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Summary 

A theory is presented to calculate acoustic modes in a circular flow duct lined with porous 

material. The porous material is divided into annular segments by a rigid structure, which 

prevents axial sound propagation from one segment into the other. Single modes can not exist 

in sucl~ a configuration, but it is shown that approximate solutions of the eigenvalue problem can 

be constructed. A numerical example is given and compared with special cases from the 

literature. 
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Symbols 

Greek 
a 

E 

8 

h 

!J 

Pk 

5 
W 

constant introduced in (6) 

constants introduced in (9), given by (31) 

duct radius including liner thickness, b = l+d 

coefficients given by (22) 

liner tllickness, d = b-1 

function defined by (18) 

function defined by (19) 

imaginary unit 

m-th order Bessel function of the first kind 

pitch length, L = x2-x, 
axial flow Mach number 

circumferential wave number 

acoustic pressure 

constants defined by (30) 

coefticients defined by (34) 

radial coordinate 

time 

acoustic velocity vector 

acoustic velocity component normal to perforate plate 

axial coordinate 

axial coordinates of porous segment edges 

m-th order Bessel function of the second kind 

impedance of perforate plate 

characteristic impedance of porous material 

axial wave number 

radial wave number, defined by (7) 

circumferential coordinate 

paranleter 0 S h 2 1, introduced in (27) 

propagation constant of porous material 

constants defined by (10) 

parameter introduced in (20) 

frequency 



Superscripts 

(..I- in duct 

(..)+ in porous material 



1 Introduction 

Fan noise generated by an aircraft turbofan engine is usually attenuated by a so-called locally 

reacting liner, mounted in the inlet duct wall. Such a liner consists of a honeycomb array of air- 
filled cavities, covered with a perforate plate. 

The characteristics of a locally reacting liner can be chosen to maximize the attenuation of a 

sound field of single frequency and single (circumferential and radial) mode. This is achieved 

by choosing the liner cavity depth and the resistance of the perforate plate such that the optimum 

effective wall impedance (ratio between acoustic wall pressure and acoustic velocity normal to 

the wall) is realized for such a specific acoustic wave. 

However, the sound field in an engine inlet consists of several frequencies, which depend on the 

flight condition. Furthermore, due to non-axisymmetry in geometry and inflow, scattering occurs 

from prevailing circumferential modes near lhe fan to other modes towards the inlet. For each 

circumferential mode, several radial modes may be present. 

A locally reacting liner can provide maximum attenuation for one acoustic mode, but for the 

other modes the wall impedance is different from the optimum and the attenuation will be less 

than possible. Therefore, it is interesting to consider acoustic trealment for which the sound 

attenuation is less frequency and mode number sensitive than for a locally reacting liner. 

A possible alternative is a bulk-absorbing liner consisting of a layer of some porous material in 

the inlet duct wall (Fig. 1). This porous nlaterial is covered with a perforate plate or sheet and 

it may, for structural reasons, be embedded in a rigid structure of annular partitions (Fig. 2). 

Bulk-absorbing liners or briefly 'bulk-absorbers' have a reputation to be less mode and frequency 

dependent than locally reacting liners (Refs. 1, 2, 3, 4). 

An advantage of bulk-absorbers compared with locally reacting liners is the larger number of 

available degrees of freedom for liner optimization. Besides varying the liner thickness and the 

properties of the perforate plate, it is also possible to vary the acoustic properties of the porous 

material. 

To calculate the noise reduction that can be obtained with bulk-absorbers, it is necessaty to have 

a design procedure which is similar to the procedure followed for optimizing a locally reacting 

liner. In locally-reacting liner design, often a modal analysis (e.g. Ref. 5) is used, where the 

engine inlet is modelled by a duct of constant circular cross-section, with a uniform axial flow 

in it. The duct is then divided into three sections: two hard-wall sections and a lined section in 



between (Fig. 3). 

One of the key problems in a modal analysis is the determination of the eigenvalues and 

corresponding mode shapes in the lined section. Consequently, as soon as we have an algorithm 

to determine the eigenvalues in a section lined with a bulk-absorber, it can be readily 

incorporated in an existing liner design procedure and a fair comparison with locally reacting 

liners can be made. 

A number of investigators (e.g. Refs. 4, G,7, 8) has studied the eigenvalue problem in a circular 

duct lined with a bulk-absorber. The eigenvalues were calculated under the assumption of an 

infinitely long layer of porous material. The first who stated the eigenvalue problem was Scott 

(Ref. 9). 

In this paper, a theory is presented to calculate modes in a circular duct lined with porous 

material, wlucli is divided into annular segments (Fig. 2). The annular partitions which separate 

tile segments prevent sound propagation from one segment to the other. The partitions are 

modelled as hard fences of zero tluckness, where reflections occur. It is assumed that each 

segment has the same axial length L (Fig. 2). 

