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A B S T R A C T   

The field of fracture mechanics started with Griffith’s energy concept for brittle fracture in 1920. 
In 1963, Paris et al. used a fracture mechanics’ parameter to introduce an equation for the fatigue 
crack growth rate in ductile materials and this equation is now commonly known as the ‘Paris 
law’. However, the Paris law and the semi-empirical models that followed ever since do not fully 
account for the main intrinsic and extrinsic properties involved with fatigue crack growth in 
metallic alloys. In contrast, here a dimensionally correct fatigue crack growth rate equation is 
introduced that is based on the original crack driving force as introduced by Griffith and the 
presence of plasticity in a metal to withstand crack propagation. In particular it is shown that the 
fatigue crack growth rate shows a power law relationship with the cyclic strain energy release 
rate over the maximum stress intensity factor. The new description corrects for the ratio between 
the minimum and maximum stress in a cycle during constant amplitude loading and for crack 
growth retardation under variable amplitude loading. The method has been successfully applied 
to variable amplitude crack growth with spectra that are representative of different fatigue 
dominated aircraft locations. As such, it allows for accurate predictions of variable amplitude 
fatigue crack growth life in aerospace structures.   

1. Introduction 

The research field of fracture mechanics started with the introduction of Griffith’s energy concept for brittle fracture in glass [1]. 
After establishing equivalency between an energy and a stress based approach, the propagation of a brittle crack was described by the 
concentration of elastic stress near the tip of the crack, the so-called stress intensity factor [2]. In 1963, Paris and Erdogan used the 
range of the stress intensity factor during a loading cycle to introduce an equation for the fatigue crack growth rate in ductile engi
neering materials [3]. This equation is now commonly known as the ‘Paris law’ [4]. However, the Paris law and the semi-empirical 
models that followed ever since do not fully account for the main intrinsic and extrinsic properties involved with fatigue crack 
growth in metallic alloys, e.g. the Young’s modulus, plasticity and the applied stress range [4–8]. Fatigue crack growth depends on 
specific aircraft usage and the predictive capabilities of the current crack growth models for variable amplitude loading are inadequate 
due to the aforementioned limitations of the Paris law and other semi-empirical models [9–13]. This confines the aircraft operation to 
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Nomenclature 

a Crack length 
a0 Crack length after zero cycles or turning points 
af Crack length after f turning points 
ar Crack length at a specific fatigue crack growth rate 
b Burgers vector 
C Crack growth rate constant 
di Characteristic length scales 
E Young’s modulus 
f Number of turning points 
G Strain energy release rate per unit thickness 
GC Critical strain energy release rate per unit thickness 
Gmax Maximum strain energy release rate per unit thickness 
GI Strain energy release rate of a linear elastic, quasi-static crack in mode I 
h Power law exponent in the FSI 
Jc Critical value of the J-integral 
Jmax J-integral at the maximum stress 
Jmin J-integral at the minimum stress 
K Stress intensity factor 
Kmax Maximum stress intensity factor 
Kmss Stress intensity factor for the MSS 
Kref Stress intensity factor for the applied reference stress 
N Cycles 
n, j, m Power law exponents 
p, q Experimentally determined parameters 
r0 Atomic spacing 
R Stress ratio 
Rt Turning point stress ratio (with respect to the MSS) 
S Stress 
Smax Maximum stress 
Smin Minimum stress 
Sref Applied reference stress during a FCGR test 
v Poisson’s ratio 
Vr Reference voltage 
W Specimen width 
β Geometry factor 
ΔG Cyclic strain energy release rate per unit thickness 
ΔJ Range of the J-integral 
ΔK Stress intensity factor range 
ΔKeff Effective stress intensity factor range 
ΔS Stress range 
ΔU′ Cyclic strain energy density (CSED) 
ε̇ Strain rate 
Kmax

E Maximum strain intensity factor 
da
dN Fatigue crack growth rate per cycle 
da
dNA Fatigue crack growth rate per variable amplitude cycle in spectrum A 
da
dNB Fatigue crack growth rate per variable amplitude cycle in spectrum B 
ΔK
E Strain intensity factor range 
f(R) Stress ratio function 
φ(R) Crack closure correction function 
AA Aluminium alloy 
CA Constant amplitude 
CSED Cyclic strain energy density 
DCPD Direct current potential drop 
EDM Electric discharge machined 
FCGR Fatigue crack growth rate 
FSI Fatigue severity index 
LEFM Linear elastic fracture mechanics 
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the usage spectrum that was applied during the full scale fatigue test of the aircraft. 
Here a dimensionally correct crack growth rate equation for tension–tension fatigue is introduced that accounts for the main 

intrinsic and extrinsic properties involved with fatigue crack growth in ductile materials. It will be shown that the new description 
intentionally corrects for the ratio between the minimum and maximum stress in a cycle during constant amplitude loading and for 
crack growth retardation under variable amplitude loading. 

2. Theoretical background 

Griffith used an energy concept to explain the difference between the theoretical strength of brittle materials and the experi
mentally observed strength [1]. Griffith’s criterion states that unstable propagation of a quasi-stationary crack occurs upon loading 
when the energy released by a growing crack is greater than the energy needed to create new free surfaces. Combined with the work of 
Irwin [2], the unstable propagation of a quasi-stationary crack in brittle materials occurs when: 

K2
max

E
= GC (1)  

where Kmax is the maximum stress intensity factor, which represents the stress field around the tip of the crack at the maximum applied 
stress, E is the Young’s modulus and GC is the critical strain energy release rate per unit thickness. The strain energy release rate per 
unit thickness, G, is generally considered as the driving force for crack propagation in brittle materials. Since only limited plastic 
deformation is expected in brittle materials, the stress field around the crack tip is largely linear elastic and hence this research field is 
called linear elastic fracture mechanics (LEFM). 

