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2.1 Introduction

In studying a wide variety of real-world phenomena we usuaticounter pro-
cesses the course of which cannot be predicted beforehamdexBmple: sudden
deviation of the altitude of an aircraft from a prescribegttilevel; reproduction of
bacteria in a favorable environment; movement of a stoadeprn a stock exchange.
Such processes can be represented by stochastic movensepboft in a particu-
lar space specially selected for each problem. The propecelof the phase space
turns physical, mechanical, or any other real-world systgma dynamical system
(it means that the current state of the system determinégtitee evolution). Sim-
ilarly, by a proper choice of the phase space (or state sgacajbitrary stochastic
process can be turned into a Markov process, i.e., a prolcedature evolution of
which depends on the past only through its present state. prhperty is called the
Markov property. From a whole set of stochastic processssMiarkov property
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16 Stochastic Differential Equations on Hybrid State Spaces

singles out a class of Markov processes for which powerfuheraatical tools are
available.

Continuous time Markov processes have been successf@tyfos years in sto-
chastic modelling of various continuous time real-worlchdgnical systems with
either Euclidean or discrete valued phase spaces. Redbetlg is a great interest in
more complex continuous time stochastic processes wittpoasmts being hybrid,
i.e., containing both Euclidean and discrete valued corapts Such processes are
called stochastic hybrid processes. Euclidean and désvedtied components may
interact, i.e., Euclidean valued components may influehealynamics of discrete
valued component and vice versa. This makes the modellidghemnanalysis of sto-
chastic hybrid processes quite involved and challengiegefl classes of stochastic
hybrid processes have been studied in the literature ceignting processes with dif-
fusion intensity [21, 17], diffusion processes with Markavswitching parameters
[22, 18], Markov decision drift processes [20], piecewistadministic Markov pro-
cesses [5, 6, 14], controlled switching diffusions [7, 8,aljd more recent stochastic
hybrid systems of [12, 19]. All these stochastic hybrid @%ses arise in various ap-
plications, have different degrees of modelling power, hade different properties
inherent to the problems that they have been developed for.

There exist two directions in the development of theory oflb& processes: an
analytical and a stochastic direction. Transition deesitr transition probabilities
are the starting point of the analytical Markov process thedt studies various
classes of transition densities and transition probadslitwhich are described by
equations (for example, by partial differential equatjorid/hen proving the exis-
tence of the corresponding Markov processes, any obtaimedittons and proper-
ties on transition densities and probabilities are simpigripreted as certain proper-
ties of these processes. Broadly speaking, the approaeh akanalytical Markov
process theory could be compared with the analysis of thpepties of random
variables on the basis of their distribution functions onsiges. In the stochastic
theory a Markov process is constructed directly as a salutica stochastic differ-
ential equation (SDE). The main advantage is that it is edsistudy a Markov
process as a solution of a particular equation than a Markaegss that is implicitly
defined through its transition density or probability. Mawver, the theory of SDE
became a powerful tool for constructive description of @asi classes of stochas-
tic processes including the processes which are semirgaltis. Semimartingales
form one of the most important and general class of stoahpsebicesses which in-
cludes diffusion-type processes, point processes, afigsiih-type processes with
jumps that are widely used for stochastic modelling. Caaréindy SDE with semi-
martingale solutions gives an advantage. It allows the @ifeegpowerful stochastic
calculus available for the semimartingale processes whéiogming complex sto-
chastic analysis. This has motivated many studies in thetpaonsider Markov
processes that are solutions of SDE. However, most of tligesteonsider only Eu-
clidean valued Markov processes and only a few of them trB&, $he solutions
of which are Markov processes with a hybrid state space. ditapter aims to give
an overview of stochastic approaches of modelling hybiadesMarkov processes
as solutions to stochastic differential equations. In @esesf recent studies, Blom
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[2], Ghosh and Bagchi [9], and Krystul and Blom [15] develdphstinct classes
of stochastic hybrid processes as solutions of SDE on a thygbate space. These
classes have different modelling power and cover a wideearignteresting phe-
nomena (see the first column of Table 2.1), though, all theyain, as a subclass,
the switching diffusion processes of Ghaettal.[8], described in detail in Chapter 5
of this volume.

Table 2.1: Combinations of features for various stochdmstirid processes.

Features [21, 191 | [3], [15] | [9] | [15]
Switching diffusion v v v | Vv
Random hybrid jumps v v - v
Boundary hybrid jumps - v vV | Vv
Martingale inducing jumps - - - v
Mode dependent dimensigh - - v -

The features of stochastic hybrid processes in Table 2:1 are

e Switching diffusion: between the random switches of themdite valued com-
ponent, the Euclidean valued component evolves as diffusio

e Random hybrid jumps: simultaneous and dependent jumpswitches of
discrete and Euclidean valued components are driven by sséoirandom
measure.

e Boundary hybrid jumps: simultaneous and dependent jumgsaitches of
discrete and Euclidean valued components are initiatecbbpdbary hittings.

e Martingale inducing jumps: the Euclidean valued composiehiven by a
compensated Poisson random measure may jump so frequiestlit ts no
longer a process of finite variation.

e Mode dependent dimension: the dimension of the Euclideste space de-
pends on the discrete valued component (i.e., the mode).

In the first part of the chapter we pay special attention tanoeelling approach
taken by Krystul and Blom [15]. Then we relate this to the misdéBlom [2], Blom
et al. [3], and Ghosh and Bagchi [9] and provide a comparison ofetodasses of
stochastic hybrid systems.

This chapter is organized as follows. Section 2.2 providesed introduction to
semimartingales. Section 2.3 presents the existence dqdamess results fdR"-
valued jump-diffusions. Section 2.4 extends these resuoiltg/brid state processes
with Poisson and hybrid Poisson jumps [15]. In Section 2.5haracterize a general
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stochastic hybrid process which includes jumps at the batiesi[15]. Section 2.6
briefly describes stochastic hybrid models of Blom [2] andb&hand Bagchi [9]
and compares various stochastic hybrid models. FinakyMarkov and the strong
Markov properties for a general stochastic hybrid proc@$s[L5] are shown in
Section 2.7.

2.2 Semimartingalesand Characteristics

In this section, following [13], we provide basic resultsncerning semimartin-
gales, their canonical representation, and their relatitimthe large class of SDE to
be studied in this chapter.

Throughout this chapter we assume that a probability sf@cé , P) is equipped
with a right-continuous filtratior{.% )i>o. The stochastic basif,.%, (%t )i>0, P)
is called complete if ther-algebra.# is P-complete and if every? contains all
P-null sets of.#. Note that it is always possible to “complete” a given statita
basis, if it is not complete, by adding all subset®eaiull sets ta# and.Z;. We will
therefore assume throughout this chapter that the stachestis(Q, .7, (% )i>o, P)
is complete.

