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Executive summary

targets

Problem area

This report studies the problem of
maintaining tracks of two targets
that maneuver in and out formation
flight, whereas the sensor and
measurement extraction chain
produces fa se and possibly
unresolved and missing
measurements. If the possibility of
unresolved measurementsis not
model ed then one of the tracks may
diverge on false measurements, or
the two tracks may coal esce.

In order to improve this situation,
during a series of studies we have
devel oped exact and novel
approximate Bayesian filtering
approaches to address this problem.
First, we developed a combination
of ajoint IMM for the joint target
maneuver modes with an enhanced
version of JPDA that takes coupling
between target state estimatesinto
account. Werefer to thisagorithm
as Joint IMM Coupled PDA
(JIMMCPDA). Subsequently, for
this IMMCPDA filter we
developed an enhanced version
which addresses track coal escence
avoidance yielding the
JMMCPDA* filter, where the *
stands for avoiding track

coal escence.

UNCLASSIFIED

Description of work

The aim of thework isto
effectively enhance the IMM/JPDA
paradigm to situations of possibly
unresolved measurements from two
targets that maneuver in and out a
formation amidst false
measurements. Thisis
accomplished by combining a
Gaussian shaped two-target
resolution model with a descriptor
system approach towards tracking
multiple targets from missing and
fal se measurements.

First the considered two target track
maintenance problem is defined and
formulated as a problem of filtering
for ajump-linear descriptor system
with identically independently
distributed (i.i.d.) stochastic
coefficients. Next the exact
Bayesian filter recursion is derived.
Subsequently equations for the
mode-conditional mean and
covariance are developed. These
equations are on their turn used for
the development of the Joint
interacting Multiple Model Coupled
Probabilistic Data Association with
Resolution (JIMMCPDAR) filter
and atrack-coalescence-avoiding
version, which isreferred to asthe
JMMCPDAR*.
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Resultsand conclusions Applicability
Monte Carlo simulation results of The applicability of the work
the filters for the problem of comprises the implementation of

tracking two targets that maneuver the IMMCPDAR* filterina
in and out formation flight, show a multitarget tracker, in particular

significant advantage of the ARTAS, yielding a significant
JMMCPDAR* filter which takes performance improvement for
both limited resolution and track tracking targets that maneuver in

cod escence avoidanceinto account.  close approach situations.
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Bayesian tracking of two possibly unresolved maneuvering targets

Henk A.P. Blom & Edwin A. Bloem
National Aerospace Laboratory NLR
Amsterdam, The Netherlands

Abstract _ . I
The paper studies the problem of maintaining tracks of tv\)gvolve targets that maneuver in and out formation flights.

targets that may maneuver in and out formation flightMori_ et al. [4] incc_)rporate_this error function model Within
whereas the sensor and measurement extraction ch |Hlt'ple Hypothesis Tracking (MHT) for non-maneuvering

produces false and possibly unresolved or missin rgets. Koch and VanKeuk [35] introduces a Gaussian

measurements. If the possibility of unresolved measureme aped measure for the probability of resolution for two

is not modelled than it is quite likely that either the twoiargets, and shows that this combines smoothly and

tracks coalesce or that one of the two tracks diverges f ec;tlvely ‘év_'th M?T for rllon-mwli_ll{ver!r;wg Iﬁﬁe;s' Koch
false measurements. In literature a robust measurem [7] combines the resolution- wit or two

resolution model has been incorporated within afgrgets that maneuver in and out formatiqn. Koch [6] alsp
IMM/MHT track maintenance setting. A straightforwarddemonStrmes _that, under appropr!ate__ hypothesis
incorporation of the same model within an IMM and ppAManagement, this approach performs S|gn|f|c§mtly be_ztter
like hypothesis merging approach suffers from tracIEhan the standard IMM/PDA kind of hypothesis merging

coalescence. In order to improve this situation, the pap J)proximation of the exact Bayesian fiIte_r. In [8], par_ticle
develops a track-coalescence avoiding hypotheses mergi rs have also been developed to track!ng a formation of
version for the two target problem considered. Throug 0 or more targets from false and possibly unr_esolved or
Monte Carlo simulations, the novel filters are compared t%ss'ng measurements, but no targets maneuver in or out the
applying hypotheses merging approaches that ignore t mation.

possibility of wunresolved measurements or track- . . . .
coalescence. The aim of this paper is to effectively enhance the

IMM/JPDA paradigm to situations of possibly unresolved
easurements from two targets that maneuver in and out a
ormation amidst false measurements. This is accomplished
y combining the Gaussian shaped two-target resolution
model of [5] with the descriptor system approach towards
tracking multiple targets from missing and false
measurements [9]. The motivation for the development of
this novel approach was triggered by the observation
Fitzgerald [10] made for the situation of neither missed nor
Daum [1],[2] has well explained that, for closely spacedalse measurements: JPDA performance significantly
targets, the probability of resolution typically is worse tharimproves when of all permutation hypotheses are being
the probability of correct measurement association. Hencgsuned except the most probable one. In [9], the descriptor
the problem of possibly unresolved measurements playssgstem formulation has been exploited to extend this
key role when two targets maneuver in and out of positive effect of permutation hypotheses pruning to the
formation flight amidst false measurements. If the possibilitynore general JPDA setting. This resulted into novel tracking
of unresolved measurements is not modelled then one of tfigers which were referred to as CPDA, CPDA* and JPDA*,
tracks may diverge on false measurements, or the two trackhere the * refers to a particular track coalescence avoiding
may coalesce. In literature there are a few papers thatuning of permutation hypotheses. Subsequent simulations
develop resolution models and incorporate them intwith these filters showed that CPDA* and JPDA*
effective track maintenance filter equations. Chang & Bamutperform the other filters, whereas CPDA performs
Shalom [3] introduces a hard measurement distane®mparable to JPDA.
threshold model regarding yes/no resolution, and
incorporates the corresponding error function density withim a series of follow-up studies the descriptor system and
JPDA for two targets. The scenarios considered do not  permutation pruning approach is extended to situations of
suddenly maneuvering targets, including the development of

Manuscript received March 11, 2005; revised January 31, 2006 af§Veral novel approximate Bayesian filters, i.e.:
August 8, 2006; released for publication ...
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« JIMMCPDA [14],[15] is in theory the best IMM/PDA We assume that a potential measurement origindtomg
combination for multiple Markov jump linear targets ~ targeti is also modelled as a jump linear system:

e JIMMCPDA* [14],[15] prunes particular permutation

hypotheses in JIMMCPDA similar as in CPDA* ; z=h@)x+g'@)N, i=12 (2)
« Particle filter approximations of the exact Bayasia
filter equations [16]-[18]. where z is an m-vector, h'(g) is an (mxn)-matrix and

A comparison of these track maintenance filtersough
Monte Carlo simulations [11],[12],[14],[15],[18]; nas been
shown that JIMMCPDA* and IMMJPDA* typically perform Standard Gaussian variables of dimensian with v/ and

much better than JIMMCPDA and IMMJPDA respectively,y/ independent for ali # j.Moreovery, is independent
and also quite well in comparison to a good partitter

implementation of the exact Bayesian filter equatio
Apparently the performance loss due to the CPDARIDA

type of hypotheses merging is significantly coreectby Letx =CoKx,x}, 6 =Colg.6}, z=Colz,z},
pruning particular  permutation  hypotheses. Thesg(g)_ Diag{a'(8"),a%(8?)} , B(8) 2 Diag{b*(8"),b%(8?)} ,
remarkable results, obtained by the descriptor egyst

approach, motivated the start of a study [19] omv Ho A A

inrt):%rporate the two-target resolution m)(;d[el ]of iBith G(4) = Diag{g'(g), 9°(8)} , H(8) = Diag{h'(6)),h*(8)}
JIMMCPDA and JIMMCPDA*. The current article present
and consolidates the results of this study.

