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Problem area 
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future small aircraft is a 
configuration equipped with a 
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an aircraft have to include methods 
for the evaluation of emissions and 
noise.  
The noise of a pusher propeller is 
significantly different from that of a 
tractor propeller, because of the 
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propeller blades. The purpose of the 
work described in this paper is to 
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computational method for the noise 
of a pusher propeller in a prescribed 
inflow. 

Description of work 
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Results and conclusions 
Results from the method have been 
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described in this report is ready to 
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from a pusher propeller. As input it 
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Analytical method for the computation of the noise from a 
pusher propeller 

Harry H. Brouwer1 
National Aerospace Laboratory NLR, 1006 BM Amsterdam,The Netherlands 

The noise of a pusher propeller is significantly different from that of a tractor propeller, 
because of the aerodynamic interference between the inflow, which is disturbed by engine 
exhausts and wakes from upstream airframe parts, and the propeller blades. In this paper a 
fast and easy-to-use method is presented for the computation of the noise of a pusher 
propeller. An analytical description is derived for the interaction noise caused by a steady, 
non-uniform inflow into a propeller. The method is based on a Fourier-decomposition of the 
inflow, and a lifting-line description of the unsteady forces on the propeller blades. This 
analytical description has been implemented in a computer program and applied to a test 
case. Comparison of the results to results from a fully computational approach yields a 
reasonable agreement in a qualitative sense, which suggests that the method at least captures 
the physics of the problem. A limited parameter study is presented. 

Nomenclature 
B = blade number 
c = local blade chord 
c0 = speed of sound 
cl = lift coefficient 
k = wave number 
L = lift per unit span 
M = main flow Mach number 
p = acoustic pressure 
r = radial co-ordinate 
rh = hub radius 
S = Sears function 
t = time 

U


  = helical relative flow velocity 

v


  = velocity perturbation 

iv


 = time-averaged induced velocity 

V


 = main flow velocity 

x = axial co-ordinate 

 = 2 2
01 /U c    

 = radial wavenumber 
θ = azimuthal angle 

 = 2 2
0( / ) ( )c     

 = wavelength 
0 = density of air 
 = secondary radial co-ordinate 
 = angular frequency 
 = propeller angular speed 

                                                           
1 Senior Scientist, Department of Helicopters and Aeroacoustics, P.O. Box 90502.  
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I. Introduction 
NE of the possible concepts for future small aircraft is a configuration equipped with a single-rotating pusher 
propeller. As the concern about the environmental impact by aviation is still growing, design tools for such an 

aircraft have to include methods for the evaluation of emissions and noise.  
The noise of a pusher propeller is significantly different from that of a tractor propeller, because of the 

aerodynamic interference between the inflow, which is disturbed by engine exhausts and wakes from upstream 
airframe parts, and the propeller blades. The purpose of the work described in this paper is to develop a fast and 
easy-to-use computational method for the noise of a pusher propeller in a prescribed inflow. 

Computation methods for propeller noise exist in many varieties. High-fidelity models are based on a detailed 
numerical simulation, using Computational Fluid Dynamics (CFD), of the unsteady flow about the entire propulsion 
system, or even about the whole aircraft. The acoustic radiation in such cases is usually described by using a 
Kirchhoff surface, or by application of the Ffowcs-Williams/Hawkings equations1,2. Such a method offers the 
advantage that the interaction of the flow and the propeller are adequately taken into account, including the 
perturbations in the flow caused by other parts of the aircraft. For the application of such methods there is no 
fundamental difference between tractor and pusher propellers. A drawback of CFD-based methods is that for each 
new configuration, even for a change in blade angle, a new computational grid has to be generated. A second 
drawback is the computation time required; to obtain the acoustic data, time-accurate computations are required, 
covering a long time span to find the low-frequency components. An accurate description of the high-frequency 
components requires small time steps and fine computation grids. 