Thepredictableo-algebrais theo-algebra?? onQ x R, that is generated by all
left-continuous adapted processes (considered as mappiy x R, ). A process
or random set that is?-measurable is callegredictable

DEFINITION 2.1 Thecanonical setting. Q is the “canonical space” (also
denoted by D(R")) of all cadlag (right-continuous and admit left hand limits)
functions w: R, — R"; X is the “canonical process” defined by X (w) = w(t);
H =0(Xo); finally (F)i>0 is generated by X and F, by which we mean:

(i) F = Neut ZQ and FL = Vv a(X v <) (in other words, (Ft)=0 is
the smallest filtration such that X is adapted and 5 C Fp);

(i) F = Fu (= F0).

Throughout this chapter we assume that canonical settimehition 2.1 is in
force. TheR"-valued cadlag stochastic procgs§} defined on a probability space
(Q, %, (% )>0,P) is asemimartingaléf X admits a decomposition of the form

X =Xo+A+M,t>0, (2.1)

whereX; is a finite-valued and#y-measurable{A:} € ¥ " is a process obounded
variation, {M;} € .} is ann-dimensionalocal martingalestarting at 0, and for
eacht > 0, A, andM; are.%-measurable. Recall thgM;} € .Z . if and only if
there exists a sequence (%t )>o-Stopping timeg7y)k>1 such thatry T o« (P-a.s.)
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for kK — o0 and for eactk > 1, thestopped process
(M} with M* = Mgag,, k> 1, (2.2)
is amartingale
E|M*| < 0o, E[M{* | Fg| = M& (P—a.s), s<t. (2.3)
Denote byu = p(w;ds dx) the measure describing the jump structuréXf}:

IJ(OO; (Ovt] X B) = Z I{w:AXs(w)eB}(w)a t>0, (24)

0<s<t

whereB € Z(R"\ {0}), i.e., theo-algebra of Borel sets oR", AXs = Xs— Xs,
and l;axy(w)es} (@) is the indicator function of sefw : AXs(w) € B}. By v =
v(w;dsdx) we denote a compensator gf i.e., a predictable measure with the
property thaty — v is a local martingale measure. This means that for éaeh
2R\ {0}):

(H(@;(0,t] x B) — v(; (0,t] X B))r>0 (2.5)

is a local martingale with value 0 for= 0.
A semimartingalg X } is calledspecialif there exists a decomposition (2.1) with
apredictableproces A }. Every semimartingale withounded jump$§|AX; (w)| <
b <o ,we Q,t>0)is special [see 13, Chapter |, 4.24].
Let h be a truncation function, i.eAXs — h(AXs) # 0 if and only if |AXs| > b for
someb > 0. Hence N
X = z (AXs— h(AXs)) (2.6)
0<s<t
denotes the jump part ¢#; } corresponding ttarge jumps The number of the large
jumps still is finite on0,t], for allt > 0, because for all semimartingales [13, Chapter
l, 4.47]
(AXs)? < w, P—as. (2.7)

O<s<t

The procesg X — )~(t} is a semimartingale witbounded jumpand hence it is spe-
cial:

X — % = Xo+ Be+ M (2.8)
where{B} is a predictable process afilil; } is a local martingale. The “tilde” above

the process denotes the dependence on the truncationdfiuhcti
Every local martingal®/t; can be decomposed as:

M = ME+Md (2.9)

whereM¢ is acontinuougmartingale) part antﬁtd is apurely discontinuougmar-
tingale) part which satisfies:

Nﬁ::%j/h@ﬂu@sd@—w&dsdm) (2.10)
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Note that the continuous martingale pltt does not depend dm By definition of
u and{X;} we have

//x h(x))u(ds dx). (2.11)

Consequently, substitution of (2.9)—(2.11) into (2.8)lgsethe following canonical
representation of semimartinggl¥ }:

_ t t
X :xo+Bt+|v|t°+/0 /h(x)(u(dsdx)— v(dsdx))+/0 /(x—h(x))u(dsdx).
(2.12)
Next we may assum(x) = X- Iy y<1;(x) and replacd; by B;. Then (2.12) takes
on the form:

X = xo+B[+Mt+//

\x\<1

u(ds dx) — v(ds dx) +/ / [1(ds d).
(2.13)
We denote byM¢) the predictable quadratic variation g¥I¢}, hence(MF)? — (M¢)
is a local martingale.
We call thecharacteristicsassociated witlh of the semimartingaléX; } (if there
may be an ambiguity oh) the triplet(B;,C, v) consisting of:

(i) A predictable procesB; = (B})i<n in #", namely the proces; = B: appear-
ing in (2.8);

(i) A continuous proces§; = (Ctij)i’jgn in ™" namelyG = (Mf);
(iii) A predictable random measune on R, x R", namely the compensator of

random measurg associated to the jumps ¥fby (2.4).

DEFINITION 2.2 Jump diffusion. Let P be a probability measure on
(Q,F). Then {X} is called o jump diffusionon (Q,%,(F)i>0,P) if it is a

semimartingale with the following characteristics:

'( w) = 5 a'(s Xs(w))ds (= 4w if the integral diverges
G (w) = [3 B (s Xs(w))ds (= 4o if the integral diverges (2.14)
V(w;dt x dx) = dt x K (w, % (w),dx)
where:
o:R, xR"—R" is Borel
B:R;y xR"—R"xR" is Borel,c(s,x) is symmetric nonnegative
Kt (w,x,dy) is a Borel transition kernel fro® x R" x R"

into R",

with Ki(w,x,{0}) = 0.
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Next, we relate the above with stochastic differential dipna, partially following
[13].

Let (Q,.Z#, (% >0, P) be a stochastic basis endowed with:

(i) W = (W<, anm-dimensional standard Wiener process (i.e., aatls a
standard Wiener process, and YEs are independent);

(i) p are Poisson random measurefonx U with intensity measurdt-m(du),
i =1,2; here,(U,%) is an arbitrary Blackwell space (one may take= RY
for practical applications), angk, i = 1,2, is a positiveg-finite measure on
U, % ; We denote the compensated Poisson random measugédiydu) =
pi(dt,du) —dt-my(du), i =1,2.

Let us also be given the coefficients:

a=(a)i<n, a Borel functionR, x R" — R"

b= (b”_)ign,jgm, a Borel functionR; x R" — R" x R™ (2.15)
f1 = (f])i<n a Borel functionR, x R"x U — R"

fo = (f))i<n a Borel functionR; x R"x U — R".

Let the initial variable be an#;-measurabléR™-valued random variabl¥,. The
stochastic differential equation is as follows:

dX :a(t,xt)dt+b(t,xt)dW+/l; f1(t, X, ) (dlt, du)
+/ f2(t, X, U)pa(dt, ). (2.16)
U
Define two stochastic sets:

D1 = {(@1): pa(wi {t} xU) =1},
D2 = {(w,t) : p2(w; {t} xU)=1}.

If at least one of the Poisson random measusesr p,, has a “jump” at pointt, u),
then

DX (W) = Ip, (w,1) - f1(t, X (), u) +Ip,(,t) - f2(t, X (w), u).

