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Summary

A new and efficient quadrature rule for the flux integrals arising in the space-time discontinuous
Galerkin discretization of the Euler equations in a moving and deforming space-time domain is
presented and analyzed. The quadrature rule is a factor three more efficient than the commonly
applied quadrature rule and does not affect the local truncation error and stability of the numerical
scheme. The local truncation error of the resulting numerical discretization is determined and is
shown to be the same as when product Gauss quadrature rules are used. Details of the approxima-
tion of the dissipation in the numerical flux are presented, which render the scheme consistent and
stable. The method is succesfully applied to the simulation of a three-dimensional, transonic flow
over a deforming wing.
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1 Introduction

This article discusses a new quadrature rule for the flux integrals arising in the space-time discon-
tinuous Galerkin (DG) discretization of the unsteady Euler equations. The present article is the
sequel to Van der Vegt and Van der Ven (Ref. 22) (from now on referred to as Part 1), which pre-
sented the general formulation of the space-time DG method for the adaptive solution of the Euler
equations in three-dimensional time-dependent flow domains. The present research is motivated
by the need to apply the space-time discontinous Galerkin method to real-life (time-dependent,
three-dimensional) applications. Hence, the efficiency of the numerical method immediately be-
comes acritical issue, especially since the DG method is known to be computationally expensive.

The computational complexity of the DG method has been investigated by variousauthors (L ockard
and Atkins (Ref. 14), Van der Ven and Van der Vegt (Ref. 23)). The computationally most intensive
part of the method is the evaluation of the flux integrals. The standard approach for the evaluation
of these integrals is the application of Gauss quadrature rules. For second-order accurate space-
time DG methods a mixture of two-point and three-point product rulesis required, which implies
twelve flux evaluations for the face fluxes and 27 flux evaluations for the volume fluxes. This
number is prohibitively large and would render DG methodsimpractical for real-life applications.

Atkinsand Shu (Ref. 2) presented a quadrature free implementation of the DG method, and in ear-
lier work, Van der Vegt and Van der Ven (Ref. 20) presented a DG implementation which requires
only one flux evaluation per face. In thislatter work (Ref. 20) aslope limiter was applied for stabil-
ity which subsequently was abandoned and replaced with a stabilization operator (Ref. 22). This
improved both the convergence to steady state and the accuracy of the method. The quadrature
rule presented in (Ref. 20), however, proved to be unstable in combination with the stabilization
operator.

This prompted the development of the so-called Taylor quadrature rule, presented in this article.
The Taylor quadrature rule is related to the quadrature-free approach of Atkins and Shu (Ref. 2).
Asin the quadrature-free approach the flux is expanded in the basis functions, but the coefficients
are obtained from a direct Taylor expansion of the flux in the face center. Since the expansion
coefficients of the solution vector related to the linear basis functions can be interpreted as first
derivatives of the solution vector, these expansion coefficients occur directly in the Taylor ex-
pansion of the flux. This demonstrates that DG methods provide a natural setting for the Taylor
quadraturerule.
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For linear fluxes, thisflux expansionisequal to the flux expansion in the quadrature-free approach,
but for the nonlinear Euler flux the expansion is different since we only use as many terms as the
number of basis functionsin the DG expansion, whereas in the quadrature-free approach the ex-
pansion would a so include the second order termsin the Taylor expansion. The Taylor quadrature
rule significantly reduces the number of flux evaluations, reducing the flop count with respect to
the required product Gauss quadrature rule. Moreover, since only data in the face center is re-
quired, the datalocality of the algorithm isimproved, which enhances the computational speed on
cache-based computers.

The quadrature rule in the DG method must be chosen carefully, since it can negatively affect the
accuracy of the DG discretization. For the TVD Runge-Kutta space DG discretization of a multi-
dimensional scalar conservation law this has been analyzed by Cockburn, Hou, and Shu (Ref. 10)
when Gauss quadrature rules are used for the flux integrals. In this article we analyze the accuracy
of the space-time DG discretization both for the Taylor and Gauss quadrature rules. The analysis
shows that the Taylor quadrature rule does not have an adverse effect on the accuracy of the DG
method, which is also confirmed by the numerical experimentsdiscussedin Section6 andin Part |,
where experimentally a global L, error proportional to h23 was found.