The porous material is assumed to be homogeneous and isotropic. Furthermore, it is assumed 

to be rigid, like glass fibre or metallic foam, so that the sound propagation is mainly through the 

pores and not through the material itself. As a result, we can use the theory as described in 

references 2, 3 and 10. The propagation of sound inside the porous material then is essentially 

described by two complex quantities, the characteristic impedance and the propagation constant, 

which are both frequency dependent. 

Duct modes can be constructed by coupling the acoustic field inside the duct with the acoustic 

field inside the segments of porous material. Inside the duct, a single mode is prescribed with 

unknown axial wavenumber a and, using the boundary conditions at the interface, the sound 

field inside the porous material is calculated. Those a ' s  (the "eigenvalues") are determined for 

wluch non-zero solutions exist. 

Rienstra (Ref. 11) treated a limit case of this bulk-absorber eigenvalue problem, viz. the case 

where L is infinitesimally small (say L + 0). The case of no annular partitioning (say L -t -) 

is covered by the theory of Scott (Ref. 9). In practical applications, however, the pitch length 

is probably such that neither of these two limit cases yields a good approximation. 



In the present work, the "pitch" L may vary from very small to very large. A complication is, 

however, that no single-mode solutions of this eigenvalue problem exist. This is due to the 

reflections which occur at the partitions (Fig. 4). Nevertheless, approximate solutions can be 

constructed successfully. 

In the following chapter, the problem will be formulated mathematically. Then, it is explained 

why single modes can not exist and how approximate eigenvalues can be found. Numerical 

examples are presented and compared with the limit cases L 4 0 and L -t m. 



2 Formulation of the problem 

In this paper, all physical quantities have been made dimensionless using the ambient speed of 

sound, the ambient air density and the duct inner radius. A hub is not included in this study. In 

the duct, cylindrical coordinates (x,r,O) are defined. An acoustic field of single (non-dimensional) 

frequency w will be considered and the factor exp(iwt) is suppressed throughout. The thickness 

of the perforate plate and the partition fences is neglected. 

2.1 Governing equations 

The acoustic pressure p inside the duct (r < 1) is governed by the convective Helmholtz equation 

where M is the Mach number of the uniform steady flow. The acoustic velocity u is related to 

the pressure via the momentum equation as follows: 

In the porous material (1 < r < b), where there is no steady flow, the Helmholtz equation and 

the momentum equation read: 

where pis  the so-called propagation constant and Zc is the characteristic impedance (Refs. 2, 3, 

10). 

2.2 Mode shapes 

A single mode inside the duct is described by 

From the Helmholtz equation (1) it follows that we can write: 

where A is some constant, J, ,  is the m-th order Bessel function of tile first kind and e is given 



by the dispersion relation: 

2 e2 = (W + ~ a ) ~  - a . 

Inside a segment of porous material, bounded by the hard-wall fences at x = xl and x = x, (with 

%-X, = L), we can write: 

m 

p + (x,r,O) = C fL(r) cos 
k=O 

By applying the Helmholtz equation (3) and the hard-wall boundary condition at r = b 

(aplar = 0), we find 

where Bk are constants and Y,,, is the m-th order Bessel function of the second kind. The 

constants pk are given by 

2.3 Boundary conditions 

Across the perforate plate (at r = 1) Ule normal velocity has to be continuous, in other words: 

To obtain an expression in terms of p- and p+, one can not directly apply (2) for the left hand 

side. The reason for this is that the steady flow is not continuous across the perforate plate. To 

obtain the correct expression for u;, a precise analysis, as in references 5 and 12, has to be 

carried out with a boundary layer of vanishing thickness. The result is: 



From (6) and (9) then follows: 

The second boundary condition at r = 1 is the relation between the pressure jump across the 

perforate plate and the normal velocity through it: 

where Zo is the impedance of the plate. With (6) and (9), it follows that 

In Ule right hand side of (15), one can substitute for u, either the left hand side or the right hand 

side of (13). 

Redefining the constants A and Bk, we can write instead of (13) and (15): 

m 

A F,,,(E)~'" - C Bk~,,,(pk,b) cos 
k=O 

[ ] = zoufI 

where the auxiliary functions F,,, and G,,, are defined by 

In Appendix A, the boundary conditions are described for the limit cases L + 0 and L -t -. 
Also the relation with a locally reacting liner is shown there. 



3 Solution 

In this chapter, it will be shown that tlle boundary conditions for a single duct mode, (16) and 

(17), can not hold simultaneously. In other words, it will be shown that single modes can not 

exist. A method to calculate approximate solutions is presented. 