Next, let us assume that the following integrals make sense.
't
/ |a(s, Xs)|ds< 0, P-a.s. (2.17)
0
t
/ / |f1(s,Xs_,u)|?dsm (du) < », P-a.s. (2.18)
0Ju

it
/ / |£2(5. Xs_, U)|p2(ds du) < o0, P-a.s. (2.19)
JO JU
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ot ..
/ bl (s,Xs)|?ds< w, P-a.s. foranyi, j € {1,...,n} (2.20)
0

for everyt € R;. By a solution to the SDE (2.16) we mean a cadigadapted
process{X } such that the following equation is satisfied with probapitine for
everyt e Ry

it it it p
>(t:Xo+/0a(s,Xs)ds+/0 b(s,Xs)d\/\é—l—/o /Ufl(s,xs,,u)ql(dsdu)
t
+/O/Ufz(s,><sf,U)pz(dst)- (2.21)

If such procesgX} exists and conditions (2.17)—(2.20) are satisfied then & is
semimartingale with the characteristics, associated taithcation functiorh = x-
lix:x <13 (X), given by (2.14), where

a(t. (@) = [altX(@) - [ X (@).um(dy

[f1/>1

+ [ falt X (o), ump(du)]
|fa|<1

B(t,%(w)) = b(t, X (w))b' (t, % (w)),
Ki(w, % (w),A) = lp, (e, 1) - /u Laygop (Fo(t, Xe— (@), u)) my (du)

H10,(@0.0)- [ 10y (T2lt. X (@), 0))me(cu).

2.3 Semimartingale Strong Solution of SDE

There are two important notions of the sense in which a swolutb stochastic
differential equation can be said ¢zistand also two senses in whicimiqueness
said to hold.

DEFINITION 2.3 Strong Existence. We say that strong existence holds
if given a probability space (Q,.%,P), a filtration %, an F-Wiener process
W, two % -Poisson random measures pP1, P2, and an Fg-measurable initial
condition Xo, then an Fi-adapted process {X} exists satisfying (2.21) for all
t>0.

DEFINITION 2.4 Weak Existence. We say that weak existence holds
if given any probability measure 1 on R" there exists a probability space
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(Q,.7,P), a filtration %, an F-Wiener process W, two F-Poisson random
measures P1, P2, and an Fi-adapted process {X} satisfying (2.21) for allt >0
as well as P(Xo € B) =n(B).

Strong existence of a solution requires that the probglsjiiace, filtration, and
driving terms(W, p1, p2) be given first and that the solutidi } then be found for
the given data. Weak sense existence allows these objdntscimnstructed together
with the proces$X;}. Clearly, strong existence implies weak existence.

DEFINITION 2.5 Strong Uniqueness. Suppose that a fized probability
(Q, %#,P), a filtration (%t )i>0, an Fi-Wiener process W, and two F-Poisson
random measures Py and Pz are given. Let {X} and {X/} be two solutions of

(2.16) for the given driving terms (W, p1,p2). We say that strong uniqueness
holds if

PXo=X,) =1=P(X =X forallt >0) =1, (2.22)

ie., {X} and {X/} are indistinguishable.

REMARK 2.1 Since solutions of (2.16) are cadlag processes the require-
ment (2.22) can be relaxed to:

P(Xo=Xg) =1= P(% =X/) = 1, for everyt > 0. (2.23)

DEFINITION 2.6 Weak Uniqueness. Suppose we are given weak sense

solutions
{(Qiﬂ%vpl)a (f%,t)tzoa{xi,t}}, i= 1, 27

to (2.16). We say that weak uniqueness holds if equality of the distributions
induced on R" by X; o under B, i =1,2, implies the equality of the distributions
induced on D(R™) by {Xi1} under B, i=1,2.

Strong uniquenessis also referred tpathwise uniquenesshereas weak unique-
ness is often calledniqueness in (the sense of probability) la8trong uniqueness
implies weak uniqueness.

Next we present strong existence and strong uniquenes®thedor SDE (2.16).
We assume that Wiener procédsand Poisson random measunggsand p, are
mutually independent. Suppo$®@4}, p; and p; are adapted to the given filtration
(St)i>0- If T is a stopping time relative t¢4 andX; is an.%; measurable random
variable, then we will be looking for af.%; }-adapted proces§X }, defined for
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t > 1, for which the following equation holds with probability 1
t t t
X =Xr+/ a(s,xs)ds+/ b(s,Xs)dV\é+/ /U f1(s, Xs—,u)qz(ds du)
T T T

it p
+ [ ] fa(s X upaldsdu.  (2.24)
JT
If equality (2.24) holds for alt € (1,{), with { another stopping time > 1, then
we will say that{X} is the solution of SDE (2.16) on interv@t, {), if started afX;.

THEOREM 2.1 A solution of Equation (2.16) for any given Xg is strongly
unique if the coefficients of Equation (2.16) satisfy the following conditions:

(i) for each r > 0 there exist a constant I, for which
la(s,x) —a(s,y)|*+ b(s.x) —b(s y)[?
+ [ Ialsxu = fa(syuPm(du) < 1ix-y?2
forall x| <r, |y|<r, s<r.
(ii) /; /U I£2(8. X6, U)| p2(ds dU) < @, P-a.s.,

(i11) Mp(Sy) < o, where S, is the projection on U of the support of fa(-,-,-).

PROOF See Theorem 3.8 in [15]. |

Related to Theorem 2.1 is that two solutions of two diffeesguiations with equal
initial conditions coincide as long as their coefficienténcide. We formulate this
statement precisely, known as the theorem of local unicggene

THEOREM 2.2 Suppose {X} is a solution of Equation (2.21), and {¥}
is a solution of FEquation

- - t - t . -
% = Ko+ / A(s Xs)ds+ / B(s, Xe)dW4
0 0

it . t oL -
+ /0 [ fuls Xewan(ds duy+ /o /U (5. %, U) p2(ds du).

If the conditions of Theorem 2.1 are satisfied and a(s,x) = a(s,x), b(s,x) =

b(s,%), fi(sxu) = fi(s,x,U) given [ <N, then Xs=Xs for S< T, where T =
inf{s: |Xs| > N}.

Next, we state the classical existence results for thevfatig equation [11]:

X :Xo+/0ta(s,xs)ds+/ot b(axs)d\/\é+/0t/u f1(s Xs U)aa(ds du).  (2.25)
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THEOREM 2.3 Assume that the coefficients of Equation (2.25) satisfy the
following conditions:

(i) a(s,0), b(s,0), [|f1(s,0,u)>my(du) are locally bounded with respect to s,
(ii) there exists increasing function |(S) such that
la(s,x) —a(s,y)|*+ |b(s,x) — b(s,y)[?
+ [ Ifaexu)— filsyu m(dy) <1(S)x-yP.

Let us denote by % the g-algebra generated by Xo, q1(dsdu), Ws with s<t.
If Xo is independent of Ws, qu(dsdu) and E|Xo|? < o, then Equation (2.25)

has F-measurable solution, moreover E|Xs|? < oo.

THEOREM 2.4 Assume that for the coefficients of Equation (2.25) the
following conditions hold:

|a(t7X)|2+|b(t,X)|2+/U [ f1(t, % u)Pmy(du) <T(1+ [x?),
and for any r > 0 one can specify constant |y such that

as) —a(sy) P+ b(s.) — b(sy)
+ [ Ialsxu) - fa(sywPm(du) <1y

fors<r, X <r, |y| <r. If Xg is independent of {We,q1(ds du)}, and o-algebras
S are constructed as in Theorem 2.3, then there exists an Fi-measurable
solution of (2.25) for everyt € Ry.