Research in the late 1950′s indicated that the linear approximation of the stress field around the crack tip could also be used for 
small crack extension in ductile engineering materials during cyclic loading. The maximum strain energy release rate per unit 
thickness, Gmax, and Kmax were both used to correlate crack growth rates [5,14], but Paris et al. argued that the crack growth rate 
should also depend on R, i.e. the ratio between the minimum stress and the maximum stress in a constant amplitude cycle [14]. 
Subsequently, Paris and Erdogan showed in 1963 that fatigue crack growth rate (FCGR) data can be best correlated to the stress in
tensity factor range, ΔK, i.e. to the applied range of stress [3]: 

da
dN

= C((1 − R)Kmax )
n

(Paris law) (2)  

where ΔK is written as a function of Kmax and the stress ratio, R. Eq. (2) is frequently referred to as the Paris law [4]. The constant, C, 
and exponent, n, are material parameters that are determined experimentally and the values apply for the equation for which they are 
obtained. There is a linear relationship between log C and n, which indicates that the constant C is not independent of n and conse
quently the physical units of C depend on n [15]. The rationale for applying ΔK, i.e. Kmax and the stress ratio R, is that identical in
tensity factors of the elastic stress field will result in identical yielding zones near the tips of the ‘quasi-static’ cracks in elastic–plastic 
material, provided that the zones where elastic–plastic yielding occurs are small compared to other geometric dimensions of the 
system, such as the crack length and thickness [14]. 

Frost and Greenan and, independently, Pearson showed for a stress ratio R of almost equal to zero that the crack growth rates for 
materials with different Young’s moduli merge onto a single curve when the main factor governing the crack growth rate is the 
concentration of elastic strain at the crack tip [6,7], i.e. 

da
dN

= C
(

Kmax

E

)n

(3) 

However, Eq. (3) does not account for the stress range. Neither does it address the mean stress effect, which refers to the fact that 
the FCGR only correlates with ΔK at a given stress ratio. Basically, the term (1-R) in the Paris law is not sufficient to correlate all FCGR 
data to Kmax. To solve the stress ratio problem, the range of an effective stress intensity factor, ΔKeff, was introduced by Elber in 1971 to 
explain the different fatigue crack growth rates at different stress ratios for a given material [8]: 

da
dN

= C
(
ΔKeff

)n (4)  

where 

LW Wing lower skin 
M(T) Middle Tension 
MSS Maximum spectrum stress 
PZR Plastic zone radius 
SSY Small scale yielding 
VA Variable amplitude 
WRBM Wing root bending moments  
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ΔKeff = φ(R) ⋅ (1 − R)Kmax (5)  

and 

φ(R) = 0.5+ 0.4R (6) 

The introduction of the effective stress intensity factor range was argued from the observations that upon unloading after the 
maximum stress the crack faces already touch each other before the minimum stress is reached. Since a crack cannot propagate while it 
is closed, the stress range that can effectively be used for crack extension is shortened, hence the name effective stress intensity factor 
range. Different empirical functions for the crack closure correction functions, φ(R), have been proposed [8,16]. It is noteworthy that 
the crack closure correction functions, being a rather simple multiplier to the original proposal of Paris and Erdogan, are all based on 
experiments and not on theoretical considerations. 

Alternatively, to incorporate the influence of crack tip plasticity and to account for stress ratio effects, Walker included a Kmax in the 
FCGR equation in 1970, just prior to the introduction of ΔKeff by Elber [8,17]. Walker included Kmax by an equivalent stress1 resulting 
in a two parameter modified Paris-type FCGR equation [17]: 

da
dN

= CΔKjKm
max (7) 

Several modifications and justifications of Eq. (7) are discussed in literature where the material parameters j and m are either 
correlated or uncorrelated to each other [18–21]. The inclusion of Kmax in the FCGR equation can be justified by a competition between 
brittle and ductile fatigue mechanisms, where the brittle mechanism is controlled by Kmax and the ductile mechanism by ΔK, or by 
plasticity, where a change in Kmax at a given ΔK would cause a change in the radius of the plastic zone. The latter is proportional to Kmax 
squared, according to experimental- and theoretical work as well as finite element modelling [2,22–27]. During fatigue crack growth 
the plastic zone has to be displaced over a distance equal to the crack increment after each cycle. As a result, more energy is consumed 
by plastic deformation for a larger Kmax at a given ΔK. However, Eq. (7) is also a Paris-type power law relationship that depends on 
Kmax and a function of R: 

da
dN

= C
(
(1 − R)

n− m
n ⋅ Kmax

)n
(8)  

where n = j + m. In fact, Eqs. (2), (4) and (8) are all power laws with exponent n and Kmax times an additional function of R under the 
exponent: 

da
dN

= C(f (R) ⋅ Kmax)
n (9)  

where the stress ratio function f(R) is used to account for the stress range ΔS in a constant amplitude cycle, which is typically regarded 
as the driving force, and for the effect of stress ratio on the FCGR. Therefore, when the minimum stress changes for a given maximum 
stress, than both the stress range and the stress ratio change. However, in fact only one parameter changes, which is the minimum 
stress. Thus, when the effect of the minimum stress in a constant amplitude cycle is properly incorporated in a theoretical framework, it should 
predict the FCGR for different minimum stresses and hence different stress ratios. 