3.1 The impossibility of an exact solution 

In the right hand side of (17), we can substitute for u,, either the left hand side or the right hand 

side of (16). The most general expression for un is a linear combination of both: 

for some real number 5. For convenience, we write: 

with 



Herewith, (16) and (17) are transformed into: 

w 

x cos [ b(y) ] { [ F n , ( z )  - 6Z0 ck(a) 
k=O 

I t  is seen that we can simultanwusly satisfy (23) and (24), unless the constants A and Bk are 

zero. In other words, single modes like (5) can not exist in a duct lined with segments of porous 

material. 

3.2 Approximation 
To obtain an approximate solution we write equation (23) briefly as 

and (24) as 

Ap(x) - Zoun(x) = 0. 

We will minimize 

for some h, with 0 < h I 1. If h = 0, then the constants Be follow immediately from (24), hence 

(26) is solved exactly, and (25) is minimized in the least squares sense as a function of a. 
Conversely, if h = 1, then (25) is solved exactly and (26) is minimized as a function of a. 



Optimizing for Bk with any h, the minimum is 

m 

Eo(a) + ; C El;(a), 
k=l  

with 

found for 

where the asterisk denotes the complex conjugate. 

The sought eigenvalues a are the locations of the minima of (28). They still depend on the 

choice for h and 5, wluch only occur in the constants Qk This dependency on h and 5 is small, 

as will be illustrated in the next chapter. Moreover, a choice has to be made for x , ,  xz and A. 

Tllis can be done by giving Aexp(iax) a fixed value llalfway x, and x2, which can be realized 

by choosing 

Fixing Aexp(iax) for an other value of x comes down to adding a factor exp(iwo) in (29). 

3.3 Solution procedure 

The minima of (28) can be localized in two steps. 



First, mininlize (28), as if ~ ~ ( a ) / ( a + ~ a ) ~  were independent of a. Solutions of this "minimiza- 

tion" follow from: 

where 

[,Qkck(a) 12. for x=o, 
41;(a)= 1 Tl~"k(a)12, for b O .  

Solutions of (33) can be found, for instance, with the Secant Method, using solutions of 

F?,,(E) = 0 and F r I I ( ~ )  = (hard wall) as start values. 

Secondly, minimize (28) with some minimum search routine using the solutions of (33) as initial 

values. It appears that these initial guesses are close to the eventual solutions, especially when 

a L  is not too large, say IaLI 5 10. This is illustrated in the next chapter. 

If aL is very small, say laLl 5 0.2, then q,(a) is the dominant term and (33) degenerates into 

Ule limit case L + 0, given by equation (A.7) in Appendix A. 



4 Numerical example 

4.1 Case definition 

Consider a duct of radius 0.5 m and a sound field of 2150 Hz, which can be representative for 

an aircraft engine. If the speed of sound is 340 mls, then the dimensionless frequency is 

The following dimensionless parameters are assumed: 

circumferential mode number m = 5, 

axial flow Mach number M = 0.3, 

impedance of perforate plate Zo = 1.5 +O.li, 

liner thickness d = 0.05. 

For the pitch L, a series of values is considered, namely: 

Moreover, the limit cases L -t 0 and L -t - (see Appendix A) are considered. 

The values of the acoustic properties of the porous material, Zc and p, are from recent 

measurements on the metallic foam "Retimet": 

characteristic impedance Zc = 1.3 - 0.23i, 

propagation constant y = 26 - 7.0i. 

Choices have to be made for the constants h and 5. First, h has to be chosen such that (27) 

yields a good balance between (25) and (26). In this case we have chosen: 

The constant 5 can be chosen arbitrarily, however, it is seen from (30) that a small 5 results in 

a small value for (28). We chose for: 

In the following, it is shown that the choices for h and 5 are not very critical. 



4.2 Results 

In figure 5, solutions are plotted of minimizing (28) for the above range of L's. The limit cases 

L -+ 0 and L -t - are included. Two things are notable in this figure. 

First, there are certain modes (two in the figure) which only occur for the limit case L + m. 

These are modes for which the sound propagation is mainly through thelayer of porous material. 

Such modes are not present as long as L is finite. The appearance of these special "bulk modes" 

makes it uncettain that results for larger and larger L tend to the limit case L -+ m. However, 

if the imaginary part of p is not too small, the energy transported in such modes is low and the 

limit case will be approximately the same as the limit for L increasing to infinity. 

The second observation from figure 5 is that the choice of L seems to be irrelevant for the 

downstream modes (upper left part in the figure) and also for the upstream "cut-off' modes 

(solutions with a large absolute imaginary part). Only for the upstream "cut-on" modes (the 

rightmost solutions), the pitch length L seems to be relevant. 