This article is organized as follows. Section Iffides the

two target track maintenance problem consideredti@&elll x = A6)%_, +B(6)w, A3)
formulates this as a problem of filtering for a jtimear

descriptor system with independent identically riisted

(i.i.d.) stochastic coefficients. Section IV deyedoan exact
Bayesian filter recursion. Section V develops eiguat for

the mode-conditional mean and covariance. Sectibrad With A, B, H and G of size 2nx2n, 2nx2n’, 2mx 2n
VIl develop the JIMMCPDAR and JIMMCPDAR* filters and 2mx 2m’" respectively.

respectively. Section VIII shows the effectivenedsthe

novel filters through Monte Carlo simulation resulfection The process{d} assumes values frori?> according to
IX draws conclusions.

g'(g) is an (mxm')-matrix, andy; is a sequence of i.i.d.

of x andw foralli,j.

2 Cokw,w} and v, = CoKV},v} , then (1)- (2) yield :

=

z =H(@)x +G(@)Vv, (4)

transition probability matrix1 = [I‘qug] , which is a function

Il.  THE TWO TARGET TRACK MAINTENANCE PROBLEM of M* and M?. Several types of mode switching
We consider two targets and assume that the statach dependencies between two targets can be modefliedget
target is modelled as a jump linear system: modes are independent of each other, i.e.

Prob{g' = 8,67 =n}=Prob{g" = 6}Prob{g* =} , then
X =a(g)x,tb@)w, =12 )
N,,= i21 i , fornOM? anddOM? . (5.a)

where X is the n-vectorial state of the -th target, § is
the Markovian switching mode of the-th target which

If the target modes are equal, i#. = g' for allt, then
assumes values froml =2{l,..,N} according to a transition

probability matrix ', a'(g) and b'(g') are (nxn)- and n,, =M. for n=p* ande? = 6*

(nxn’) -matrices andw, is a sequence of independent -0 else. (5b)
identically distributed (i.i.d.) standard Gaussiamiables of

dimensionn’ with w, and w/ independent for all # |  Between independent (5.a) and equal (5.b) targetesjoa

and W, (X,6)), (x,8)) independent for alliz j. At Spectrum of partial mode dependency models exidte.

choice of a specific model from this spectrum imatter of

oo i tracking design. When no prior target mode depetyglen

general these densities aneariant. information is available, then independency (58)ttie
default design choice.

t =0, the density of (x,,6,)is known for eachi, and in

If two targets come nearby each other, then them mon-
" In [17] this JIMMCPDA filter was developed under thame zero probability of merging. This event of mergimgnot is

JIMMPDA. In [20] a version of this JIMMCPDA is dewgled represented by a zero-one-valued processwhere «, =1
under the name IMMJPDA-Coupled filter.



refers to merging, and, =0 refers to non-merging. This AV)F
implies e ‘ e P (F) - F') expC-AvV) F=0Q012.

=0, else

(9.a)

Pa g (01%6) =1-p,, o X ) (6)

where A is the spatial density of false measurements\and
The probability that two targets are resolved ot will is the volume of the observed region. Thd¥ is the
depend on their relative distance. For zero digtatie expected number of false measurements in the dxberv
probability of merging equals unity, whereas focrgasing region. We assume that the false measurements are
distance the probability of merging converges toozén  uniformly distributed in the observed region, whicteans
between these two extremes, the precise behaviotieo that a column-vectorf, of F. i.i.d. false measurements has
probability of merging will depend on the specifick the
sensor and of the signal processing applied. Irerotd
capture a large variety of combined sensor/prongssi F
characteristics, [5] suggested a Gaussian shapethfor P, |F‘(]c IF)=V (9.0)
merging probability the parameters of which areadie
related to the coefficients in the measurement ind@king  Furthermore we assume that the procéss, f,} is a

into acount the mode dependency of these coeffiian2), sequence of independent vectors, which are indeméraf

the state-mode conditional merging probability the ; :
becomes: rbg}{ w{, ¥ and of the merging and detection. At moment

the following density:

t=1,2,..T, a vector observationy, is made, the

(1] % 8) = exp(- 1 h (61X - hZ(HZ)XZ)TR(H)‘l components of which consist & false measurements and
P 0= P 2[ ' D, detected (merged) potential measurements, in an
[hl @' x'-h*@? )<2j }= arbitrary order. The total numbéy of measurements is:
1 | _ L =D, +F. (9.0)
=exp —ExTH @y [_I}R(H)‘l[l =1 H @)X @)

The multi-target track maintenance problem considés to
estimate (x,8) from observationsY, 2{y;0<s<f},

where R(6) is anmxm resolution capability matrix: where y, represents the initial density ¢f,,8,)

R(6) =(g'(6")rg'(8) +g%(@)rg(0)" | = @)
=[1'1](0) Diag{r, 3G @ 1:]1 7 [ll. DESCRIPTOR SYSTEM FORMULATION

This section largely follows [9] in characterizitige exact
with r =Diag{r,..,r,} resolution capability scaling relation between the true measuremeytsnd the potential

parameters; one for each of then' independent measurementsz . Let ¢, be the detection indicator of

measurement error directions. targeti . For , =0 it assumes the value 1 with probability

We also have to specify the measurement model as fa >0, independently ofg , j#i, and the value O with
function of , . For this we adopt the sub-model in [3],[21] probability (L-P;). For «, =1, with probability P} >0
for two targets of equal strenght. Fer=0, we assume that the two potential measurements merge to form one tr

with a non-zero detection probability®;, the potential measurement, i.eg, =1 for i =1,2, and with probability
measurement; of equation (2) is observed at moment 2

: _1-P) the merged potential measurements do not form a
independently per target. For, =1, we assume that with

N o ] true measurement, i.e.g, =0 for i=12. The resulting
probability P/ the merged potential measurement L ‘ .

) ) _ . o detection indicator vectoy =CoKq,,@} is a sequence
(z +2°)12 is observed at moment with z satisfying ’
equation (2). Hence, our model does not use théiaiaal
parameter of [5] for the covariance of the error tire

merged measurement.