Instead of using the stress range with the stress intensity factor Barsom used the cyclic strain energy release rate per unit thickness, 
ΔG, to correlate the FCGR of various metals in 1971 [28]: 

ΔG =

(
1 − R2

)
K2

max

E
(10) 

Barsom used ΔG to correlate the fatigue crack growth rates of steel, titanium and aluminium alloys, even though the experimental 
results showed better correlations for the strain intensity factor range [28,29]: 

ΔK
E

=
(1 − R)Kmax

E
(11)  

The inverse proportional relationship of the Young’s modulus with Kmax was initially observed by Frost & Greenan and Pearson has 
been confirmed and discussed by others [4,6,7,30–37]. Note that Eq. (11) is different than Eq. (10), where the Young’s modulus is 
inverse proportional with K2

max. 
It is notable that the cyclic strain energy release rate per unit thickness, ΔG, is widely used to correlate fatigue crack growth rates of 

composite materials, because G is easy to calculate and K is ill-defined in an inhomogeneous material even though they are correlated 
[38–40]. However, there is still an ongoing debate whether ΔG is the proper parameter of similitude for composite materials [40–42]. 
Chow et al. used ΔG to correlate the FCGR of various metals and polymers [43–45]. At a later stage, they included the critical strain energy 
release rate, Gc, and the Gmax in the equation and represented it in a more generalized form to cover a wide range of materials [45,46]: 

1 In the paper the equivalent stress is called the effective stress. However, after the introduction of the crack closure by Elber in 1971, the effective 
stress range is nowadays associated with the difference between the maximum stress and the opening stress. 
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da
dN

= C
ΔJn

Jc − Jmax
(12)  

where Jc is the critical value of the J-integral and ΔJ the difference between the J-integral at the maximum stress (Jmax) and minimum 
stress (Jmin). There are others who also related the FCGR with ΔJ for short cracks, small scale yielding (SSY) and large scale yielding 
conditions, the latter being appropriate for region III in the fatigue crack growth curve or for low cycle fatigue [47–55]. Under SSY 
conditions the J-integral is equal to G and Eq. (12) can be expressed in terms of G. 

3. Methods and materials 

In this paper a phenomenological model is designed by examining the influence of the most important parameters and assessing 
their precise functionality in a fatigue crack growth rate (FCGR) equation. Many of the empirical models, like Eq. (2), are dimen
sionally incorrect and do not contain intrinsic material properties that are known to affect the FCGR, e.g. the Young’s modulus [4,6,7]. 
Dimensional analysis has been performed in literature, but without conclusive results on the parameter of similitude for fatigue crack 
growth [12,34,56–59]. Characterisation of each parameter that influences the FCGR is the first step in a phenomenological model of 
fatigue crack growth. Constructing a dimensionally correct equation with those parameters is the second step. 

As shown in the previous sections, it is common practice to use ΔK or Kmax with a function of R as crack driving force for fatigue 
crack growth rate, where higher values of the crack driving force result in higher fatigue crack growth rates. Therefore, the applied 
maximum stress, the minimum stress and the crack length are the main parameters that affect the FCGR for a given material, geometry 
and environment and test frequency. The influence of the latter parameters are usually incorporated in the material constants, e.g. C 
and n of Eq. (2), and the geometry factor, β. During constant amplitude FCGR tests the only parameter that influences the FCGR during 
the test is the crack length. Since exact reconstruction of the a-N curve is possible for FCGR tests with a constant range of stress, the 
influence of the crack length on the FCGR has been fully characterised [60]. To characterise the influence of the remaining test pa
rameters, a total of 61 middle tension (M(T)) specimens of 7075-T7351 were tested in constant amplitude tension–tension loading with 
a variety of minimum and maximum stresses, which resulted in 13 different stress ratios ranging from R = 0.01 to R = 0.77. Other test 
parameters were kept constant by only testing M(T) specimens, removed from plates with a single lot number, testing under lab air 
conditions and a single test frequency. 

M(T) specimens with dimensions of 500 mm × 160 mm were obtained from aluminium alloy (AA) 7075-T7351 plate material with 
a thickness of 6.35 mm. Next to the 61 M(T) specimens of 7075-T7351, additional M(T) specimens from the same plates were given an 
annealing heat treatment at 415 ◦C for 2 hr, furnace cool to 230 ◦C at 30 ◦C/hr, 6 hr at 230 ◦C and air cool (treatment f from Table 13 in 
[61]) to investigate the effect of yield stress on the FCGR. The rolling direction was in the length of the M(T) specimens, hence loading- 
crack growth was in the L-T direction. Fatigue crack growth starter notches were central holes (1.6 mm diameter) with 0.7 mm deep 
electric discharge machined (EDM) slots on either side of the hole (total starter notch length of 3 mm). The EDM wire thickness was 
0.16 mm. The area next to the starter notch was polished for optical crack growth measurements on both the front and rear side of the 
specimens. 

Constant amplitude (CA) fatigue crack growth tests were performed using a 13.5 Hz sinusoidal load that was introduced in lab air 
environment by a servo-hydraulic test machine with a 200 kN load cell. The same maximum stress and stress ratio as for the actual test 
was used for pre-cracking the M(T) specimen to a single side crack length, a, of about 2 mm. The actual crack length after pre-cracking 
was measured with an optical travelling microscope. 

Holes were present at 8 mm above and below the starter notch hole for copper pins. These were used for automated crack length 
measurements by direct current potential drop (DCPD). The current was introduced to the specimen at the clamps. The DCPD data was 
converted to crack length data using Equation A2.5 in ASTM E647 [62]. The reference voltage, Vr, in Equation A2.5 in ASTM E647 was 
adjusted for each specimen such that the crack length from the DCPD measurement at the start of the test was equal to the crack length 
measured with the optical travelling microscope after pre-cracking. 

