Surf-1
_Surf-1_SPOS, SPOS
*Distribution , name=Ori-1-DiscOrient , location=ELEMENT, Table=Ori-1-DiscOrient_Table
, 1., 0., 0., 0., 1., 0.
1, 1., -0., 0., 0., 1., -0.
2, 1., -0., 0., 0., 1., -0.
....
2499, 1., -0., 0., 0., 1., -0.
2500, 1., -0., 0., 0., 1., -0.
*Orientation , name=Ori-1, system=RECTANGULAR
Ori-1-DiscOrient
3, 0.
*Elset, elset=CompositeLayup -1-1, generate

1, 2500, 1
** Section: CompositeLayup -1-1
*Shell Section, elset=CompositeLayup -1-1, composite , orientation=Ori-1, layup=CompositeLayup -1
0.184, 3, M21E,bb1, Ply-1
0.184, 3, M21E,bb2, Ply-2
...
0.184, 3, M21E,bb3, Ply-15
0.184, 3, M21E,bb4, Ply-16
*End Part
*Instance , name=Part-1-1, part=Part-1
*End Instance
*Nset, nset=BCZ, instance=Part-1-1
1,

*Nset, nset=ALL_nodes , instance=Part-1-1, generate
1, 2601, 1

*End Assembly
*Distribution Table, name=Ori-1-DiscOrient_Table
coord3D, coord3D
*Material , name=M21E
*Elastic, type=LAMINA
154000.,8500., 0.32,4200.,4200.,2500.
*Expansion , type=ORTHO
1.5e-06, 3.22e-05, 0.

*Initial Conditions , type=TEMPERATURE
ALL_nodes , 160.
*Step, name=Step-1, nlgeom=YES
*Static
1., 1., 1e-05, 1.
*Boundary
BCZ, 1, 1
BCZ, 2, 2
BCZ, 3, 3
BCZ, 4, 4
BCZ, 5, 5
BCZ, 6, 6
*Temperature
ALL_nodes , 0.
*Restart, write, frequency=0
*Output, field, variable=PRESELECT
*Output, history, variable=PRESELECT
*End Step
Table A.10
Result summary - generic case.

 DD BB 𝜀𝑇𝑥 𝜀𝑇𝑦 𝛾𝑇𝑥𝑦 𝜘𝑇𝑥 𝜘𝑇𝑦 𝜘𝑇𝑥𝑦  
 𝑟 = 8 for all ppm/K ppm/K ppm/K ppm∕(m K) ppm∕(m K) ppm∕(m K) 
 [15,−15, 55,−55] 2.18 5.86 −0.04 0.28 −0.77 0.50  
 [15,−15,−55, 55] 2.17 5.86 0.05 0.28 −0.77 −0.29  
 [15, 55,−15,−55] 2.18 5.86 −0.04 0.14 −0.38 1.00  
 ⋆ [15, 55,−55,−15] 2.18 5.82 0.00 0.00 0.00 0.72  
 [15,−55,−15, 55] 2.15 5.86 0.05 0.14 −0.38 −0.57  
 ⋆ [15,−55, 55,−15] 2.16 5.82 0.00 0.00 0.00 −0.08  
 [−15, 15, 55,−55] 2.17 5.86 −0.05 0.28 −0.77 0.29  
 [−15, 15,−55, 55] 2.18 5.86 0.04 0.28 −0.77 −0.50  
 [−15, 55, 15,−55] 2.15 5.86 −0.05 0.14 −0.38 0.57  
 ⋆ [−15, 55,−55, 15] 2.16 5.82 −0.00 0.00 0.00 0.08  
 [−15,−55, 15, 55] 2.18 5.86 0.04 0.14 −0.38 −1.00  
 ⋆ [−15,−55, 55, 15] 2.18 5.82 −0.00 0.00 0.00 −0.72  
 ⋆ [55, 15,−15,−55] 2.17 5.90 0.00 0.00 0.00 1.29  
 [55, 15,−55,−15] 2.18 5.86 0.04 −0.14 0.38 1.00  
 ⋆ [55,−15, 15,−55] 2.15 5.90 0.00 0.00 0.00 1.08  
 [55,−15,−55, 15] 2.15 5.86 0.05 −0.14 0.38 0.57  
 [55,−55, 15,−15] 2.18 5.86 0.04 −0.28 0.77 0.50  
 (continued on next page)
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Table A.10 (continued).
 DD BB 𝜀𝑇𝑥 𝜀𝑇𝑦 𝛾𝑇𝑥𝑦 𝜘𝑇𝑥 𝜘𝑇𝑦 𝜘𝑇𝑥𝑦  
 𝑟 = 8 for all ppm/K ppm/K ppm/K ppm∕(m K) ppm∕(m K) ppm∕(m K) 
 [55,−55,−15, 15] 2.17 5.86 0.05 −0.28 0.77 0.29  
 ⋆ [−55, 15,−15, 55] 2.15 5.90 −0.00 0.00 0.00 −1.08  
 [−55, 15, 55,−15] 2.15 5.86 −0.05 −0.14 0.38 −0.57  
 ⋆ [−55,−15, 15, 55] 2.17 5.90 −0.00 0.00 0.00 −1.29  
 [−55,−15, 55, 15] 2.18 5.86 −0.04 −0.14 0.38 −1.00  
 [−55, 55, 15,−15] 2.17 5.86 −0.05 −0.28 0.77 −0.29  
 [−55, 55,−15, 15] 2.18 5.86 −0.04 −0.28 0.77 −0.50  
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