A much simpler method is the lifting-line approach, in which each propeller blade is regarded as a spanwise 
distribution of aerodynamic forces. These forces can be found by application of the method of Matched Asymptotic 
Expansions, linking the local lift at each radial station and the induced flow about the blade. The analytic description 
of such a model and its application to isolated tractor propellers in a uniform flow, was published in Ref. 3. The 
validity of this model is restricted to classical propellers, with blades of high aspect ratio, in a uniform flow. On the 
other hand, the set of input data for this method is very limited, and computation time is negligible. A lifting-line 
method is therefore very suitable for parameterstudies and preliminary design optimizations. 

In the present paper it is presented how an existing lifting-line method is extended to incorporate a non-uniform 
inflow into the propeller. 
In section II an analytical description is derived for the noise caused by a steady, non-uniform inflow into a 
propeller. The method is based on a Fourier-decomposition of the inflow, and a lifting-line description of the 
unsteady forces on the propeller blades. The additional acousic pressure is regarded as a perturbation that is linear in 
the flow perturbation. In section III a test case is defined, and the results for this case are presented in sections IV 
(far-field) and V (near-field). Results for a different blade number are presented in section VI, as an example of a 
parameter study. Conclusions are given in section VII. 

 

II. Mathematical model 

The analysis starts with a single-rotating propeller, which rotates about the x-axis with angular speed , in a 

uniform main flow V


 in the positive x-direction. The main flow is perturbed by a parallel velocity field, which is 

specified in the propeller plane (x = 0): 
 

 ( , ) ( , ) xv y z v y z i


  (1) 

 
In the sequel we will work with the Fourier components of v in circumferential direction: 
 

 iˆ( , ) ( ) n

n
n

v r v r e 




    (2) 

 
where y = r cosθ, z = r sinθ. 
The coordinate systems used are depicted in Fig. 1. 
 
 
 

O 
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The flow perturbation causes a fluctuation in the angle of attack at a local blade section that is given in first order 

in v/U by (Fig. 2):  

 0 2
arctan arctan

r r v r

V v V U
  

  

   
    



   
   
   

  (3) 

 

where 2 2( )U V r    . 

 
 
 
In a quasi-steady approach, and within the thin-airfoil approximation, the fluctuation of the lift is given by: 
 

 2

0

1

2
l

c r
L U c c v


  



 
   (4) 

 

with 0 the density of air, c the local blade chord, 2 2

01 /U c   , with c0 the speed of sound, and cl the lift 

coefficient. In order to be able to make some numerical estimates, a typical take-off case is specified:  
Propeller tip radius:      1 m 
Rotational speed:     2000 RPM 
Flight speed:       80 m/s 
Local blade chord (0.7 radius): 0.2 m 
Altitude:       sea level 
 
The helical speed at 0.7 radius is 167 m/s (M  0.5). A gust impinging on the blade section at 0.7R, R being the 

tip radius, will thus take 1 ms to pass from leading to trailing edge, which is 1/30 of the revolution time. It is 
therefore questionable if the flow disturbance caused by a wake can be treated as quasi-steady. To account for the 

z

y
x

V

z

y
θ

r

 
 
Figure 1. Cartesian and cylindrical coordinate system 

0



V v

 r

 
Figure 2. Relative flow directions 
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finite response time of the lift to the flow perturbation, we incorporate the incompressible Sears function, which is 
frequency-dependent (see e.g. Ref. 4). We now find for the n-th component of the Fourier-transformed fluctuation of 
the lift: 

 

 0ˆ ˆ( )n n n

c r
L S k v





 

   (5) 

 
where 

 

 

 (2) (2)

0 1

1
( )

( ) ( )
2

S k

k H k iH k





  (6) 

and / 2nk n c U  . Incompressibility can be assumed if the upstream travel time of a pressure disturbance from 

the trailing edge to the leading edge is shorter than a period of oscillation: 
 

 
0

2c

c U n






 

  (7) 

 
In our example this condition is fulfilled for n < 26, which seems to be quite sufficient. Within the lifting line 

approximation3, the additional acoustic pressure p, caused by the lift fluctuation L


, satisfies: 
 

 

2

2

10

1 1
( ) ( 2 / )

B

j

M p L x t j B
c t x r

     


 
       

 

  
  
   




  (8) 

 
The magnitude of the lift fluctuation is given by eq. (5). With respect to its direction we make the approximation 

that it is perpendicular to the local relative main flow, taking into account the time-averaged induced velocity, see 
figure 3. The latter is computed with the aerodynamic lifting-line method3. 