The stress intensity factor, K, for the M(T) specimens is calculated by: 

K = β(a)S
̅̅̅̅̅
πa

√
(13)  

where S is the remotely applied stress, a the crack length and β the Feddersen final width correction that is calculated according to 
ASTM E647 [62]: 

β =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sec
(πa

W

)√

(14)  

where W is the width of the specimen. 
Variable amplitude (VA) fatigue crack growth rate tests were performed on 7075-T7351 M(T) specimens from the same plates. The 

crack length vs. cycles (N) curves for constant and variable amplitude loading were fitted using the method described in Amsterdam et 
al. to obtain the FCGR per CA or VA cycle as a function of the crack length [60,63]. 

The number of VA cycles in the wing lower skin spectrum is 5563, where the number of VA cycles is half the number of turning 
points in a spectrum. The spectrum that is based on wing root bending moments (WRBM) of a fighter aircraft was modified three times 
to increase the severity of the spectra by randomly changing the stress for a large number of turning points (but keeping them between 
0 MPa and the maximum spectrum stress). The WRBM spectrum and the three modifications have 1739 VA cycles. The WRBM spectra 
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were applied with a reference stress of 90 MPa and the number of repeats during the FCGR tests ranged from 207 for the modified 
spectrum with the highest severity to 731 for the original WRBM spectrum. The wing lower skin spectrum was applied with a reference 
stress of 115 MPa and was repeated for at least 716 times during the FCGR tests. Three specimens were tested for each VA spectrum 
with an average frequency between 14 and 20 Hz for the severest WRBM-M3 and least severe wing lower skin spectra, respectively. 

4. Results 

4.1. Constant amplitude fatigue 

Barsom used the range of the original crack driving force, ΔG, to correlate the fatigue crack growth rates of steel, titanium and 
aluminium alloys, even though the experimental results of Barsom and others show better correlations for the strain intensity factor 
range, ΔK/E [4,6,7,28,30–37]. However, the maximum strain intensity factor in Eq. (3) can easily be rewritten as a function of the 
maximum strain energy release rate by multiplying both the numerator and denominator by Kmax: 

da
dN

= C
(

Kmax

Kmax

Kmax

E

)n

(15) 

Combining Eqs. (15) and (10) so as to account for different stress ratios results in: 

da
dN

= C
(

ΔG
Kmax

)n

= C

((
1 − R2

)
Kmax

E

)n

for R ≥ 0 (16)  

where ΔG/Kmax is the new parameter of similitude and ΔG can be regarded as the fatigue crack driving force and the inverse of Kmax 
can be related to the presence of plasticity. 

Fig. 1 shows a fatigue crack growth rate master curve for AA7075-T7351 [60]. By definition the FCGR curves for different stress 
ratios create a master curve when the correct parameter of similitude is used. If ΔG/Kmax is the correct parameter of similitude for the 
fatigue crack growth rate, than ΔG/Kmax should be constant for a specific fatigue crack growth rate, i.e.: 

ΔU′ ⋅
2

Smax
⋅ β

̅̅̅̅̅
πa

√
= constant (17)  

where ΔG/Kmax is written as a function of cyclic strain energy density, ΔU’: 

ΔU′

=

(
1 − R2

)
S2

max

2E
(18) 

Fig. 1. Fatigue crack growth rate master curve as a function of ΔKeff [60]. For this master curve ΔKeff is used as the parameter of similitude, which is 
calculated using the Schijve crack closure correction: φ(R) = 0.55 + 0.33R + 0.12R2 [34,35]. 54 specimens with 11 different maximum stresses and 
13 different stress ratios are included in the master curve. The dashed lines indicate that the parameter of similitude is constant for the given da/dN. 
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Fig. 2. (a) Schematic of cyclic loading tests as a function of time for two different stress ratios, but equal cyclic strain energy density, ΔU’. (b) 
Schematic of stress–strain response and plastic zone radius for test I with R = 0. (c) Schematic of stress–strain response and plastic zone radius for 
test II with R = 0.8. The cyclic strain energy release rate, ΔG, is equal for both tests (d) Inverse crack length term at 6.18⋅10-8 m/cycle as a function 
of the cyclic strain energy density for different Smax. The open data points correspond to specimens tested at only one stress ratio and the filled data 
points correspond to specimens tested at multiple stress ratios. The dashed lines are linear fits of the corresponding data. (e) relative slope as a 
function of the relative inverse Smax. The slope and maximum stress of the 80 MPa fit was used as a reference (see also Table 1). 
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Any change in the maximum and/or minimum stress should result in a change in crack length at which that specific FCGR occurs: 

1
β(a)

̅̅̅̅̅
πa

√ =
constant

Smax
⋅ ΔU ′ (19) 

Eq. (19) indicates that if ΔG/Kmax is the correct parameter of similitude the inverse square root of the crack length at a given FCGR 
and Smax should be proportional to the cyclic strain energy density. For a given Smax, the cyclic strain energy density, ΔU’, can be varied 
by varying the minimum stress (see Eq. (18)). 

Fig. 2d shows that the inverse square root of the crack length at an FCGR of 6.18⋅10-8 m/cycle has a linear relationship with ΔU’ for 
a given maximum stress. This FCGR lies in the middle of the FCGR curve and corresponds to a transition point with a large difference in 
the slope before and after the transition (see Fig. 1) [60]. Since each curve in Fig. 2d has a different intercept of the ordinate and a 
different number of data points, the slope of each curve for a particular maximum stress was determined using the intercept of Smax =

80 MPa (see Table 1). Fig. 2e shows the relative slope of each maximum stress for the intercept of Smax = 80 MPa as a function of the 
relative inverse maximum stress. The slope and maximum stress of the 80 MPa fit was used as a reference. Fig. 2e clearly shows that the 
slope has an inverse relationship with the maximum stress (see Eq. (19)). 