REMARK 2.2 Suppose {%} is some admissible filtration, and T is a
stopping time relative to this filtration. Let us consider the SDE for t > 1:

t t t
X :XTJ“/T a(s,Xs)der/r b(aXS)d\Aé+/r /U f1(s Xs, U)cu(ds du).  (2.26)

Under conditions of Theorem 2.4, Equation (2.26) has Fr-measurable solution,
no matter what the %#r-measurable variable X; is. To prove this, it suffices to
consider the process X which is a solution of the following equation.

~ ~ t ~ t ~ ~
X = Xo+/0 a(s+ T,Xs)ds+/0 b(s+ 1,Xs)dWs

t ~
[ s+t X wadsdu, (@:27)
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where
We =W(s+ 1) —Wr;  Gu([st, %] xdu) = au([s1+ T, + 1] xdu).  (2.28)

Obviously, W and g1 possess the same properties as W and (1, and are inde-
pendent of #;. Thus, for Equation (2.27), all derivations which were verified
for Equation (2.25), hold as well, if expectations and conditional expectations
with given Xg are substituted by conditional expectation with respect to O-
algebra Ty Obviously, then X = X;_r will be the solution of Equation (2.26).
]

Now we state the existence theorem for general SDE (2.16).

THEOREM 2.5 Assume that for Equation (2.16) the following conditions
are satisfied:

(i) The coefficients a, b, f1 satisfy the conditions of Theorem 2.4.

(ii) Xo is independent of {Ws,q1(ds du), p2(dsdu)}.
(iii) Conditions (i) and (i) of Theorem 2.1 are satisfied.

Let % denote the 0-algebra generated by {Ws, q1([0,5],du), p2([0,s],du), s<t}
and Xo. Then there exists an F-measurable solution of Equation (2.16).

PROOF Sece Theorem 3.13 in [15]. |

REMARK 2.3 The solution, whose existence was established in Theorem
2.5, is unique. Indeed, by Theorem 2.1 we have that for any enlargement of the
initial probability space, any admissible filtration of g-algebras j‘t, and any
Fo-measurable initial variable X, #t-measurable solution of Equation (2.16)
is unique. Since % C %, the solution X constructed in Thegrem 2.5 will
be also .%-measurable, and therefore, there will be no other .%;-measurable
solutions of Equation (2.16). |

REMARK 2.4 The solution constructed in Theorem 2.5 is fully determined
by the initial condition, Wiener process W and Poisson random measures pp
and pg, i.e., it is a strong solution (solution-process). Thus, Theorem 2.5 states
that there exists a strong solution of Equation (2.16) (strong existence), and
from Remark 2.3 it follows that under conditions of Theorem 2.5 any solution
of (2.16) is unique (strong uniqueness). |

REMARK 2.5 Under the conditions of Theorem 2.5 the solution of SDE
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(2.16) admits the decomposition (2.1) with

't i
A= [fasxgdst [ [ fa(s X wpdsdu e 7

t t
M= [ xgavet [ [ s X wads du) € .43,

hence it is a semimartingale. ]

2.4 Stochastic Hybrid Processes as solutions of SDE

In this section we construct a switching jump diffusipq, 6} taking values in
R" x M, whereM = {eyj,e;,...,en} is a finite set. We assume that for edch
1,...,N, g is thei-th unit vectorg € RN. Note that the hybrid state spa8 x M c
R™N can be seen as a special subsetof N)-dimensional Euclidean space. Let
{%, 6} be anR" x M-valued process given by the following stochastic diffeian
equation of Ito-Skorohod type.

d% = a(X, 8)di+b0%. AW+ [ @068 Wa(didy  (2.29)
+ [ 62048 pa(d,du.
d6 = /@d c(%_, B, u)pa(dt, du). (2.30)
Here:
(i) fort =0, Xg is a prescribe®"-valued random variable.
(ii) fort =0, Gy is a prescribe®-valued random variable.

(i) W is anm-dimensional standard Wiener process.

(iv) gi(dt,du) is a martingale random measure associated to a Poissonmando
measurep; with intensitydt x my(du).

(v) pz2(dt,du) is a Poisson random measure with intensityx my(du) = dt x
du x f(du), whereps is a probability measure oR91, u; € R, u e R9-1
refers to all components except the first oneief RY.
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The coefficients are defined as follows

a:R"xM—R"

b:R"xM — R™M

g R"xMxRY— R"

g2 R"xMxRY - R"

P:R"xMxMxRIT R

AR"XMxM—R,

C:R"x M xRY— RN,
Moreover, for allk = 1,2,...,N we define measurable mappings: R" x M — R,

in a following manner

K _Axa,e) k>0,
Zk(Xaa):{gjl x.8.6) 0 (2.31)

functionc(-,-,-) by

c(x.&,u) = ej—6a ifue (-Zj,l(x,a),zj(x,e,)], (2.32)
0 otherwiseg
and functiorngz(-,-, ) by
X,6,6e,U) ifure(Zji1(Xq),Zij(Xq)l,
gZ(an,u): (p( € ] ) 1 ( J 1( a) J( a)] (233)
0 otherwise

LetUg denote the projection of the support of functigf, -,-,-) onU = R9-1, The
jump size ofX and the new value dd at the jump times generated by Poisson ran-
dom measur, are determined by the functions (2.32) and (2.33) corredipgty.
There are three different situations possible:

(i) Simultaneous jump ok and&

C(',',U) #0 if Ui € (ijl(xaa)vzj(xvq)]v IvJ = 15"'5N andj 3& iv
O(-,u) #0 ifure (Xj_1(x&),Zj(x,a)],i,j=1,...,Nandu € Ug.

(i) Switch of 6 only

C('a'vu) 3&0 if Ui € (ijl(xaa)vzj(xvq)]v IvJ = 13"'5N andj 7£ ia
O(,u)=0 ifure(Zj_1(xa),Zj(xa)],i,j=1,...,Nandu ¢ Ug.

(i) Jump of X only

c(-,u)=0 ifure(Zj_1(x€),Zjxe€)], j=1,...,N,
gZ('v'au) # 0 ifure (ijl(xaej)vzj(xvej)]a J =1..,N, andu € Ug.
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We make the following assumptions on the coefficients of SREJ)—(2.30).
(A1) There exists a constahsuch thatforall =1,2,...,N

la(x,@)[?+ Ib(X,a)lzf/ﬂ'{d |gu(x, &, u) [Pma(du) <1(1+x).

(A2) For anyr > 0 one can specify constalptsuch thatforall=1,2,...,N
la(x,&) —a(y,e)|*+[b(x.e) —b(y.e)|*
+ [ loax @)~ galy.ewlFmy(du) < Ifx—yP
for x| <r, ly|<r.

(A3) Functionc satisfies (2.31), (2.32), and forj = 1,2,...,N, A(sg,€j,-) are
bounded and measurablgig;, gj,-) > 0.