 

 
 
To solve eq. (8) we use the Green’s function from Ref. 5: 
 

 
( )( ) ( )

2

0

( ) ( )1
( , , , , , , ) d d

(2 ) 2 ( , )

i x kim i t m m

m

J r J
G r x t e e e

i
      

      
   

 
  

 

      (9) 

 
with: 

 

 
Figure 3. Direction of lift fluctuation  L  ( L > 0). 
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2 2 2

0

2

0

( , ) ( / ) ( ) , Im 0 ,

[ / sgn( ) ( , )] /

c

k M c x

     

     

  

   
 

 
For the solution of eq. (8) we find: 
 

 

( )

0

( ) ( )

4 ( , )

ˆ ( )d d

x

h

R
ik x inB t imnB m nB m

n m r

x x m

J r JB
p e e

nB

nB m
k i i L

 



  


  

   


 
   

 

 
 




 
  

   
 



  (10) 

 

with 2

0[ / sgn( ) ( , )] /xk MnB c x nB       , and rh the hub radius. 

If we define d and   by: 

 

 2sin , 1 cosr d x M d        (11) 

 
a far-field expression can be derived6. For d   we find: 
 

 

sgn( )[( ) / 2 ( cos 1)]( )

4

ˆ( sin ) ( )d

s

h

i nB nB m d MinB t im

n m

R

nB m s x x m

r

iB
p e e

d

nB m
J k i i L

   




 

     


 
     

 



 




 
  

 





 
 

  (12) 

 

with 2

0[ cos ] /( )xk nB M c     and 0/( )s nB c   . Along the axis, for which sin 0  , the Bessel function in 

the integrand vanishes, except for nB + m = 0. This means that the directivity pattern of each circumferential mode 
has zeros at the propeller axis, unless nB + m = 0, which is the ‘0’ mode, i.e. the mode that does not depend on the 
angle θ. 

 
The chain of computations is as follows: 

- Computation of the aerodynamic performance of the propeller. This is done for the simplest, uninstalled 
configuration, i.e. the isolated propeller in a steady, uniform flow, parallel to the axis. This computation, also 
done within the lifting-line approximation3, yields the induced angle of attack and the steady lift at each radial 
station. 

- The acoustic pressure is computed for the uninstalled propeller, at the specified observer positions. 
- The aircraft angle of incidence is incorporated, by computing the additional noise caused by the vertical 

component of the relative main flow. The resulting total noise levels will be referred to hereafter as that of the 
‘clean’ propeller. 

- The axial perturbation velocity is Fourier-transformed in circumferential direction for each radial station, see 
eq. (2).  

- The additional noise caused by the inflow perturbations is computed according to eqs. (5) and (10), and added to 
the noise of the clean propeller. 

 

III. Definition of test case 
The computational method of section II is implemented in a computer program, which is applied to an available 

test case. This test case is taken from the EU funded CESAR project (Cost-Effective Small Aircraft7), which is 
representative of an industrially relevant pusher-propeller aircraft. It is derived from the Piaggio P180 Avanti, 
equipped with two 5-bladed pusher propellers. Each engine has two circular exhaust exits. 
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Computations are made for the propeller at starboard, which is rotating clock-wise when looking in the direction 
of the flow (positive x-direction). Hence the sign of  is positive. 