The linearity in both Fig. 2d and 2e is evidence that the parameter of similitude consists of two separate parameters, i.e. ΔG and 
Kmax. In this work ΔG is related to the amount of energy that is available for crack extension and Kmax is related to the amount of plastic 
energy absorbed during crack extension. It accounts for the increase of the plastic zone radius with increasing maximum stress in
tensity factor, which is not included in LEFM. When the same amount of cyclic strain energy is supplied to a specimen, the FCGR 
decreases with increasing maximum stress, because more energy is necessary to displace the larger plastic zone that results from a 
greater maximum stress (see Fig. 2). Eq. (16) does not violate the SSY criteria, because it still assumes that the cyclic strain energy 
release rate and that the influence of the plastic zone size are governed by the magnitude of the elastic stress field, hence by the stress 
intensity factor. 

Whether physical closing of a fatigue crack upon unloading is responsible for the stress ratio effect has been the subject of debate 
since its introduction [13,64,65]. James concluded that despite numerous papers on the subject have been written, there is still 
considerable disagreement and confusion as to the nature, magnitude, measurement and interpretation of fatigue crack closure [13]. 
Especially, since the crack closure correction, φ(R), is also applied for minimum stresses above the stress for which crack closure occurs 
(R > 0.15–0.35). Fig. 3 shows the comparison between the stress ratio functions f(R) in Eq. (5), where f(R) = φ(R)(1 − R), for different 
crack closure corrections φ(R) and the cyclic strain energy density (CSED) correction in Eq. (16); 1-R2. Since the crack closure cor
rections of Elber and Schijve are showing that ΔKeff ≈ ΔK/2 for R = 0, a factor ½ is incorporated in the CSED correction for the sake of 
comparison [8,16]. Fig. 3 shows that the stress ratio functions f(R) are almost equivalent to the term 

(
1 − R2)⋅1/2. This indicates that 

the empirically determined crack closure correction, φ(R), was necessary to correct for the fact that the stress range was used in the 
FCGR equation instead of the cyclic strain energy density (CSED). This does not negate the physical opening and closing of the crack 
during loading and unloading, respectively, or the resulting bi-linearity of the stress–strain curve. It only indicates the crack closure 
phenomenon is not responsible for the observed stress ratio / mean stress effect. 

Although Eq. (16) is a big step forward, it is still incorrect as far as physical units are concerned and does not contain pivot points as 
introduced earlier [60]. Many authors indicate that fatigue crack growth is governed by different micro-mechanisms and result in 
different fatigue crack growth rates, i.e. different slopes in the FCGR curve [19,66–78]. The change in micro-mechanism is usually 
reflected by a change in the fracture surface topography [19,67–71,74–78]. The transition from one micro-mechanism to the next 
occurs when the monotonic or cyclic plane strain plastic zone dimensions become equal to characteristic microstructural dimensions 
[66–69,72,73,76]. Amsterdam et al. introduced mathematical pivot points to accommodate for the changes in the FCGR slope and to 
make the argument of the power law dimensionless [60]. The parameter of similitude is ΔG/Kmax and it has the physical unit of √m. 
Therefore, characteristic length scales, di, are introduced at which the micro-mechanisms of crack growth changes when the monotonic 
or cyclic plane strain plastic zone dimensions become equal to the characteristic microstructural dimensions [60,66–69,72,73,76]: 

da
dN

=
da
dNi

(
ΔG

Kmax
̅̅̅̅̅̅̅
πdi

√

)ni

for R ≥ 0 (20) 

Table 1 
Coefficients of linear regression in Fig. 2.  

Smax (MPa) Slope Intercept Slope Intercept* 

36    487.5  − 0.345 
56  298.3  − 0.136  308.7  − 0.345 
68    251.3  − 0.345 
80  214.7  − 0.345  214.7  − 0.345 
90    193.4  − 0.345 
92  188.4  − 0.463  185.4  − 0.345 
96    177.8  − 0.345 
100  176.6  − 0.625  171.8  − 0.345 
106  158.8  − 0.444  157.2  − 0.345 
120    142.1  − 0.345 

* The intercept of the ordinate was fixed at the value for Smax = 80 MPa. 
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The term 
̅̅̅̅̅̅̅
πdi

√
is related to the pivot points and holds the same physical unit as ΔG/Kmax. As a result, the argument of the power law 

is dimensionless and Eq. (20) becomes a dimensionally correct FCGR equation. The Young’s modulus is included in Eq. (20) through 
ΔG and the resulting E

̅̅̅̅̅̅̅
πdi

√
term in Eq. (20) is similar to in literature proposed terms E

̅̅̅
b

√
and E ̅̅̅̅r0

√ , where b is the magnitude of the 
Burgers. 

vector and r0 the atomic spacing [12,31,33,34,79,80]. Incorporating the terms E
̅̅̅
b

√
and E ̅̅̅̅r0

√ into the Paris law had the purpose of 
incorporating the Young’s modulus dependency and correctness of the physical units. However, they were not introduced based on 
physical arguments as is the case for Eq. (20), where the Young’s modulus dependency originates from the cyclic strain energy release 
rate, i.e. a fracture mechanics parameter, and the √πdi term originates from the presence of transition points in the FCGR curve that 
occur when the monotonic or cyclic plane strain plastic zone dimensions become equal to characteristic length scales in the micro
structure [60]. Although the power law formulation is scale invariant and at this point the physical meaning of the internal length 
scales is unclear, the constant π is incorporated in the 

̅̅̅̅̅̅̅
πdi

√
term to cancel out the constant √π in the stress intensity factor that is raised 

to different exponents, ni, without the presence of π in 
̅̅̅̅̅̅̅
πdi

√
. The transition from region I to region II of the FCGR curve occurs at about 

7⋅10-10 m/cycle and for small cracks this occurs at ΔG/Kmax = 2.16⋅10-5 m1/2 [60]. This results in a di of 1.49⋅10-10 m, which is close to 
the atomic radius of 1.43⋅10-10 m for aluminium [81], and is in accordance with similar observations of Fleck et al. for the different 
metals [80]. Hence, the characteristic length scale for the first pivot point in the FCGR curve could be the atomic radius. 