{@ ofi.i.d. vectors, and with &, -conditional distribution:

Let F, denote the number of false measurements at moment
t, we assume, to be Poisson distributed:



- . i 0, (association) indicator at moment for measurement ,
Pa (P1K) = |_1| 1- P R)" if k=0, g0{0}’ which assumes the value one if measureniebélongs to a
detected target and zero if measurementomes from

) NEUD 0 % clutter. ¢, is conditionally independent af and y, given
= || (1-P)2"(P?)" if k=1, O [0} 1 D, and L,. Moreover,{ x} and{g} are i.i.d. sequences.
2 Substitution of (4) into (12) and this into (13#@lys:
=0 else. o1
Summation over all components gf yields XY = (@)H (@)% +(@)G(8)v, if D,>0 (14)
D=Y"a. (11)  Notice that the size off, is DmxLm and the size of

P(@) is DmxMm. Equation (14) is a jump-linear
In order to incorporate the detection indicatprwithin an  Gayssian descriptor system (e.g. [22]) with stoiibas.d.
equation that relatey, to z, we define an operato as  coefficients ¥, and ®(g) . Equations (3), (4), (6) through

follows. For an arbitrary vectog/ of length M" and having (11) and (14) capture the filtering problem to béved in a
(0,1)-valued components, 'eD(qd)éZfiMw then the Mathematically well defined system of equations.

operator @ produces®(¢) as a(0,1)-valued matrix of
size D(¢)xM" of which thei th row equals the th non- IV. EXACT BAYESIAN FILTER EQUATIONS

In this section a Bayesian characterization ofcibveditional

. P |
zero row of Diagg}, and, if ¢_COI{2’§’ then density p, 4 (X.6) is given whereY, denotes theo -

q)(qd)_[__;l algebra generated by the initial densities and the
measurements up to and including moment The
characterization is done in two steps. First, weivde
With this, the vectorz, that contains all target originating equations for the measurement update of the joint
measurements, satisfies: conditional density ; i.e. characterizg, . (x,6) as a
- @)z itD, > 0 (12) function of p, ;. (x,6); this is prepared in Propositions 1
and 2, and completed in Theorem 1. Second, we a@leriv
equations for the interaction and prediction of fbéent

where &(¢) = ®(¢) U 1,,, with I,, a unit-matrix of sizem conditional density ; i.e. characterize, ,. (x6) as a

and [0 Kronecker product, i.e. ) o ) N
function of p, , . (X6); this is done in Proposition 3.

m N m
a b 0p_ 4 Following (14), all target to measurement relevant
c d " associations and permutations are covered (ay¥,) -

hypotheses withD, >0. To this set of hypotheses we add

We also introduce a zero-one valu2d L, -matrix process one for the situationD, =0 through the hypothesis

{%} such that @ ={0}* and y, ={} . Hence, through defining the weights

XY=z  ifD>0 (13a) AB@K.x0)2Prodg =gk =k 5= 56=61Y} (15)
where )_?téj(lD l,. The matrix y, does two things: it the law of total probability yields:

selects the target measurements and applies a mando

,0) = 1K, X, , 6,0k, X 16
permutation to these selected measurements, i.e. Poay (% 0) = D BBK KOV D5 qxsx X6 BK. F)  (16)

XK
_ Next, proposition 1 characterizes all terms in this
X=X ®@) if D >0. (13b)  summation.

where yx, is a D,xD, permutation matrix, which is Proposition 1
conditionally independent ofg given D,, and where
¢, =Cokepy,, ...}, with ¢, 0{0t the target



For any @0{0,3°0 [Col{ % é ] , such that

2
D(¢)éZ¢(s L, and any ¥, matrix realization y of size
i=1

D(¢) x L, , thefollowing holds true at instant t:

Pagany XI€KPX) =

- pzll&vﬂ,w (Zyt | X e’ @ [pXtHsz Y (X |61K) (17)
F.(%., 1.6)
B.(o.k, %.60) = F(p.k, x,0)A“ " [, (p]x)D a8)

g v (K 10) TPy, (O)c,

where F (@ k,%.0) and ¢ are such that they normalize
p><1|A9,,;(l,q,)'(l,\(l (X|61K1¢1X~) and [;I(QK1X~:H) reSpeCUVer

Proof: See appendix A.

The proof in appendix A largely follows the prodf [46,
Theorem 1] for the situation of sensors providirgfect

B, X16)~ Py s WX O, K1O)_
Pegy, 016)

P, (XIO) =G O)P, . v, (X16.)

B 1-Dqx, 16)

pXt 16, K¢ Y (X|H, O):

which implies (19) Q.E.D.

Next we complete the recursion with a charactédradf

P an. (x]8) in terms of pxﬂﬂﬂml(x|5) .

Proposition 3

The prediction of p, , \ (X6) to p, 4\ (X 6) satisfies
for 90{,..,N}*:

pxx—lvgx M (X' 9) = Z rl’75 p"(—l G-l (X’”) (22)
nOM?
Puan, (X 0) = j Punag (XIXS0)D, gy, (X.O)X (23)
RZ"

Proof: By law of total probability

resolution. However, the resulting eq. (17) differs

significantly from the equation under perfect region. The D (x,0) = p (x,8,7)=

key difference lies in the, -conditionality of the last term in 4" ,%[;z XAk

the numerator of (17). The characterization of ks term = Z Pap. oy (9|X:’7)px( oy 06)
is done in the following proposition. e R

Proposition 2

The conditional density p, . v (X|6,«) in Proposition 1

satisfiesfor x, =0 and «, =1 respectively :

_ 1

1-9.0)

__4®
1-4.)

pmﬂ K Yt (Xl 0’ O): p>q|6{ Y4 (X |0)

(19)

pxtlg( K Y (X | 011)

Peig s v, XIED)= P g AIXOWpy, K PO E) (20)
with:
% (6) = Pqjg .y, 116) (21)

Proof: From Bayes’ rule we get

p/([|>((,€l (K | X,g)pmgl Y (X |0)
P (K16)

P s v, (X16,K)=

For x =1 this equals equations (20) and (21).

For x =0, substitution of equation (6) and (20) yields

Becaused, is conditionally independent df _;,Y,_,) given
6,_,, this yields (22). Also by law of total probabjli

Bars %) = [ Byg, (60, X)X =
RZ"
= ,[ Pabis 8% (X1 X0DP, gy, (X, 0)0X
]RZH
Because x, is conditionally independent of Y,_, given
(%_.6,_,) , this yields (23). Q.E.D.

Next we use Propositions 1 and 2 to derive theovatg
characterization of the exact Bayesian filter eigqunt

Theorem 1

The measurement updating of p, 4 (X,6) t0 p, 4, (X,6)
satisfies, for 0 M? :

Pan O =D B0 XD 1 ax X16.X @)
X

(24.8)
+Zﬂtl &X¢ D)Xthgtv’(tv)-(uﬁyt )( & ’J?ﬁ
»X



B(6.x.9)= é FC@.5.0)0 @) A5 P90

(24.b)
Py, @16) =KDy, @10)] Py, €)
P sax (X16.X,0)=
_ Punaa (XY 1%6,0)Pp, (X 16) (24.c)
F’(6.X.9)
p’ﬁ|ﬂvklv)?z¢lm(x|0’1’)? '¢):
_ Paaa (X% X%0.0)P ., (x16,1)  (24.0)
Ftl(gl/Y1¢)
p" 6 (/?y |X|9;¢):
Z|% .6 @ \A Jt (248)

=N{{y 2 @HEx.2@CEGE) @)}

with p,.. v (x]6,1) and ¢ () satisfying (20) and (21)
respectively, F°(6,%,¢) and F!(6,%,¢) normalization
functions, and ¢, such that Z L6, x,9)=1.