(A4) Functiong, satisfies (2.31), (2.33), and for &l 0,i,j =1,...,N

it
/ / |p(x, &, 6,u)|p2(ds du) < «, P-a.s.
0 JRd

THEOREM 2.6 Assume (A1)-(A4). Let p1,p2,W,Xo and 6y be indepen-
dent. Then SDE (2.29)-(2.30) has a unique strong solution which is a semi-
martingale.

PROOF See Theorem 4.1 in [15]. |
In order to explicitly show the hybrid jump behavior as a sg@olution to an SDE,

Blom [2] has developed an approach to prove that solutio? @9)—(2.30) is indis-
tinguishable from the solution of the following set of Eqoas:

N
de =3 (- 6.)p2 (dt (5 2% .8 ).5(% .6 )] xRIT), (2.34)

0% = X, 8)dt+b0%, )W + [ g% was(dt.du (2.35)
+ [, 90% 8. 8. WP2(dt, (0. 2n(%,6)] x du).

THEOREM 2.7 Assume (A1)-(A4). Let p1,p2,W,Xo and 6y be indepen-
dent. Then SDE (2.34)—-(2.35) has a unique strong solution which is a semi-
martingale.

PROOF The proof consists of showing that the solution of (2.34)-(2.35) is
indistinguishable from the solution of (2.29)—(2.30). Subsequently Theorem
2.7 is the consequence of Theorem 2.6.
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Indeed, rewriting of (2.34) yields (2.30):

N

de = -Zi(e' —8&-)p2 (dt, (Zii1(%—, 8-), % (%, 8-)] x Rdfl)

1
N
- /]Rd _21(3 — 8 )56 8).5 066 (Uz) P2(dt duy x du)
i=
— [, 048U pa(dt,du.
Next, since the first three right hand terms of (2.35) and (2.29) are equal, it
remains to show that the fourth right hand term in (2.35) yields the fourth
right hand term in (2.29) up to indistinguishability:

[, 90%-8- 6. upa(dt, (0. 5% 6-)] x

= /(0 o Jpes PX—, &, 8, Wl 05y (x_.6.) (U1)p2(dt,dug x du)

x _Z'(ziflmﬂaq,zﬁ (%)) (U1) p2(dt, dur x du)
2

B /( e0) /R‘H iiho(x{jaje[,g)x

X (5, 1% 6.5 (%) (U1) ]| P2(dt,duy x du)

N
- /( 00) ,/]Rdfl i; [q)(X{,, 6[77 6[7 +A6[,g) X
X (5 4.8 )5(x_.a.) (U] P2(dt, duy x du)

N
- ‘/(0700) /]Rd’l i; [QO(X(,, 6[*7 th + (Q — 6[7),9) X
X (g1 xC.0).5i(x_.6_) (U1)] p2(dt, duy x du)

N /(o,oo) /R‘H ii (904 880

(s 40680, 066)) (U1)] P2(dt,duy x du)
:/Rd O2(%—, 6, u)p2(dt,du).

This completes the proof. [

REMARK 2.6 We notice the interesting aspect that the presence of & in
¢ (Equation (2.35)) explicitly shows that jump of {¥} depends on the switch
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from &_ to &, i.e., it is a hybrid jump. ]

25 Instantaneous Hybrid Jumpsat a Boundary

Up to now we have consideré®l' x M-valued processes the jumps and switches
of which are driven by Poisson random measure. In this seet® will consider
R" x M-valued processes which also have instantaneous jumpsnatotiess when
hitting boundaries of some given sets. In order to simplify &nalysis we assume
that the purely discontinuous martingale term is equal to gee., we takey; = 0).

First we define a particular sequence of processes. Supposadheg € M,
i =1,...,N there is an open connected E&t— R", with boundangdE'. Let

N
E={x|x€E' forsomei=1,...,N} = JE',

N
0E = {x|x € 9E', for somei = 1,...,N} = | JOE".
i=1
The interior of the seE is the jump “destination” set. Suppose that the functign
defined by (2.33), in addition to requirement (A4) has théofeing property:
(B1) (x+¢(x,&,u)) € E foreachrxc E,ue R4 i=1... N.

Similarly as in [3, pp. 38-39], we consider an increasingumqe of stopping
timestf and a sequence of jump-diffusiof"; t > 1€ ;},n=1,2,..., governed
by the following SDE (in integral form):

t

X" = X1 +/ ><59”ds+/ b(X?, 67)d\W (2.36)

. / 0008 WPy
o=y + / / (X0, 60, u)pz(ds du), (2.37)
Xt = 0" (X, Ok, B ), (2.38)
Ot = o (X7, Ok . Bre)- (2.39)

More specifically, the stopping times are defined as follows.
£ 2inf{t > 1 ; : XX € 9E]}, (2.40)

'[E =20 (2.41)
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k=12....Nie,if<tE<...<tf<.. as,

g“:0ExMxV —R", (2.42)
g% :OEx M xV — M, (2.43)

and{f,t € [0,»)} is the sequence &-valued (one may také = RY) i.i.d. random
variables distributed according to some given distributibhe initial valueS(c} and
63 are some prescribed random variables.

REMARK 2.7 Assumption (Bl) ensures that the sequence of stopping
times (2.40) is well defined and the boundary JE can be hit only by the
continuous part

t t
XM= Xt 4 [ a(x,eNds+ [ b(X. 6w (2.44)
n—1 n-1

of the processes {X"}, n=1,2,..., between the jumps and/or switching times
generated by Poisson random measure ps. [

In order to prove existence and uniqueness, we define thegspX, & } as fol-
lows.

(@) = Fra XN e 0 1k () V)

B(w) = Tra &()I] t) (2.45)

8 1 ()15 (w))

n

provided there exist solutioq3(", 8"} of SDE (2.36)—(2.39). On the open &&tpro-
cess{X, &} (provided it exists) evolves according to SDE (2.29)—(2@0(2.34)—
(2.35). At timesrkE there is a jump and/or switching determined by the mappirigs
andg? correspondingly, i.e>,(TkE #+ ergf and/orerkE #* Grkgf.

To ensure the existence of a strong unique solution of (2v5)eed assumption
(B1) and the following:

(B2) d(JE,g*(dE,M,V)) > 0, i.e.,{X} may jump only inside of open s&t

(B3) Process (2.45) hits the boundat a.s. finitely many times on any finite time
interval.

THEOREM 2.8 Assume (A1)-(A4) and (B1)-(B3). Let W, pp, {B,t€
[0,0)}, Xo and By be independent. Then process (2.45) exists for everyt € Ry,
it is strongly unique and it is a semimartingale.

PROOF See Theorem 5.2 in [15]. |
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2.6 Related SDE Modelson Hybrid State Spaces

In this section we compare stochastic hybrid models deeelty Blom [2], Blom
et al. [3], and Ghosh and Bagchi [9] with the models presented ini@exc2.4 and
2.5. We will use the same notations and definitions of coefiiis as in Sections 2.4
and 2.5. Table 2.2 lists the models we are dealing withingégtion.

Table 2.2: List of models and their main features.