The definition of the strain energy release rate of a linear elastic, quasi-static crack in mode I, GI, is different for plane strain and 
plane stress conditions [4]: 

GI =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

GI =
(
1 − v2)K2

I

E
, for plane strain

GI =
K2

I

E
, for plain stress

(21)  

where v is Poisson’s ratio. Although it is straightforward to calculate ΔG for a growing crack in a ductile material using GI,max at the 
maximum stress and GI,min at the minimum stress during a constant amplitude cycle, the physical meaning of ΔG is less clear. It 
becomes even more unclear at the transition from plane strain to plane stress, where the shear lips gradually develop [15,82,83]. 
Amsterdam et al. modelled the transition from plane strain and plane stress conditions using a pivot point and a different slope after the 

Fig. 3. Stress ratio functions for different crack closure corrections and the present model that is based on cyclic strain energy density (CSED). The 
CSED correction (1-R2) was multiplied by 1/2 for the sake of comparison. 
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transition from plane strain to plane stress [15,60]. Therefore, Poisson’s ratio is not included in Eq. (20), but the change in stress state is 
incorporated using different exponents, ni, for plane strain and plane stress conditions (see also the following paragraphs related to 
Fig. 5) [60]. 

Although the yield stress has an effect on the plastic zone radius, it does not have a significant effect on the fatigue crack growth rate 
[34,36,84]. Amsterdam et al. already showed for a maximum stress of 80 MPa and R = 0.1 that the FCGRs of 7075-O (annealed) and 
7075-T7351 are similar despite a factor 4 difference in yield stress [60]. In the same work it was shown that the FCGR increases with 
Smax at a given ΔK and R [60]. This effect is already present for Smax less than half the yield stress, but it increase considerably when the 
Smax approaches the yield stress. The phenomenon is referred to as ‘the maximum stress-yield stress ratio phenomenon’ [60]. Fig. 4 
shows the FCGR of a 7075-T7351 and a 7075-O specimen. The maximum stress is well below half the yield stress of 433 and 108 MPa 
for 7075-T7351 and 7075-O, respectively [60]. Even though the FCGR is slightly higher at the beginning of the curve for 7075-T7351, 
the overall FCGR is similar for both alloys despite the factor 4 difference in yield stress. Although the yield stress has an effect on the 
plastic zone radius [27], it does not have an effect on the FCGR. Based on these experimental results the yield stress is not directly 
incorporated in Eq. (20) and dimensional analysis also indicates that it does not have to be included in the parameter of similitude or 
the argument of the power law. However, the yield stress does have an effect on the FCGR through the maximum stress-yield stress 
ratio phenomenon and how this effect can be incorporated in Eq. (20) will be discussed in the subsequent section. The yield stress 
becomes important for fatigue, where the initial crack lengths are very small and the maximum stress approaches the yield stress. 
Hence, for maximum stress less than half the yield stress the yield stress does not have an influence on fatigue crack growth rate or 
different mechanisms cancel each other out, but for fatigue, where the maximum stress approaches the yield stress, the yield stress is 
important and explains the influence of yield stress on the fatigue life. 

The principal finding of this study is Eq. (20), where ΔG/Kmax is the parameter of similitude that has been established based on the 
linearity in both Fig. 2d and 2e. However, the fact remains that the linear fits in Fig. 2d do not go through the origin. To elaborate on 
this further, Fig. 5 shows the FCGR as a function of ΔG/Kmax for a maximum stress of 80 MPa and two different stress ratios. Only these 
stress ratios are shown for comparison, even though six different stress ratios were tested at Smax = 80 MPa. The transitions in the FCGR 
curves occur at specific ΔG/Kmax values, which is as expected, but there are differences in the slopes of regions IIc (n4) and IId (n5) for 
the two different stress ratios [60]. The transition from region IIc to IId corresponds to the transition from plane strain to plane stress 
condition [60]. The insert shows that over a broader range of stress ratios the exponent n4 decreases with increasing stress ratio and for 
exponent n5 the opposite trend can be observed. If the exponents ni of a power law curve with multiple pivot points are not the same, 
the curves cannot collapse onto a master curve by simply applying a correct parameter of similitude. 

When the FCGR curves for R = 0.1 and R = 0.54 are inspected more closely, it is clear that the differences between these curves are 

Fig. 4. FCGR as a function of ΔG/Kmax for a 7075-T7351 and a 7075-O (annealed) specimen.  
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not limited to differences in the exponents n4 and n5. Also the FCGR of the second pivot point in the R = 0.54 curve is slightly lower 
compared to the first one of the R = 0.1 curve. The figure shows that on average the FCGR over a range of ΔG/Kmax has decreased for a 
higher stress ratio. It is possible that crack growth process is slightly less efficient at higher stress ratios due to interactions between the 
monotonic and cyclic plastic zone or less re-sharpening of the crack tip [4]. This introduces a new stress ratio dependency and an 
additional correction is necessary to put the R = 0.1 and R = 0.54 curves with the same Smax on top of each other at 6.18⋅10-8 m/cycle. 
The additional stress ratio dependency as well as the aforementioned maximum stress-yield stress ratio phenomenon can be taken into 
account as follows: 

da
dN

=
da
dNi

(
(
1 − R2)qSp

max

E
β
̅̅̅̅̅
πa

√

̅̅̅̅̅̅̅
πdi

√

)ni

for R ≥ 0 (22)  

where q and p are experimentally determined parameters that account for additional small influences of R and Smax on the FCGR, 
respectively. 