8.k.9.X

Proof of Theorem 1 :see Appendix B.

By using Theorem 1 and Propositions 2 and 3, weaget
exact Bayesian filter recursion which consists bk t
following steps :

1. Start withp, , . (x|68) and novel observatioy, ;
2. Equations (22) and (23) yiefy ,,  (x|6) ;
3. For py . (6) >0 we use
P v (X18) = B gy, (X,:0) gy, (6) 5
4. Equation (20) yieldspx‘lg‘ Y (x]6,«) ;
5. Equations (24.a-b) and (21) yiefg , (x,6) .

Sett:=t+1, and repeat the cycle starting at step 1.

V. MODE CONDITIONAL MEAN AND COVARIANCE

Having characterised a set of equations for thectexa

conditional density, our next step is to derive amns for
the mode-conditional mean and covariance. As befereo
this in two steps. First, we derive equations fog joint-
mode-conditional mean and covariance of the intEnac

and prediction steps in Proposition 3. Second we u

Theorem 1 to derive the measurement update eqsdion

S

the joint-mode-conditional mean and covariance uride
assumption that the predicted joint target stateehdensity
Py, (X]16) which is Gaussian for each joifit

Proposition 4

For each 60{1,...,N}?, let X_,(6) and FA{,I(H) denote the
first and second central momentsof p, , \ (x|8), andlet
the solution of

Par (O)= D T, 0P . (), (25)

L. Ny 2

satisfy pgy_ (6) >0. Then the predicted first and second
central moments, X (6) and P (6), of Pug ., (X|0) satisfy:

X (6) = AlO)R 44 (6) (26.2)
R(6)= AO)Ry, (OAE)' +B(O)B(O) (26.0)
where:

Kon(@= T Moo o, () Feslpay (6) (2720
R (6)= D{Z} M0 Do, (D R ()

#3400 iy O][Rs) =% O] |1y 0) (270)

Proof of Proposition 4: Egs. (26.a,b) follow from (23) and
(3)'s jump-linearity. Becaus®,, (6) >0, eq. (22) yields

pxt—ﬂgt M1 (X | e) = Z rl!]Q p)q,lﬁ,l Y1 (X |’7 )

M2

Pa_p, (D] Pay, (6)
With this we get :
%_4q (0) = [ Xp_ (x| O)lx =
=2 ”ae,[ XD oy & VT HX Py 0)/Pgy, €)
noM?
which implies (27.a). Similarly we get (27.b). ED.

Next we characterize the measurement update eqedtio
the g -conditional mean and covariance, under

assumption thap, , ., (x| &) is Gaussian for each joirét.

the

Theorem 2

For each 800M?, let Pyia ., (X|6) be Gaussian with mean
% (6) and covariance P (), and let Pay, (6) >0. Then



Pogy (X|6) is a Gaussian mixture, with overall weight

Pgy, (6) , mean % (6) and covariance I%(H), satisfying:

P (O =2 B (#.X.6) (28)
KX
X (6) =>_§(9)‘(Z,511|g((0,)~()) K(O)[1:-1TH @)% ()
ox (29)

K (w)(Z/iTg(mw (Mﬂ))
K@ X

PO = E(@—(Z@W)]Kt(w[l ~1[H(©O)P®)
ox
-Z(Z/ifg(m)) K (@O)DAH(O)F* ()

Ko\ X
@0

+3 B AKX OX9-%O)|[X O.19)-%6)] @0

XK

where 5" (@, %, 6) satisfies (24.b),and:

Bio(@ X) = B (9. X, 6)pgy, (6) (31)
K (@6) =R*(OH () 29" Q (4 6)if @# m,
(32)
=0 if @= 0
0
X(6) =%(8) kK (O)[1: - 1]H(O)% (6) (33.3)
R“(6)=R(8) - «K (O)[1:-1]H(OR(H) (33.b)
K.(6) =R(OH(6)' [_II }Q(H)'l (33.0)
, _ |
Q(H):[I:—I][H(B)F{(H)H(H)T]LI}+R(H) (33.d)
1 (@ x,6) = Xy, —~ L(@H (6)X"(6) (34)

with :
FE@16) =l M @16 L (@0) K (1.

[2")"Det @ 46 A if 9#{0° (35.9)

=1 if @={0)2

Q' (@) = 2(AHBR" (OH(6)" +G(O)G(H) )D(A)" (35.b)

_|rRoP
G(6) = -0 (3¢
|QO)2

Dex;{—%x @ HH «fQT)[_IJQl & Y[1:i-1]H &%, Q}

Proof of Theorem 2 :see Appendix C

VI. JOINT IMM CoupPLEDPDA RESOLUTION FILTER

Proposition 4 and Theorem 2 provide conditional

characterizations for the joint targets modes datés. Here
we use these equations to specify the JIMMCPDA®ril
algorithm (this acronym stands for Joint IMM CouwpRRDA

Resolution). A filter cycle starts with, for eacM?,
conditional mode probabilityp, ,, (6) and conditional

mean and covariance :
%.4(0)2 E{x,16.,=6,Y.} ,and
PLO) 2 B[ %~ XA Ol ..~ % (4] 6.,=6.%},

One filter cycle consists of the following seveeps.

JIMMCPDAR Sep 1: Interaction [23]

Mixes the estimates from the previous filter cyateording
to (25) and (27.a,b) in Theorem 2 for eahl M :

Pan, @)= D 1,6 0Pg 5 (1)

nOM?

R @)= 2 0 Ty, (1) BR_i(7) g, (6)

nom?

Pag @)= Y M, g (D R(1)

nOM?