0 [ X1 X2 0&X2| B
HB12] |V | - | vV | v |-
AB2(3] |V | - |V | v |V
GBIl | v | - |V ]| v |-
GB2[9] [V | - | - v
KBIMIS [V [V |V | v | -
KB2I5] [V | - |V | v |V

The conventions used in Table 2.2 have the following meaning
HB1 refers to switching hybrid-jump diffusion of Blom [2];

HB2 refers to switching hybrid-jump diffusion with hybrid jurafat the boundary
of Blom et al. [3];

GBL1 refers to switching jump diffusion of Ghosh and Bagchi [9];

GB2 refers to switching diffusion with hybrid jumps at the boangof Ghosh and
Bagchi [9];

KB1 refers to switching hybrid-jump diffusion developed in Bew 2.4;

KB2 refers to switching hybrid-jump diffusion with hybrid jurafat the boundary
developed in Section 2.5.

6 stands for independent random switchingdgf

X1 stands for independent random jumpXpfgenerated by compensated Poisson
random measure;

X2 stands for independent random jumpXpfgenerated by Poisson random mea-
sure;

6& X2 stands for simultaneous jumpXfand6 generated by Poisson random mea-
sure;
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B stands for simultaneous jump Xf and§ at the boundary.

Stochastic hybrid model HB1 [2] forms a subset of KB1. Théedénce is that
HB1 assumes a zero martingale measyria (2.29) or (2.34). Thanks to [16], Blom
[2] also develops a verifiable version of condition (A4):

(A4) For anyk € N, there exists a constaN such that for each j € {1,2,...N}

sup lo(x,a,ej,u)|u(du) < N

x| <k Rd-1

Stochastic hybrid model HB2 [3] equals KB2; [3] also devaldpe verifiable
version (A4) of (A4). In order to explain the relation with GB1 and GB2 wesfi
specify these stochastic hybrid models developed in [9].

2.6.1 Stochastic Hybrid Model GB1 of Ghosh and Bagchi
Now, let us consider the model GB1 of Ghosh and Bagchi [9].
The evolution ofR" x M-valued Markov proceséX;, & } is governed by the fol-
lowing equations:
dX = a(X, 8)dt+b. AW + [ g%.6-wp(dtdy,  (246)
dé = [ h(x- 6, u)p(ct,du) (2.47)
R

Here:
(i) fort =0, Xy is a prescribe®"-valued random variable.
(ii) fort =0, Gy is a prescribe®-valued random variable.
(i) W is ann-dimensional standard Wiener process.

(iv) p(dt,du) is a Poisson random measure with intensity m(du), wheremis
the Lebesgue measure Bn p is assumed to be independen/of

The coefficients are defined as:
a:R"xM—R"
b:R"x M — R™N
g:R"xMxR—R"
h:R"x M xR — RN.

Functionh is defined as:

ej—q ifUEAij(X)

. (2.48)
0 otherwise,

h(x,e,,u):{
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where fori, j € {1,...,N}, i # j, x € R", Ajj(x) are the intervals of the real line

defined as:
D12(x) = [0,A12(X))
Dq3(X) = [A12(X), A12(X) + A13(x))

Ban() = [5155 200, 5N o1 ())
B21(X) = (3N oA (X), TJLpA1j(X) + Azl(X))

and so on. In general,

i-1 N j—1 i-1 N j

Dy (X) = [ S A0+ S Ap0. 3 S Ay + Y Al,,(x))
i=1j'=1 i'=1 i=1j= i'=
i1 ' i’ '

For fixedx these are disjoint intervals, and the lengtigfx) is A;j (x), Ajj : R" — R,
i,j=21,...,N,i#].

Let Ky be the support o§(-,-,-) and letU; be the projection oK; on R. It
is assumed thdt; is bounded. LeK; denote the support di(-,-,-) andU, the
projection ofK, on R. By definition ofc, U, is a bounded set. One can define
functiong(-, -, ) so that the setd; andU, form three nonempty setst; \ Up, Uy NU,
andU, \ U; (see Figure 2.1). Then, we have the following:

(i) ForueU;nU,
g('a'au) 7é 0
h(-,-,u) #£0

i.e., simultaneous jumps o and switches o6 are possible.

g(-,~,U) =0
h("'vu) 7& 0

i.e., only random switches & are possible.

(i) Forue U, \U;

(i) ForueU;\U,
g('a'vu) 3& 0
h('a'vu) =0

i.e., only random jumps of; are possible.

Ghosh and Bagchi [9] proved that under the following cowndisi there exists an
a.s. unique strong solution of SDE (2.46)—(2.47).

(D1) Foreache e M, i=1,...,N, a(-,&) andb(-,&) are bounded and Lipschitz
continuous.
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FIGURE 2.1:U; UU; is the projection of set; UK, onR.

(D2) Foralli,j € {1,...,N}, i # j, functionsA;jj (-) are bounded and measurable,
Aij(-) = Ofori # jandy L, Aij(-) =0 for anyi € {1,...,N}.

(D3) Uy, the projection of support af(-,-,-) onR, is bounded.

2.6.2 Stochastic Hybrid Model GB2 of Ghosh and Bagchi

Next, we present the GB2 model of Ghosh and Bagchi [9]. The stfthe sys-
tem at timet, denoted by(X;, &), takes values inJn_1(S) x My), whereM, =
{e1,e,...,6n,} ANAS, C R%. Between the jumps o% the state equations are of
the form

dX = a"(%, &)dt+b" (X, & )dW", (2.49)
dg — /R h(%_, 6, u)p(dt, du), (2.50)

where for eaclm € N

a": S, x My, — R%
b" 1 Sy x My — RIh
h": S, x M x R — RN,

Functionh” is defined in a similar way as (2.48) with rag$: S, — R, Al > 0 for
i, andz?‘gl)\i’j‘(-) =0 for anyi € {1,...,N}. W" is a standardi,-dimensional
Wiener process, and is a Poisson random measureRn x R with the intensity
dt x m(du) as in the previous section.

Foreacm e N, letA, C S, Dp C S The seth, is the set of instantaneous jump,
wheread, is the destination set. It is assumed that for eaehN, A, andD, are

closed setsA, N Dy, = @ and inf,d(Ay, Dy) > 0, whered(-,-) denotes the distance
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between two sets. If at some random tiKadits A,, then it executes an instantaneous
jump. The destination afX;, &) at this juncture is determined by a map

On: An X Mn — UmgN(Dm X Mm)

After reaching the destination, the procgsg, & } follows the same evolutionary
mechanism over and over again.
Let {n:} be anN valued process defined by

ne=nif (%,6) e S x M. (2.51)

The {n:} is a piecewise constant process that changes framm when (X, &)
jumps from the regimes, x M, to the regimeS;,, x M. Thusn; is an indicator
of a regime and a change ip means a switching in the regimes in whifk;, & }
evolves.

Let

S={(x,&,n)|xe Sh,& € My},

A={(x.&;n)|XE An,& € Mn},

D= {(x.&,n)|x€ Dn,& € Mn}.

Then{X,&,n:} is anSvalued process, the sAtis the set where jumps occur and
D is the destination set for this process. The &&{65, x M), Un(An x M), and
Un(Dn x Mp,) can be embedded 8 A, andD respectively.