Fig. 5b is a contraction of Fig. 2d and 2e and shows that the inverse crack length term at 6.18⋅10-8 m/cycle is proportional to the 
normalized stress related term in Eq. (22) when parameters q and p are both 1.0482. For these values the proportionality constant and 
intercept are unity and zero within four digits, respectively. Hence, the remaining differences between all FCGR curves at 6.18⋅10-8 m/ 
cycle are corrected for by the additional factors (Smax)0.0482 and (1-R2)0.0482. 

Note that the introduction of the parameters q and p is one method to quantify the remaining differences in the FCGR curve at 

Fig. 5. (a) FCGR as a function of ΔG/Kmax for four specimens tested at R = 0.1 and two specimens tested at R = 0.54. Smax = 80 MPa for all six 
specimens. The insert shows the exponent of regions IIc (n4) and IId (n5) as a function of the stress ratio for all specimens. The dashed lines are linear 
fits of the corresponding data. (b) Relative inverse crack length term at 6.18⋅10-8 m/cycle as a function of the relative stress term for all specimens. 
One specimen with Smax = 100 MPa and R = 0.4 was used as reference specimen. The dashed line shows the linear fit. 

E. Amsterdam et al.                                                                                                                                                                                                   



Engineering Fracture Mechanics 286 (2023) 109292

12

Fig. 6. (a) Schematic of a normalized variable amplitude spectrum as a function of time. The spectrum is plotted with a constant strain rate, ε̇. (b) 
Average fatigue crack growth rate per cycle as a function of Kref/E for five VA spectra and constant amplitude loading with R = 0.01. Each curve 
corresponds to a specimen and only one specimen per spectrum is shown for clarity. (c) FCGR at Kref/E = 4⋅10-4 √m as a function of FSI for three 
specimens per VA spectra and per CA loading with R = 0.01 (see also grey dotted line in (b)). The FSI was determined with h = 2.73. 
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6.18⋅10-8 m/cycle and for this range of Smax. As such, the main purpose of Eq. (22) and Fig. 5 is to show that the additional stress ratio 
dependency as shown in Fig. 5 and the maximum stress-yield stress ratio phenomenon as introduced in Ref. [60] are the reasons why 
the fits in Fig. 2d do not go through the origin. Addressing these observations and their physical mechanism is the subject of future 
work. Eq. (20) is the newly proposed equation and the equation only contains the pivot points as fitting parameters for a given material 
and environment. The pivot points are basically equal to the numbers in tabular FCGR data [85]. The exponents ni are determined by 
the pivot points. Hence the number of fitting parameters in Eq. (20) are the same as in the Paris law for a linear FCGR curve in region II, 
i.e. da/dN1 and n1 if the atomic radius is used for d1, and increases for a multi-linear FCGR with increasing number of pivot points. 

4.2. Variable amplitude fatigue 

In general most engineering structures and components are subjected to cyclic loading with variable amplitude. Small amplitude 
cycles that follow after a larger amplitude cycle lead to less crack growth compared to the same small amplitude cycles prior to the 
larger amplitude cycle. Although Eq. (20) has been derived for constant amplitude fatigue crack growth, here an important finding is 
that it can also be used for a variable amplitude model that accounts for crack growth retardation. During variable amplitude loading 
the crack growth is retarded after the occurrence of a large stress peak in the spectrum. Since the Kmax

-1 term in Eq. (20) is related to the 
plastic zone radius of the maximum stress in a loading cycle, crack growth retardation can be accounted for by using the maximum 
stress of a large stress peak for the Kmax

-1 term of the smaller amplitude cycles that follow afterwards. In essence, this indicates that crack 
growth from the smaller amplitude cycles occurs in the plastic zone created by the large stress peak earlier in the spectrum. The latter 
assumption is similar to the older Wheeler retardation model [86]. 

Each variable amplitude spectrum can be normalized by the maximum stress in the spectrum, i.e. the maximum spectrum stress 
(MSS), and Rt becomes the ratio between the stress at a turning point t and the MSS. For the boundary condition that the variable 
amplitude spectrum and the maximum spectrum stress is repeated before the crack grows out of the plastic zone of the MSS, the crack 
growth rate for a half cycle, i.e. between two turning points t and t-1, can be written as: 

da
dt

=
da
dt i

(⃒
⃒R2

t − R2
t− 1

⃒
⃒K2

MSS

KMSSE
̅̅̅̅̅̅̅
πdi

√

)ni

for Rt ≥ 0 (23)  

where KMSS is the stress intensity factor for the MSS. Eq. (23) is rewritten as: 

da
dt

=
⃒
⃒R2

t − R2
t− 1

⃒
⃒ni ⋅

da
dt i

(
KMSS

E
̅̅̅̅̅̅̅
πdi

√

)ni

for Rt ≥ 0 (24) 

Here the absolute value implies that the unloading part of a VA cycle contributes equally to crack growth as the loading part of a VA 
cycle. The crack length for a total of f turning points after the MSS, af, is: 

af = a0 +
∑f

t=1

⃒
⃒Rt

2 − Rt− 1
2
⃒
⃒ni ⋅

da
dt i

(
KMSS,t

E
̅̅̅̅̅̅̅
πdi

√

)ni

for Rt ≥ 0 (25)  

where a0 is the crack length after the MSS. KMSS,t is the stress intensity factor during the tth turning point and is a function of the crack 
length prior to the tth turning point, at-1. For a given normalized spectrum and limited crack growth after a spectrum block, Rt is in
dependent of the crack length and the applied reference stress, Sref, during the FCGR test. Hence, the term with Rt can be summed 
separately from the term with the stress intensity factor. The summation of the turning point ratios in a spectrum can be divided by the 
total number of turning points to provide an average fatigue severity index (FSI): 

FSI =
1
f

∑f

t=1

⃒
⃒Rt

2 − Rt− 1
2
⃒
⃒hfor Rt ≥ 0 (26)  

where ni in Eq. (25) is replaced by a single value, h. The FSI of a spectrum is proportional to the average of the strain energy between 
turning points to the power h and Fig. 6 illustrates that the FSI is therefore related to the area under the spectrum when plotted with a 
constant strain rate. Hence, the FSI is related to the average energy in a spectrum that is available for crack growth and can act as the 
crack driving force, similarly as ΔG in Eq. (20) for constant amplitude loading. The approach is similar to the block approach, where 
the average crack growth per spectrum block is used [87,88]. For constant amplitude loading with R = 0 the FSI is equal to unity and 
independent of the exponent h. 