R4 R O )[R~ O] )1y, ©)
JIMMCPDAR Sep 2: Prediction

For all 0 M? evaluate (26.a,b) of Proposition 4:
%(6) = A(O) %y, (6)
R(6) = AO)P_y, (O)AB)" +B(6)B(6)

JIMMCPDAR Sep 3: Merging prediction :

For all 80M?
equations for the general, non-Gaussian, situation:

%(6) OX (6) kK (O)[1:-1]H(6)%.(6)

use equations (33.a,b) as approximate



R*(6) OR(8) - kK, (9)[1:=1]H(B)P(6) with Cchi3()) the Chi-squared cumulative distribution
function with m degrees of freedom, witla, normalizing

with K, (8) and Q,(#) satisfying (33.c) and (33.d). B@x6), and with (@6, F'(@x16),
Q (@) and q(0) satisfying (34), (35a,b) and (36)

JIMMCPDAR Step 4: Gating : respectively

Following [21], lue: .
ollowing [21], now perk” value JIMMCPDAR Sep 6: Measurement-based update, using

(28), (29) and (30) as approximations:

Let Q' (8) be the i-thmxm diagonal block matrix of the
K -conditional predicted* () , with P O 0 B (21.6)

Q(6) =H(OR“(OH(O)" +G(A)G(6)" (37)

% (6) DX(H)-[Z%(W?)] K (O)[1:-1]H (@)% (6)

Identify for each targef and « -value the modegd*' for

which Det@{'i @) is largest: +Z K (@, 9)(2 B @ X (P X, 0))
g = Agmax{DeQ"’ (©)} (38) :
o , R(©6) Dﬁt(@-(ZﬁJg(%)?)jKt(H)[l3-|]H(6’)|5t(9)
and identify for each targeti a &« -dependent gate ox
G DR™ as follows: 2 (ZA@D| K BOAHOR @
G ={2 DRMIZ -H (@)X @] O Go) AKX EXO-%OK O.10-%6)]

Q@) 12 - W (@)X () <)

with B(¢ x.6), Bi,(@ x) and K{ (¢,6) satisfying (24.b),

with v the gate size. Now we defing, to denote the (31) and (32) respectively.

number of measurementg that are in one or more of the

gatesG!' , andy, =Col{y}.., y"} . JIMMCPDAR Sep 7: Output equations:

JIMMCPDAR Step 5: Hypothesis evaluation. X = ﬂz Pa (6) %(6) (42)

L,...N}?

Using (24.b) as approximation and adapting BjeandP

in (10) for reduced detection probability due twoited gate
sizev yields:

R= Y Py ORE)+[X(O)-X1TX(Q -K]T)  (43)

6L, N}?

B (@.%.6) OF (9. %.6)q,(8) A" O VIl. TRACK-COALESCENCEAVOIDING JIMMCPDAR FILTER
Eﬁpq w (PIK)—KDP, (qo|0)] Pan., @)c fory OX* @)(40) In [9], the CPDA* filter equations are obtained rfrothe

‘ ‘ CPDA algorithm by pruning per(@,¢,) -hypothesis all
except the most likelyy, permutation hypothesis prior to

5 _ ) p measurement updating. This pruning strategy islative
P, (P1K)= [ﬂm(l— P ehiz(v)) (P lehize)) ] simple extension of the effective pruning stratdgyeloped
if k=0. @[1{0.1° by [10] for JPDA without false or missing measuretse
if £=0, p0{0. 1 Because for two targets permutations are possible f
D@

=( £ PP R:hiﬁqb()sl_w»(l:ﬁoﬁthiﬁqb()) (41) 4 =0and @=Col{L,} only, we extend the CPDA*
hypothesis pruning strategy for that case and foré
combinations. Hence, foxk =0 and ¢=Col{l,1} evaluate

all (¢,0) hypotheses and prune per sudy,¥b)-
hypothesis all except the most likely -hypothesis. To do
so, define for every and & a mappingy, (¢ ,6) :

=0 for ¥ 0 X (9)

if k=1, g0 0
_1¢ Oy

=0 else

NI NI



X(6.9)= Arg}[naxﬂto @ x®¢)Col{LL)

with maximization over all permutatiorg given ¢, = (.

The strategy of evaluating foxk =0and @=Col{1,1} all
(@, 8) -hypotheses and only ong -hypothesis implies that
we adopt per(g, x,0) -hypothesis the following hypothesis

weights ,B’{ CHAE

B (0. x0W).0) =B (8. x0W).9) /& fD@<1,
oriD@ F 2ang=jy &y
=0 else (44

with ¢, a normalization constant fqtf?{ ; i.e. such that

> B(6.x9)=1

K.@X.0

Inserting these particular weights within JIMMCPDAR
yields JIMMCPDARY?*, consisting of the following cyelof
of 8 steps (the first five are equivalent to thestfifive
JIMMCPDAR steps):

JIMMCPDAR* Seps 1-5:
Equivalent to IMMCPDAR Steps 1-5.

JIMMCPDAR* Sep 6: Hypothesis pruning.

First evaluate for everyg,u/, 9
X0y, 9) £ Argmax B’ @, X" ® ¢ ) 9)
X

Next update all hypothesis weights, using (44):

B (6. x0w).0) =B (0. x0W).9) /& FD@<L
oriD@ ¥ 2ang =4 0y
=0 else

with ¢, a normalization constant fqtf?{ ; i.e. such that

> B(6xe)=1

e

JIMMCPDAR* Sep 7: Measurement-based update :

Equivalent to JIMMCPDAR Step 6, but witfg* replaced
by [3{(.

JIMMCPDAR* Sep 8: Output equations:
Equivalent to JIMMCPDAR Step 7.
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Figure 1: 2D trajectories from [13]
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Figure 2: Two targets maneuver in and out formatlight

VIII.

In this section Monte Carlo simulation results gieen for
the JIMMCPDAR and JIMMCPDAR* filters and are
compared with JIMMCPDA and JIMMCPDA* filters
[14],[15]. We consider track maintenance for twogéds
flying the 2D trajectory patterns as pictured igue 1 and
in Figure 2. Track initialisation, confirmation tarmination
is not simulated. The results obtained in this ieachave
initially been presented in [24].

MONTE CARLO SIMULATIONS



The trajectory pattern in Figure 1 is from [13]. Wsfer to  The initial mode probabilities for each initial tka are
this asscenario RO In addition to this we consider the assumed to be: [0.8, 0.1, 0.1]. The mode switching
scenarios from [14], as depicted in Figure 2, whisve  probability matrix is assumed to satisfy eq. (vih:

targets maneuver in and out formation flight. Frorto 20s,

targets 1 and 2 fly at a speed of 400 m/s in ag$trdine in 0.8 0.1 O.

south and north dlrec_t|on respectively. From 23%es, both N=/01 08 01, fori=12

targets make a coordinated turn to the east. Flmit8 55s,
both targets fly in a formation flight in straiglie to the
east. From 55s to 70s, targets 1 and 2 make a icated
turn to the north and to the south respectivelpn70s to We adopt this parametrisation in order to assuaertbne of
90s, targets 1 and 2 fly in a straight line to mMoeth and to the trackers uses any advantage of the fact theteénarios
the south respectively. Of the trajectories in Fég@, we R1/R1’ through R4/R4’ the targets start and stop
consider seven scenarios, which differ in theahitiosition maneuvering at the same moments in time.

of Target 1 only:

0.1 0.1 O.

The target motion model used by the tracking atbors is
Scenario R1:Target 1 starts at (Om, 11820m) and target #om [25]. In each mode the motion dynamics are ehed
starts at (Om, -11820m). Hence, from 35s to 558) tasgets in Cartesian coordinates, where the state of thgetais
fly at the same 2D positions. position, velocity and acceleration in each of the two

Cartesian coordinates. Thus in (1) has dimensio2n = 6,
and the matrices (§') and b'(4') satisfy,

oy @a@) 0 gy BE) 0
Scenario R3/R3’:same as R1 but initial position of target 1 a(@) _{ 0 a, @ )} ' b'(&) _{ 0 b@ )}

is shifted 200m/100m to the north. Hence, from ®8655s,
target 1 flies 200m/100m north of target 2.