Computations have been made for the following configuration: 
Altitude:     3000 ft 
Flight Mach nr.:   0.235 
RPM:      2000 
 
The numerically computed inflow data, i.e. the flow perturbation velocity data, were provided by DLR1. These 

flow data have been computed with an unsteady RANS method (URANS), incorporating viscous effects and 
propeller motion. Also the engine inlet flow and exhaust jet have been modelled by applying the appropriate 
boundary conditions. As the flow solution represents time-dependent flow perturbations, the data had to be averaged 
in time for the present application. The time-averaged axial flow velocity just upstream of the propeller plane is 
shown in Figure 4. 

 
For r < 0.25R no data are available, and the perturbation is set to zero. The exhaust flow is clearly visible as two 

hot spots near the horizontal. Also the velocity deficit in the wake of the wing is visible. 

 
Figure 4. Perturbation velocity upstream of the propeller plane. 
Dimensions scaled on propeller radius, velocity on V .
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IV. Far-field results 
In Fig. 5 results are shown for the Fourier coefficients of the flow perturbation, for the two most relevant radial 

stations. 

 
Note that because of the symmetry in the exhaust jets, the even components are much larger than the odd 

components. The far field results are obtained by computing the noise levels at a sideline at 10R, which are then 
scaled to a constant radius of 10R. The noise is computed for two observer lines, corresponding to the choice made 
in reference 1, i.e. flyover, θ = 180°, and sideline, θ = 270°. In Fig. 6 directivity plots of the rms of the acoustic 
pressure, BPF and 2BPF tone, are shown. The polar angle  = 0° corresponds to the flight direction. 

 
It is remarkable that in the region near the propeller plane, the ‘installed’ noise level is lower than that of the 

clean propeller, in both the flyover and sideline direction. This means that at these angles the additional noise caused 
by the interaction with the inflow is largely cancelling the noise of the clean propeller. For the 2BPF tone the 
difference between the clean and installed configuration is much larger, especially for the radiation near the 
propeller axis. This can be explained by the fact that the directivity on the axis is only non-zero for nB + m = 0, for 
the m-th Fourier component of the velocity perturbation. As these components are much larger for even values of m 
than for odd values, the ‘0’ mode is hardly excited for n = 1, but it is significantly excited for n = 2 (remember that 
B = 5). 

0

0.05

0.1

0.15

0.2

0.25

0 10 20 30 40 50 60

n

ab
s(

v_
n

)

r = 0.3

r = 0.4

Figure 5. Absolute values of the Fourier coefficients of the flow 
perturbation shown in Fig. 4. Radii are relative to tip radius, velocities 
to V. 

 
Figure 6. Far-field prms , BPF (left) and 2BPF (right) tone. 
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V. Near-field results 
No measured data are available for the present test case and only a comparison with results computed with other 

methods is possible. In this section near-field results are presented for two observer lines at a distance of r = 4R, 
again corresponding to flyover, θ = 180°, and sideline, θ = 270°, see Fig. 7. These are the same positions as analyzed 
in Ref. 1, where results are presented that are obtained with a CFD/CAA method. Results from the latter method, as 
used here for comparison, were computed by application of the Ffowcs-Williams/Hawkings equations to the 
unsteady pressures on the airframe and propeller blade surfaces1,2. These unsteady pressure data were part of the 
URANS solution, as briefly described in section III.  

The levels of the BPF at the flyover observer line are compared in Fig. 8. The results from the present method 
are labeled ‘NLR’, those from Ref. 1 are labeled ‘DLR’. 

 

 

 
The ‘isolated’ case corresponds to the isolated propeller in a uniform axial main flow, the ‘engine off’ case to the 

installed propeller, but without the exhaust flow, i.e. only the wake of the wing is incorporated, the ‘engine on’ case 
corresponds to the installed propeller in the complete perturbation flow as depicted in Figure 4. For the isolated 
propeller the agreement is excellent, for the other two cases the general shape of the curve is the same, but the 
difference in the absolute level exceeds 5 dB at some locations. 