Fig. 6 shows the average fatigue crack growth rate per VA cycle as a function of Kref/E for five VA spectra with 0 ≤ Rt ≤ 1 and for 
constant amplitude loading with R = 0.01. Kref is stress intensity factor for the applied reference stress, Sref, during a FCGR test using a 
normalized spectrum and hence equal to KMSS of the unnormalized stress spectrum. The five spectra include a spectrum that is based on 
the VA loading of the wing lower skin of a commercial airliner, a spectrum that is based on wing root bending moments (WRBM) of a 
fighter aircraft and three modifications to the WRBM spectrum that increased the severity. The five spectra differ in severity, which 
result in predominately vertical translation of the FCGR curve, but the shapes of the FCGR curves are similar. Three specimens were 
tested for each VA spectra and for constant amplitude loading with R = 0.01. However, only one curve per specimen is shown in Fig. 6b 
for clarity. The vertical translation between VA FCGR curves is also accompanied by a small horizontal shift. The FSI can be determined 
for each spectrum, where the exponent h is the single parameter. Fig. 6c shows that for h = 2.73 there is a proportional relationship 
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between the average fatigue crack growth rate per VA cycle at Kref/E = 4⋅10-4 √m and the FSI. The results of the three specimens per 
VA spectra are similar, such that the data points in Fig. 6c are on top of each other. The parameter h in Eq. (26) can be regarded as an 
average of the exponents ni. When the a-N curves of the specimens tested with a maximum stress between 80 and 100 MPa and a stress 
ratio between 0 and 0.5 are fitted with a single exponent, than the average and standard deviation of the exponent for these specimens 
is 2.75 ± 0.06. Since the a-N curves are fitted directly with a single exponent, instead of fitting the multi-linear FCGR curve with a 
single slope in the da/dN vs ΔG/Kmax domain, the single exponent corresponds to the weighted average of the slope of the constant 
amplitude FCGR curve. The higher slope in region III of the FCGR curve has limited influence on the single exponent, because there are 
limited cycles in that part of the a-N curve and the fatigue crack growth life does not change much with a change in the region III slope. 
The a-N curves of the other specimens with a lower maximum stress or a higher stress ratio can also be described well with an exponent 
of 2.75, but with a lower power law constant. 

Since the proportional relationship in Fig. 6c does not go through the CA data and a small horizontal shift in the FCGR curve with 
decreasing FSI can be observed in Fig. 6b, it is preferred to determine the FCGR curve of spectrum B relative to a known FCGR curve of 
spectrum A with a similar FSI: 

da
dNB

=
FSIB

FSIA
⋅

da
dNA,i

(
Kref

E
̅̅̅̅̅̅̅̅̅
πdA,i

√

)nA,i

(27) 

The main advantage of the FSI is that the actual spectrum can be used and cycle counting methods, such as the rain-flow cycle 
counting method [89,90], are unnecessary. The FSI is a simple summation with an exponent h that is equal to the weighted average 
slope of the constant amplitude FCGR curve and can be used for different types of VA spectra and different severities. 

The novel method has been applied for an international challenge to blindly predict the VA crack growth in 7075-T7351 material, 
where the specimen geometry and spectrum are representative of the lower surface of a large transport aircraft wing. The purpose of 
the challenge is to further develop variable amplitude models for virtual testing and digital twin applications [9]. Eq. (27) and the FSI 
approach was used in our blind prediction (submission 1) and gave the best prediction compared to other state-of-the-art methods 
[91]. Details of submission 1 is given in the supplementary material. 

6. Conclusions 

A new, dimensionally correct FCGR equation (Eq. (20)) for ductile engineering materials is found that is based on the original crack 
driving force in brittle materials and accounts for the presence of plasticity in metals. Experimental results clearly show that the 
parameter of similitude is proportional to the cyclic strain energy release rate and inversely proportional to the maximum stress in
tensity factor. Hence, crack extension during cyclic loading is driven by the range of strain energy instead of the range of stress as 
advocated by the Paris law. The new parameter of similitude simplifies to ΔK/E for R = 0 and to an equation that is proportional to 
ΔKeff for R > 0. 

The new approach gives a physical explanation for the stress ratio effect, which is usually attributed to crack closure in literature, 
and it accounts for crack growth retardation under variable amplitude loading. The method has been successfully applied to VA crack 
growth in 7075-T7351 material, where the spectra are representative of different fatigue dominated aircraft locations. As such, it 
allows for accurate predictions of variable amplitude fatigue (crack growth) life in engineering structures and components. 

It is concluded that the novel approach presented is an essential step in deriving ab initio the fatigue crack growth rate equation and 
provides an attractive contribution to the development of future digital twin technology and advanced crack growth resistant 
materials. 
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Fokker, Embraer, Airbus, Wärtsilä and Lloyd’s Register are gratefully acknowledged. Scientific discussions with Tim Janssen (GKN 
Fokker), Giorgia Aleixo, Marcelo de Barros (Embraer), Derk Daverschot (Airbus), Jiajun Wang, Aarif Zaheer (Wärtsilä), Weihong He, Li 
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