Scenario R2/R2’: Same as R1 but initial position of target 1
is shifted 200m/100m to the south. Hence, from t8555s,
target 1 flies 200m/100m south of target 2.

Scenario R4/R4":Same as R1 but initial position of target 1 s ' ‘ 2
is shifted 200/100m to the east. Hence, from 3588s, a;(1)=/0 1 0|, a(2=a(3)={0 1 T,
target 1 flies 200m/100m east of target 2. 0 0 O 00 1
For each of the scenarios, Monte Carlo simulations
containing 500 runs are performed for each of theking
filters. In order to make the comparisons more nmgdal, b (6') =o' (gi)md{l-rf, T..0}.
for all tracking filters the same random numbeeatn is : 2
used.
The initial track state conditions used are:
For each of the tracking algorithms, we assumeethre_ _ _ _
possible modes, i.&2' O {1,2,3}, with : %(6") = xq, 60 {1,2,3,i0 {1,2
Mode 1(|_.e.6?_ =1): nearly_constant velocity with zero mean P, (6) = Diag{ Pé( ‘91), pOZ(QZ)}
perturbation in acceleration. The standard dewiatb the
process noise g’ (1) = 5M/s’. o ) . _
R (6') = Diag{ot, 04 6)% 0 46) 3
Mode 2 (i.e.d' =2): Wiener process acceleration (nearlywith_
constant acceleration motion). The standard dewiadf the ‘
process noise g’ (2) = 7.5m/s” . 0, =20/3,0, ()= 5/3,0, (2F 250, (3 40/

Mode 3 (i.e.8' =3): Wiener process acceleration (with IargeBoth for the simulated measurements and the trgdHiars,

acceleration increments, for the onset and termoinabf the potential sensor measurements for targate assumed

manoevers). The standard deviation of the proceieris !0 satisfy eq. (2) with the same coefficients facled', i.e.

oL (3) = 40m/s’. o o
h @) {h;(e') () 0 }

o, @)= o
0 h'z(e')} (@) { 0 @)



hi (&) =[1 0 q, 9,(6)=0,, i0{13 Table 1 : % Both tracks ‘O.K.’
I . | scenarid JIMMCPDA |JIMMCPDA* [JIMMCPDAR [JIMMCPDAR*

The standard deviatioro,, of the measurement error is
0, =20m. The sensor is assumed to be located at the RO 94.0 94.2 99.2 99.2

. - L R1 0.0 0.0 1.6 11.8
coordinate _sfystem OI’IgII.’l. The sampling inter¥ak1 s and R2 >7 4 342 28.4 302
the probability of detectior®, = 0.997. False measurements R 06 02 18 316
are simulated at a high density of =1x10° /n? = 1/knf. R3 572 706 652 814
The resolution parameter valueris=r, =10. The gates for R3 16 >4 30 204
setting up the measurement validation regions ased on R4 51.8 724 63.4 894
the threshold = 25. R4’ 0.8 1.6 1.6 42.0

For each simulation run, we counted trackO.K.", if

Table 2 : % Both tracks ‘O.K." or both tracks ‘Swmed’

% -hx|<9a,
Scenarid JIMMCPDA [ JIMMCPDA* [JIMMCPDAR [JIMMCPDAR*
where |0 denotes thel,-norm. We counted tracki RO 94.0 94.2 992 99.2
"Swapped", if tracki is not "O.K." and R1 0.0 0.2 3.8 32.0
o o R2 53.8 69.0 64.8 96.8
W% -hxi|[<9g,  for j#i. R2’ 0.8 0.4 34 722
R3 81.2 89.6 87.2 98.4
We counted tracki and j as "Coalescing Tracks" if at R3’ 30 4.8 94 81.6
three or more consecutive observation moments: R4 78.0 398 86.2 99.0
S S R4’ 14 3.2 3.2 79.8
|h'x; —h’x[‘| >90, O |h'x; —h‘x[’|sam
Using these criteria, the results of the Monte €arlTable 3 : % Coalescing tracks
simulations for the scenarios are depicted in Taliles:
Scenariq JIMMCPDA [JIMMCPDA* [JIMMCPDAR [JIMMCPDAR*
» The percentage of Both tracks "O.K.", in Table 1. RO 0.0 0.0 0.0 0.0
Th ¢ Both ks "O.K." or "S o R1 0.0 0.0 36.8 0.2
e percentage of Both tracks "O.K." or "Swappea", R2 178 02 38.0 06
Table 2.
R2’ 1.0 0.0 76.0 0.0
« The percentage of "Coalescing" tracks, in Table 3. R3 15.6 0.4 19.8 0.2
R3’ 3.8 0.0 73.8 0.0
e The average CPU time per scan in Table 4. R4 15.2 0.2 16.6 0.2
R4’ 14 0.0 82.6 0.0

Tables 1 through 3 show that JIMMCPDAR* performs
much better than JIMMCPDA for all scenarios. The
improved performance of JIMMCPDAR* over JIMMCPDA
is partly caused by the track coalescence avoidamze

Table 4 : Average CPU time per scan (in millisec)nd

partly by taking unresolved measurements into aaicothe

largest impact of sensor resolution modelling sgsptd those

scenarios where the two targets reach each oth&fGn
distance or less, i.e. R1 (Om), R2’ (100m), R3'Qit) and

R4’ (100m). By comparing the difference with thdiiidual

improvements of JIMMCPDA* and JIMMCPDAR over

JIMMCPDA, it becomes clear that the two enhancement

enforce each other for these scenarios.

Scenariog IMMCPDA [JIMMCPDA* |JIMMCPDAR [JIMMCPDAR*
RO 265 250 361 362
R1 638 620 625 521
R2 375 329 449 342
R2’ 638 601 553 411
R3 275 236 378 336
R3’ 607 598 525 365
R4 291 226 372 335
R4’ 625 608 549 384




Table 5 : % Both tracks ‘O.K.” under Perfect Resiolu

Table 6 : % Both tracks ‘O.K.” or both tracks ‘Swpeed’
under Perfect Resolution

Table 7 : % Coalescing tracks under Perfect Resolut

Tables 1 and 2 also shows that for all four filteracking
performance varies significantly with the geomedfyhow

are based on the measurement model of [5], ardefar
sensitive to a difference between resolution madell reality

Scenarig JIMMCPDA | JIMMCPDA* |JIMMCPDAR |JIMMCPDAR* than the two perfect resolution filter versions.are
PRO 99.0 99.0 98.8 98.8 Finally, Table 4 shows that the average compuiatio
PR1 0.6 550 1.0 53.2 load is quite similar for all four, and even with
PR 806 82 2 778 722 JIMMCPDAR?* having the best average values.
PR2’ 9.6 43.8 7.4 43.4
PR3 94.6 97.8 91.2 97.2 IX. CONCLUSION
PR3’ 6.6 31.2 5.4 21.2 This paper developed exact and approximate Bayditian
PR4 96.6 98.2 94.8 97.6 equations to maintaining tracks of two targets raegng
PR4’ 12.4 82.2 10.2 82.2 in and out formation amidst false and possibly sohad or

missing measurements. The limited sensor resolutiodel
of [5] has been incorporated with the descriptostey
approach for tracking multiple targets from possifdlse