In figure 6, an enlargement is shown of figure 5 around these upstream "cut-on" modes. It is 

observed that the solutions for finite L vary between both limit cases along whimsical paths. The 

limiting behaviour towards the case L -t - is indeed not fully convincing. 

In figures 7 and 8 is shown how well the boundary conditions (16) and (17), respectively, are 

satisfied. This is done for the eigenvalue cx = 21.66-2.031', which is a solution for L = 0.20. 

4.3 Comparison with initial values 

It is interesting to see how well the initial guesses, i.e., the solutions of (33), compare with the 

eventual solutions of (28). The result of this comparison is shown in figure 9. For small L, say 

L < 0.5, the solutions of (33) are good approximations of the solutions of (28). For larger L, 

some distance develops between the solutions of (28) and (33). 

4.4 Influence of h and 5 
An other interesting question is how strongly the eigenvalues depend on h and 5. In the results 

presented above we had h = 0.75 and 5 = -1. If we keep 5 the same and choose h = 0 or h = 1, 

we find results as shown in figure 10. It is seen that for stnall and large L the choice of h is not 

very important, but for intermediate L the solutions are more sensitive to h. 

In figure 11 is shown what the effect is of choosing various values of 5. Here we kept h at the 

constant value of h = 0.75. The influence of the choice of 5 seems almost negligible. 



5 Conclusions 

A theory is presented to calculate acoustic modes in a duct which is lined with porous material, 

divided into annular segments by rigid partitions. Tlie pxtitionr; prolubit sound propagation 

between adjacent segments. The liner may be covered by a porous plate with given impedance. 

It appears that single modes can not exist. Therefore, a method is developed to obtain ap- 

proximate solutions of the eigenvalue problem. Results of this method seem trustworthy, 

especially for small pitch and for large pitch. 

Numerical results suggest that the pitch length L seems only relevant for upstream modes of 

wluch the axial wave numbers have relatively small imaginary parts. It is observed that the 

eigenvalues for increasing L vary between the eigenvalues of the two limit cases, L -+ 0 and 

L -t -. These limit eigenvalues are solutions of eigenvalue equations, found in the literature. 

The new method, described in this paper, can be incorporated in an existing liner design 

procedure (Ref. 5). Moreover, it provides a tool to check the validity of the approximations for 

L + 0 and L+ -. 
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Fig. 2 Liner configuration with annular paltitioning 



\ 
\ 
\ 
\ 

5 
I 
I X 

I 
I 

I 
1 , , , 

V 

t 
lined section 

source plane inlet plane 

Fig. 3 Duct geometry 
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Fig. 4 Geometry of duct with bulk-absorbing liner 
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Fig. 5 Eigenvalues 
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Fig. 6 Eigenvalues, enlarged view of figure 5 



Fig. 7 Left hand side and right hand side of (16) 



Fig. 8 Left hand side and right hand side of (17) 
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Fig. 9 Eigenvalues, comparison with solutions of (33) 
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Appendix 

A Limi t  cases 

A. l  Infinitely large pitch 

In case of an infinitely large pitch, there are no reflections at x = x ,  and x = x2 and we can 

write instead of (8): 

By applying (3) and the boundary condition at r = b, we obtain 

with 

~ 2 = ~ =  -a2. 

Then the boundary conditions are: 

and 

Equation (A.5) is the "eigenvalue equation", from which the solutions a have to be solved. It 

is the same equation as in reference 9 (see also Ref. 1 l), although there M = 0. 

A.2 Infinitesimally small pitch 

When the pitch is very small, there is no axial sound propagation inside the liner. We can 

again s ta t  with expression (A.l), but, when applying the Helmholtz equation (3), we have to 



ornit the x-differentiations. The result is 

Then the eigenvalue equation becomes 

This is the same result as in reference 11. The term with Gll, is put into the right hand side, 

since it does not depend on the unknown eigenvalue a. The right hand side of (A.7) is, in 

fact, a given effective wall-impedance, dependent only on m. 

A.3 Locally reacting liner 

In  a locally reacting liner there is only sound propagation in radial direction. Again, we can 

start with expression (A.l) and, when applying the Helmholtz equation (3), we have to omit 

tlle differentiations both in the x- and in the 0-direction. Then we have 

and the eigenvalue equation becomes: 

The right hand side of (A.9) is the impedance of a conventional liner in which the Helmholtz 

resonators are filled with porous material. 

A good approximation for G,,, is: 



where d = b-1, i.e., the liner thickness. It implies for (A.9): 

(A. 1 1) 

Tlus is a more colnmon expression for a locally reacting liner than (A.9). Note that air is 

modelled by Z, = 1 and p = w. 