Let d° denote the injection map af,(Dy, x M) into D. Define the maps;; o,
andh as follows:

b

’i:1’2’

(@]
Z

—
—

>
b1

3

such thagi(x,&,n), d2(x,&,n) andh(x, e, n) are the first, second and third compo-
nentind®(gn(x,&)) respectively. Let, 1 be the stopping time defined by
Tme1 = INF{t > T X, B, 0t € AL

Now the equations fofX;, &, n:} can be written as follows:
A% = (0%, B, 1t) + 3 161Kt B M) — X )1 B(E — ) )t (252)
m=0

+ b(XIa 9[1 nt)deta
dé = [ h(%-.6-.n-.u)p(dt.du) (2.53)

0

+ z [QZ(XTmfv eTmfv nTm*) - eTm*)]é(t - Tm)dtv
m=0

dne = z [F‘(erfv Ot Nim—) — M=) (1<t » (2.54)

m=0
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whered is the Dirac measure aral(x,&,n) = a"(x,&), b(x,e,n) = b"(x,&), and
h(x,&,n,u) =h"(x,&,u).

To ensure the existence of an a.s. unique strong solutioDéf 2.52)—(2.54),
Ghosh and Bagchi [9] adopted the following assumptions:

(E1) For eachn € N andg € Mj, a"(-,&) andb"(-,&) are bounded and Lipschitz
continuous.

(E2) Foreace N, i,j=1,...,Mn, i # j, functionsA{](-) are bounded and mea-
surablefl(-) > 0 fori # j andz'j\‘:l/\irj‘(-) =0foranyi € {1,...,N}.

(E3) The mapgn, n € N, are bounded and uniformly continuous.

(E4) infnd(An,Dp) > 0.

2.6.3 Hierarchy Between Stochastic Hybrid Models

In this subsection we discuss the differences between tidelnand determine the
hierarchy of these models. This hierarchy is organized erb#sis of the behaviors
of the processes, e.g., different types of jumps, and nohermssumptions applied
to the models. We summarize this hierarchy of models in [E@u2.

First, let us compare GB1 and HB1 (=KB1 with = 0). Both models allow
either independent or simultaneous jumps and switch&s afid 6. However, there
are some differences in assumptions imposed on the coat@ad in construction
of the jump and switching coefficients. The first two terms.(ithe drift and the
diffusion term) in (2.29) and in (2.46) are identical. Howemo assure the existence
of a strong unique solution of SDE (2.46)—(2.47), Ghosh aaddBi [9] assume that
the drift and the diffusion coefficients are bounded, i.endition (D1). To prove the
similar result for SDE (2.29)—(2.30) more general growthdition (Al) is adopted.
The construction of the “switching” terms (2.30) and (2.&7almost identical with
some minor differences in defining the “rate” intervals. Toaditions on the “rate”
functionsA (g, ej,-) andAjj(-) are the same, i.e., these functions are assumed to be
bounded and measurable forialj = 1,...,N, i.e., conditions (A3) and (D2).

There is a substantial difference in the construction obghemp part ofX; in the
HB1/KB1 and GB1 models. In GB1 the jumps Xf are described by a stochastic
integral of functiong with respect to a Poisson random measp(et, du) with in-
tensitydt x m(du), wheremis the Lebesgue measure 0n= R. In order to satisfy
the existence and uniqueness of solutidp, the projection of support of function
g onU = R, must be bounded, i.e., condition (D3). In HB1/KB1 thejumps
of X; are also defined by a stochastic integral driven by Poissodora measure
p2(dt,du) but with intensitydt x m(duy) x p(u), wheremis the Lebesgue measure
onU; =R andpt is a probability measure di = R4-1. The integrand functiogy,
which determines the jump size Xf, compared to functiog, has an extra argument
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HB2=KB2

FIGURE 2.2: The hierarchy between stochastic hybrid modeéssets HB2=KB2
and GB2 fall within the set of Generalized Stochastic Hylitidcesses [4]. KB1
provides complementary modelling power in allowing pra@essthat have infinite
variation in jumps on a finite time interval.

ucU =R and, since the intensity qf, with respect ta is a probability mea-
surep (which is always finite), the projection of support@fonU = R9- can be

unbounded. This gives some extra freedom in modelling timpgiofX; component.
It is only required that functiog, must satisfy condition (A4) or the verifiable (A4

From this follows that model HB1/KB1 includes model GB1 apadal case (GB1
C HB1 C KB1).

Models KB2 and GB2 have some similarities. Let us see whatttegemain
differences between SDE (2.36)—(2.39) and SDE (2.52)4§2.Solutions of SDE
(2.52)—(2.54) are thig)y_1 (S x M)-valued switching diffusions with hybrid jumps
at the boundary. Before hitting the boundék, & } evolves as afS, x Mjy)-valued
switching diffusion in some regimg; = n € N. The drift and the diffusion coeffi-
cients and the mapping determining a new starting point efgfocess after the
hitting the boundary can be different for every differergimen € N.

Solutions of SDE (2.36)—(2.39) are tfiR" x M)-valued switching-jump diffu-
sions with hybrid jumps at the boundary. The dimension ofstfa¢ée space and the
coefficients of SDE are fixed. Hence, on this specific pointjeh&GB2 is more gen-
eral. However the jump term in KB2, see Equation (2.36), isergeneral than the
jump term in GB2, see Equation (2.52).

Now let us have a look at conditions (E1)—(E4). Condition)(Edplies that our
local conditions (A1) and (A2) for SDE (2.29)—(2.30) are diély satisfied. Con-
ditions (E2) and (E3) imply that conditions (A3) and (A4) BIDE (2.29)—(2.30) are
satisfied. Condition (E4) implies that (B1) and (B2) adopte&DE (2.36)—(2.39)
are satisfied. It ensures that after the jump the proceds staide of some open set,
but not on a boundary. Condition (B3) of SDE (2.36)—(2.39issing for GB2 [9].

In general GB2 is not a subclass of KB2 (or HB2) since in GB2dtate of the
system(X;, &) takes values inJi_;(Sc x M), whereMy = {e1,e,....en, } and
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S ¢ R% may be different for differeni’s. If (S x M) = (R" x M) for allk e N
then obviously GB2- KB2 (=HB2).

2.7 Markov and Strong Markov Properties

In this section we prove Markov and strong Markov propeftesnodel HB2=KB2
(Section 2.5).

Assume we are given the following objects:
e A measurable spads,.7).

e Another measurable spa(®,%) and a family ofo-algebrag ¥ 0 <s<t <
o}, such that® C 4 C ¢ provided < u< s<t <v; 4°denotes @-algebra
of events on time intervds, t]; we write% in place of4 and%S in place of
@3,

¢ A probability measur@; for each pair(s,x) € [0,0) x Son¥*.

e A function (stochastic process)(w) = &(t,w) defined on[0,) x Q with
values inS.

The system consisting of these four objects will be denotef€h 43, Psx} [10].

DEFINITION 2.7 A system of objects {&,%°,Psx} is called a Markov pro-

cess provided:
(i) for eacht €[0,00) & (w) is measurable mapping of (Q,¥9) into (S,.7);

(ii) for arbitrary fized S,t and B (0<s<t,Be .¥) the function P(s,xt,B) =
Psx(& € B) is #-measurable with respect to X;

(i11) Psx(§&s=X) =1 for all >0 and X€ S;

(iv) ggx(i;em%s):&&(s‘ueB) for all st,u,0<s<t<u<o, xeSand
€.