Scenarid JIMMCPDA [JIMMCPDA* [JIMMCPDAR[JIMMCPDAR*| ~ @nd missing measurements [9],[15],[18]. This cagsuthe
PRO 990 990 988 988 trackmg'probl'em con5|dgred into one .of f||ter|ngr'fa
Markov jump linear descriptor system with stoctasiid.
PR1 1.0 99.2 12 98.8 coefficients. For this descriptor system repred@amaexact
PR2 96.4 99.0 94.4 99.2 and approximate Bayesian filter equations have been
PR2’ 24.8 99.0 16.4 08.2 derived, and two novel tracking algorithms have rbee
PR3 96.6 99 2 954 992 developed. These are referred to as Joint IMM Gaipl
i *
PR3’ 6.6 99.2 518 99.2 PDA Resolution (JIMMCPDAR) and JIMMCEDAR ,
where the * refers to a track-coalescence-avoidargion.
PR4 97.0 98.2 97.0 98.2
PR4’ 18.6 98.6 15.6 98.4 Monte Carlo simulation results of these four fitéor the

problem of tracking two targets that maneuver il aut
formation flight, show a significant advantage be tfilter
which takes both limited resolution and track ceeénce
avoidance into account. This corroborates the aegation

Scenario JIMMCPDA | JIMMCPDA* |JIMMCPDAR |JIMMCPDAR* by [1], [2] about the high relevance of limited sen
PRO 0.0 0 0.0 0 resolution. It also shows that the resolution mook[5]
PR1 99.8 0 09.8 0 allows the filters to keep on performing well inseahe true
PR2 16 0 30 0 sensor resolution is better than assumed. Througinté/

; Carlo simulations it has also been shown that the
PR2 49.8 0 616 0 JIMMCPDAR and JIMMCPDAR* filters perform
PR3 4.6 0 68 0 significantly better than the versions which assymeefect
PR3’ 55.2 0 58.4 0 sensor resolution, and that IMMCPDAR* performstbes
PR4 1.2 0 1.2 0 Interesting follow-up research is to compare the
PR4’ 69.4 0 76.4 0 performance of the novel filters with those of adgarticle

filter approximation of our exact recursive Bayesiiter
characterization in Section 4. Of complementargrigst is to
develop a limited resolution version of the appnoaie
tracking filters IMMJPDA and IMMJPDA* [11],[12], ahto

aircraft maneuver in and out formation flight.integrate this with track initiation [26],[27].
JIMMCPDAR* performance varies least with these The nice results obtained in handling resolutionbpgms
variations. when two targets maneuver in and out formatiorserahe

We also investigated if the novel filters could fpem
well in case of perfect sensor resolution scenaribise

guestion how to extend this approach to more tvem t
targets. As a first step, the measurement resaolutiodel

results of these Monte Carlo simulations are givefiables needs to be extended to situations of more tharntavgets.

5 through 7. As expected, JIMMCPDA and JIMMCPDA*Subsequently these extended resolution models twave
are now doing much better than in Tables 1 throB8gh incorporated within the descriptor system formualatiand
However, JIMMCPDAR and JIMMCPDAR* also perform subsequently within the exact and approximate Hages
significantly better on the perfect resolution sméws than filter recursions. For each of these steps, theaecdment
on the scenarios with unresolved measurements. eThésvolves a systematic enumeration of many more
results show that the two imperfect resolutioreféf which combinations than needed for two targets.
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APPENDIXA: PROOF OFPROPOSITIONL
First we derive equation (17). b= 0 we get

Putgsaron XIO K 0X)= Py, (X6 K).
Else, i.e. forp#0:
Pugrany X6 K. PX) =

= Pagaarontos X0 K@ XY L) =
= Patgid itz XIOKBX Yo Ly XY ) =

= Pygiaav, XIOK@ XY )=
= Py s, XY [ % 60,6,9) 0

e, (X166 O g, XY, 16.K,90) =
= Poaa (XY [ X%6,9)0

I NP (x16, K)/pz‘ﬂykm,ﬁl (Y. 16,x,9)

this implies (17) with

o

N N _ 0
F(2K, X, 0)= Pygsav, XY 16.4.9) if wi[ }

C e

Subsequently we derive equation (18).

o

1>

For all 0{0,1}° DCoI{%% .

B (@K, X.6)=Prob{q =gk =K. ¥, = X.6,=6] Y} =

= Pasopan (P X, 0) =
= PusoranLn, @K XY, L) =
=Py Lasrbn, Yo Lo @k, x16) pg{mﬂ(g)/ql _
= py('hv)?llgl'@vk(yY‘,l(yl’L['Xle,@/()_
Py, Pk Py, 00c)=

= Py sans Yo lo X 16,0.6).
Pa, (@lK) Pr1g. ¥ «16) Pa ., ©)c

If @20 , we haveD, >0 and
XK= W) XX @) = @) Py,) = Diagiy}

Hencey, = Diag{y/}L, = ¥ X1,

withl, ~an L -column vector with 1-valued elements.

Moreover, because
XOW)" =X eW)eW)" =X/

it follows that the transformation fromy, x,) into ¥, has
an inverse. This implies

pytthv).(z"gtvﬂ”(l’thi(y“ L(’XTq)(‘//) |9’ ¢’K) =
= Py rvngany, Yo Lo X 16.0.K)

Furthermore, because the transformation fréyp.¢,, x,)
into  (z,f,.¢,,%) Iis a permutation, we get for
L >D(¢) >0

pM,Lpl//l,)(lléi,w,K,,Y,,l(yt’ L.¢.x|8,¢k)=
=P o X' O@)y, 0@y, L, X 16,¢.K)

P R 4 e
wherey,* 21—y, fori=1,.L.

Hence, forl, > D(¢) >0, 5 satisfies :

B@K X PW),0) =D, 4v. (X W)Y, 16,90
B, o CUIYNBL) DL @IBLIP,, (X o)
P (L D) Py, @1K) DD g (€ |8) Py, B)IC

Elaboration of the first five factors and subseduen
evaluation of the product of these factors yields :

B @k X' ®W).0) =F(ak x ®),0)A" " 0
By, (P1K)P g v, (K 1O)Pg ., ©) /5
with ¢, =c'L! exp{AV}, i.e. a normalization constant.

It can easily be verified that the last equatisodiolds true
if L, =D(¢) or D(¢) =0. This yields equation (18).

Q.E.D.

APPENDIXB: PROOF OFTHEOREM1

When r =0 there is always resolution, which implies eq.
(24.c). For k=1, equation (17) vyields (24.d) with
F'(8,X,9)=F (6,11 @). Eq. (24.e) follows from (14).