For the higher harmonics the differences become larger, see Fig. 9. It is expected that the results from the lifting-
line approximation will become less reliable, as this is in fact an approximation for high values of /c, with  the 
acoustic wavelength, and c the local blade chord, a criterion that is violated for the higher harmonics. 

80

85

90

95

100

105

110

115

120

-10 -5 0 5 10

x/R

S
P

L
 (

d
B

)

isolated - NLR

isolated - DLR

80

85

90

95

100

105

110

115

120

-10 -5 0 5 10

x/R

S
P

L
 (

d
B

)

Engine off - NLR

Engine off - DLR

80

85

90

95

100

105

110

115

-10 -5 0 5 10

x/R

S
P

L
 (

d
B

)

Engine on - NLR

Engine on - DLR

 
Figure 8. Comparison of results from the present method to those of Ref. 1. BPF, flyover. 
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Figure 7. Sketch of starboard wing/nacelle and observer lines. 
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In Fig. 10 the total A-weighted noise levels are plotted, for both the flyover and sideline observer lines.  

 
 
Although the results from both methods do not match perfectly, it seems that the present method does capture the 

physics of the acoustics of a propeller in a nonuniform inflow. The main two differences between the noise levels of 
an isolated propeller and those of an installed propeller are: 

- The noise levels of the installed propeller are considerably higher; near the propeller plane differences are 
found higher than 10 dBA. 

- The directivity is completely different; while the sound field of an isolated propeller is concentrated near the 
propeller plane, an installed pusher propeller also radiates in the rear and forward arc. 
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Figure 9. Comparison of results from the present method to those of Ref. 1.  
2BPF, 3BPF, and 4BPF, flyover. 
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Figure 10. Total A-weighted noise levels. 
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VI. Variation of blade number 
In this section results for the noise of an installed 6-bladed propeller are presented. To this end we take the same 

blades as in the previous section. Two options are investigated,  with the same thrust as the case studied above: 
 The same rotational speed, 2000 RPM. In order to maintain the same thrust, the blade angle is reduced. 
 A reduced rotational speed, i.e. 1700 RPM instead of 2000 RPM, which corresponds to the choice made in 

Ref. 8. The blade angle is now increased to maintain the same thrust. 
The inflow perturbation is not changed for these cases. Because of the simplicity of the lifting-line method, at 

least with respect to the ease of use, the assessment of these additional cases only requires a few changes in the input 
data, and running the aerodynamic and acoustic programs, with a turn-around time of a few seconds. The results for 
both flyover and sideline noise levels are shown in Figure 11. 

 
In contrast to a tractor propeller, increasing the blade number as such does not reduce the noise level. Only when 

also the RPM is reduced, a lower noise level is obtained. This can be explained by the fact that the interaction BPF 
tone is not very much excited for an odd number of blades in a symmetric flow perturbation, while it is efficiently 
excited for an even number of blades. 

VII. Conclusions 
The purpose of the work described in this report was to develop a fast and easy-to-use computational method for 

the noise of a pusher propeller in a prescribed inflow. 
An analytical description has been derived for the interaction noise caused by a steady, non-uniform inflow into 

a propeller. The method is based on a Fourier-decomposition of the inflow, and a lifting-line description of the 
unsteady forces on the propeller blades. This analytical description has been implemented in a computer program, 
which was applied to test cases available in the CESAR project. No measured data are available from these test 
cases, and absolute accuracy of the results can not be assessed yet. However, comparison of the results to results 
from a fully computational approach (CFD/CAA) yields a reasonable agreement, which suggests that the method at 
least captures the physics of the problem. 

The analytical nature of the method enables a detailed breakdown of the computed noise levels, which shows 
that the levels, and the directivity, depend strongly on the symmetry properties of the non-uniform inflow, and the 
blade number of the propeller. 

The computation method has been applied to a configuration with an increased blade number. It appears that, 
unlike for the case of a propeller in a uniform flow, increasing the blade number as such does not reduce the noise 
level. Only when also the RPM is reduced, a lower noise level is obtained. 
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