The measur@sy should be considered as a probability law which determines t
probabilistic properties of the proce§$w) given that it starts at pointat the times.
Condition (iv) in Definition 2.7 expresses the Markov prageif the processes. Let
Esx denote the expectation with respect to meaguye For¥S-measurable random
variableé (w)

Esxl§ (@) = [ &(0)Psx(do0).
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It is not difficult to show that the Markov property (iv) in Daftion 2.7 can be
rewritten in terms of expectations as follows:

Esx[f(&u) | 47 = Eyg [f(E)], 0<s<t<u<oo,

wheref is an arbitrary¥’-measurable bounded function.

Next, let us show that process

(@) = Frea XN e 1t ) V)
6 (@) = a1 (O e (0 1 0) V)

n

(2.55)

defined as a concatenation of solutidd', 6"} of the system of SDE (2.36)—(2.39)
(see Sections 2.4 and 2.5) is Markov. We follow the approaedin [11]. Lei>" =
(X%, 659) denote the process (2.55) fw) satisfying initial conditioréS™ = ) =
(X$*,659). Note that nowS= R" x M and.? = Zgn .y is theg-algebra of Borel
sets onR" x M. Assume that conditions of Theorem 2.8 are satisfied. .#gt
s< t be theo-algebras generated BW, —\Ws, p2([s, u],d2), By, u € [s,t]}, 70 = A,
FS$ =.FS. Fors< t theo-algebrasZs and.Z* are independent. Proce8¥’ is .%S-
measurable, hence, itis independentredigebraZs. Letns be an arbitrarR" x M-
valued.#s measurable random variable. Théﬁ*ﬂs, t > s, is unique#-measurable
process ofis, ») satisfying the initial conditios’” = ns. Since foru < s process
& is .#-measurable ofs, ) with initial condition&s™ then the following equality
holds oy

EW =535 u<s<t. (2.56)

Let ¢ be a bounded measurable function®hx M, let {s be an arbitrary bounded
Fs-measurable quantity. The independenceZfand.#S and the Fubini theorem
imply that measurd® on %, is a product of measurdd and PS5, whereP; is a
restriction ofP on.%s, wherePS is a restriction oP on.#3, and

E[¢(§")d) = E[$(&5%")2] =E (B[ (&)]) gy ]-
Sinceés” is Fs-measurable theR[¢ (&) | Zs] = [E[$ (&™)]]_uv- Let
P(vaatv B) = P(EtSX € B)a B € Zroxm, (257)

here%rn 1 is the o-algebra of Borel sets oR" x M. Then, by takingp = Ig, we
obtain

P& € B| 5) = P(s,EY.1,B). (2.58)
If & is an arbitrary process defined by (2.55), by the same reagavith help of
s.és

which equalities (2.56) and (2.58) have been obtained, aneshow that; = ¢
for s< t and that
P(E’[ S B | yg) - P(S,Es,t,B).
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Hence, the process defined by (2.55) is a Markov process raitisition probabil-

ity P(s,x,t,B) defined by (2.58). To be precise, we have shown that the system
of objects{ (X, &), % ,Psx0)} » wherePS(Xﬂ)((XuG[) € B) = P(s,(x,0),t,B) =
P((%¥*,6%%) € B), B € Bgn.u, is a Markov process.

Next, we prove the Markov property
Px(&u€BI ) =Rg(&u€B), s<t<u

remains valid also when a fixed time momeérg replaced by a stopping time.
Let {&(w), %> Psx} be a Markov process in the spa®.7). Let.7 denote the
o-algebra of Borel sets 0, ).

DEFINITION 2.8 A Markov process is called strong Markov if:

(i) the transition probability P(s,X,t,B) for a fired B is a T x ./ x T -
measurable function of (S,X,t) on the set 0<s<t< o, XES;

(ii) it is progressively measurable;

(iii) for any s>0,t >0, S-measurable function f(X) and arbitrary stopping
time T,

Esx[f(&+1) | 97) = Er g [f(&eir)]- (2.59)

REMARK 2.8 For Equation (2.59) to be satisfied, it is necessary that the
random variable g(&r, T,t + 1) = E; ¢ [f(&+1)] be ¥F-measurable. For this rea-
son assumptions (i) and (ii) make part of the definition of the strong Markov
property [10]. [ ]

Now we return to the process = (X, &) defined in Section 2.5. We have shown
that it is a Markov process. The following proposition prevbat it is a strong
Markov process also.

PROPOSITION 2.1 Assume (A1)-(A4) and (B1)-(B3). Let W, pp, uE,
Xo and 6y be independent. Let 5, S<t be the O-algebras generated by {W, —
Ws, p2(dz [s,u]), Bu, U € [s,t]}. For any bounded Borel function f :R"xM — R
and any FS-stopping time T

Esx[f(&t1) | 7] = Eq g [f(&10)]-

PROOF Let {0y, k=0,1,...} denote the ordered set of the stopping times
{tf,k=1,2,...} and {1,k=0,1,...}. The latter set is the set of the stop-
ping times generated by Poisson random measure ps. Then on each time
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interval [Ok_1,0k), k=1,2,... process & evolves as a diffusion staring at point
o, , at the time Ok_1. This means that on each time interval [Ok_1,0k) the
strong Markov property holds. Let %3 be the 0-algebra generated by the
F-stopping time T. The sets {w: T(w) € [Ok_1(w), 0k(w))}, k=1,2,... are
Fr-measurable. Hence

Esx[f(&1) | 77 Z (Gi_1.0) ( IEsx[ (&+1) | yrs]

i Uk 1,0k) ()f (Et+r)|</]
i Tfr 1,00 (T )f('stﬂ)]

= %I o 1.0 ( EHTH

= ET;ET [ (EtJrr)} :
This completes the proof. [

2.8 Concluding Remarks

We have given an overview of stochastic hybrid processes@sgly unique so-
lutions to stochastic differential equations on hybridestspace. These SDEs are
driven by Brownian motion and Poisson random measure. OCenv@aw has shown
several new classes of stochastic hybrid processes eachidi goes significantly
beyond the well known class of jump-diffusions with Markaevitehing coefficients,
whereas semimartingale and strong Markov properties hese $hown to hold true.
The main phenomena covered by these extensions are:

e Hybrid jumps, i.e., continuous valued jumps that happemukaneously with
a mode switch, and the size of which depends of the mode vailregmd after
the switch;

¢ Instantaneous jump reflection at the boundary, i.e., uptiim¢pia given mea-
surable boundary of the Euclidean valued set, the contimwualued process
component jumps instantaneously away from the boundary;

e The continuous valued process component may jump so frédgubat it is
no longer a process of finite variation;

e Feasible combinations of these phenomena within one SDiEthatits solu-
tion still is a semimartingale strong Markov process.
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For each of the extensions, our overview provides the speoifnditions on the
SDE under which there exist strongly unique semimartingalations. We also
presented a novel approach to prove strong Markov propertgdneral stochastic
hybrid processes.
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