To get (24.a,b) we first substitute (19) into (101 x =0:



Pt gax X18,0X @)= Py g g XY X P )1

E% Pua, X10) G (O)Pq.x, (X16.1)
[1-9@)]F©.0.x @) [1-q @)F 6.0 ¢)

Next, substituting (24.c) and (24.d) into this audbsequent
evaluation yields:

p><t|91 KXo B Y, (X | 0’ 01)? 1¢):

F°(8, ¥, . ~
= FK(Q( 0);((2) p&lgv)ﬁ AN (Xle,)(,¢)/(l—q (0))
t 1 YA
R (6.X.9) N
QO — 0,15 @)/ 1- =
q‘( )FK(Q’O,;(,w)p&lﬂvk‘mmhﬂ(xl qu) ( %6))
1 ‘e B
= 1- ql(g ¢)~() p&lg XA N (X | 9')(’¢)
. (H1)
1 9' ) P 3
_1?1(:1(11(0¢¢j(})~() p&lgl KX BN (X | 0’1')( 'w)
: - R (6.x.9)
with: g-(8, ¥,9) =———22" 4 (@), and (H2)
* @0
0 & 1 ~
Ft (0’ O,X'w)z Fl (0')(1¢) _ (H\F( (61X1¢) (H3)

(1-4,0)) "(1-9.©)

Substitution of equation (H1) into equation (1&lgs:
Pean X10)=2B,O.LX @IPia s roax & 16,127 @)
%

ﬁ(g,o,;('¢) " )
iy BOOXO) oo (6%,
211-G0.p,5) Ptax X10.X.0)

5 B.6.0.%.9)4 6.9.%)
o (1-q6.ex)

pxt|€t KeoXe @Y (X | 0’1’X ’¢)

which implies (24.a) with:

£.(6,0.x.9)

AEX9)- (1-q©6.e.x) and

B6.%.9)=F5©0.L% 9)- 5 6.0 4"%

Substitution of (18) and subsequent evaluatiomgug$H?2)
and (H3), yield:

N 1 - -
B0, %.9) Y Fo@.5. 90" p,. @10,y 6)

£ 6.%.0) =§F&(em)q OV "9 @] Do, 6)
-B 6. 5.9 6.%.9)=
=51F3(a X090 @N " p (0|Dp,,. 6)

1 N _
o R 0.X.9q @A p, (@|0)p,, €)=

1 o _
=Eﬁl(9,x,¢))q(9)A‘“ " Py (@1 Dy @10)] Py, 6)

which implies eq. (24.b).From the above also foow

1 1
> BO.x.9)=> B 6.k, %.9). Hencec normalizes not
k=0 k=0

only 5(6,k,x,9) butalsoS* (6, x,¢). Q.E.D.

APPENDIXC: PROOF OFTHEOREM2
The Gaussian assumption and (24.c) imply:

P s (X16.%.0)= N{xiX ©.0.7) R 6 0}
and completing the square in eq. (24.c) yields:
K6,0.%) =%(0) +KAO.0[ Xy, - 2(PH (O)%(9) ]
P°(6,9) = R(6) - K (6, 9D(PH (6)R (6)

with K’(8,¢) satisfying (32), for k=0, and where
Q' (¢ 0) satisfies (35.b).

Equation (20) and the Gaussian assumption yields:
Puas ., (X16.D=N{xx* @).R* 6},

and completing the square in (20) yields egs. (BZal).
Substituting this Gaussian into (17) fer=1 yields :

Puaxiax X10.17 @)= N{xZ € % )P 6 p}
and completing the square in eq. (17) o= 1 yields:
X(6.0.%) =%(0) + KX 6.9 Xy, - 2(@AH ()X (9) ]
R(6,9) = R(6) - KX, 9R(9H (6)R(6)

with K!(8,¢) satisfying (32), for k=1, and where

Q'(6,¢9) satisfies (35.b)

Normalization of eq. (20) yields



g, (9) :J'exp{—%xTH (49)T [_II } R(H)'l[l =1H(OR T
™{x X (6),R (6)} dx

and subsequent evaluation yields (36).

Normalization of eq. (17) fork =1, and eq. (24.c) for
r=0, yields:
F(6.X.9) =
[N{xv;: 2(@H (O)x D@CO)GO) (9"} O
] x X (6), P“ (8)} dx =
= N{1¥: 2(DH ()% (6).Q (2.6)}

S

with X°(8) =2 x (8) and P°() = P (6). Subsequent
evaluation yields eq. (35.a). From Proposition lofes
F (8,k.x,9)>0 for all 6,k )y ¢. Together with
Pgy., (6) >0 for all &, eq. (18) yieldss, (6,«, X,¢)> 0 for

all 6,5k, %,¢. Hence, eq. (15) implies
Py (6) = Z B (6,«,X,¢)>0 for all 6. Hence B,(X,9)
KoX

in eq. (31) is well defined for alf, «, ¥,@. Together with
eg. (24.a) this yields:

X(O)2E{x|6=6Y}=
=Y Bpe(X.O% 6. x.9)+ > By (X0 ©6.X .9)
ox ox

PO2Co{x =0} =
=3 A, PO.D{XE10-% O K61 9% 0)] |
ox

S AEI PODXO.10-% O X0.x 9% 6)] |
ox
Evaluation ofX (6) yields :

%(6) =2 Bo(X. QK @.9)u 6.%.9)

K.oX
X (O LA+ RO B (X.9) =
:X(e)+(xl(e>—w))(2 By (X, 40))
X

+3 Be(X. oK 6.0 O.x.9)=

KX

=% (6)-K,(O)[1 :-1TH(&)%(6) (Zﬁig()?, w))

+> Be(X.OK 6.0 6.%.9)

K.Q.X

Evaluation of the term®' and P° in P(6) yields:

;ﬁﬁ.g(;(, ¢)§1(9,¢)+;ﬂ%()?,(ﬂ)ﬁ(’(ﬂ,wh
- ;z?&.g *x.9[R'©O- K0 90@H @R O)]

| 2 A P[R'(6)-K (6.9 (@H @)R 6)] =
= ;ﬁag(;r,w)[fz(e)— K (6.9)[1 :=1TH(6)R(6)

K (O.9)2(@)H (OR'(©) ]
Y. B (X O[RO) -K (6.92(@H OR6)]=
(2%

=RO)- 2 B (X.OK 6.9 :-1TH(OR(&)
-2 K(6.9)2(@H (O)R'(©6) (Z Bio (;(,qo))
4 X
-2 K2 (6.9)2(@)H O)R ©) (Z Bio (;(,w))

Substituting this into the eq. fd% (6) yields:
R(O)=R(6)-Y Bl (10K (0.0~ 1TH(O)R(6)
ox
=Y KHO.QADAH O)R'(E) (Z Bio (i(,ca))
=Y K2(6.9P(@H O)R (9)(2 B, (;mo))
4 X
+Y B (X AKX 6. 5.0)-% O)|[XO.7.9)-% O)]

+Y AR A[XO.1.0-% @)X 6.5.0)-% O]

Rewriting this yields (30). Q.E.D.