Having established the accuracy of the numerical method, the next issue is the stability of the
discretization. Unlike the approach of Atkins and Shu (Ref. 2), the Taylor quadrature rule does
not presuppose a relatively simple numerical flux, such as the Lax-Friedrichs flux, which for our
applications is too dissipative. In this article the HLLC flux (Toro (Ref. 17)) is used, which has
comparable accuracy to the Osher numerical flux, at considerably less computational cost. In our
experience the proper integration of the upwind dissipation of the numerical flux is also essential
for the stability of the gradient equations. This implies that the dissipative part of the numerical
flux must be linearized as well. The linearization of the HLLC flux in the Taylor quadrature
rule is discussed in detail, and is constructed such that it results in a stable scheme, with correct
treatment of the pressure term at contact discontinuities boundaries, and satisfying the Geometric
Conservation Law for moving meshes.

The contents of the article is as follows. In Section 2 the space-time DG discretization of the
Euler equations in a moving and deforming flow domain is summarized. In Section 3 the Taylor
quadraturerule for the face flux integralsis presented. In Section 4 the details of the linearization
of the dissipative part of the numerical flux are discussed, which render the scheme consistent
and stable. In Section 5 the local truncation error of the DG scheme using the Taylor and Gauss
quadrature rules is analyzed. Finally, in Section 6 some numerical experiments are presented,
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including the flow past a three-dimensional, deforming wing.
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2 Numerical method

In this section the Euler equations in a moving and deforming flow domain and their space-time
discontinuous Gal erkin discretization are presented. Thefollowing isasummary of Part | and will
introduce the notations.

2.1 Euler equationsin a moving and deforming time domain

We consider the Euler equations of gas dynamics in a time-dependent flow domain. Since the
flow domain boundary is moving and deforming in time we do not make an explicit separation
between the space and time variables and consider the Euler equationsdirectly inR*. Let £ ¢ R*
be an open domain. A point z € R* has coordinates (z1,--- ,z4), but we will also frequently
use the notation ¢ = x4 for the time coordinate. The flow domain €(t) at timet, (to < t < T),
is defined as: Q(t) = {z € R3| (z,t) € &£}, with ¢y and T the initid and fina time of the
evolution of the flow domain. The space-time domain boundary 0 consists of the hypersurfaces
Qto) =={z € |za=1t},UT) ={x € |zs=Ttand Q:={zx € 0 |tp < x4 < T}.
%medskip

Let F : R® — R5*4 denote the flux tensor, which is defined as:

pu1 pu2 pu3 p
puf +p pUIUL pu1U3 pu1
F = puIU2 Pug +p puu3 puz |
puius pusus pu% +p pus

(PE +p)ur (pE +p)uz (pE +p)us pE

with p, p, and E the density, pressure, and specific total energy, respectively, and u; the velocity
componentsin the Cartesian coordinate directions z;, 7 € {1,2, 3} of the velocity vector u : £ —
R3. Let thevector U : £ — R5 denote the conservative flow variables with components:

Ui = Fia,
then the Euler equations of gas dynamics are defined as:
div f(U(;v)) =0, z €€, (D)
together with the initial and boundary conditions:

U(.’E) = U()(.’II), T € Q(to),
U(z) = B(U,Uy), z € Q.
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Here Uy : Q(to) — R® denotes the initial flow field, B : R® x R® — R® the boundary operator

and U, : Q@ — R the prescribed boundary flow field data. The divergence of a second order

tensor is defined as: div F = ‘?97; 4 and the summation index is used on repeated indices in this

J
article. The Euler equations are completed with the equation of state for a caloric perfect gas:

p = (v —1)p(E — $u,u;), with  the ratio of specific heats.

In the entire article, the notation z for an arbitrary vector z € R* is used for the vector z in R3
with components identical to the first three components of z. As a special case, F is the usual
Euler flux defined by F;; = F;j,1 <5 <3,1 <4 < 5.

2.2 Geometry of space-time elements

Consider apartitioning ¢y < t; < --- < tn, = T of thetimeinterval (¢y,7") and define the time
interval I, as. I, = (tn,tn41). The space-time domain £ C R* is split into a finite number of
space-timeslabsEN1I,. Theevolution of the flow domain during thetimeinterval I, isrepresented
by the mapping &7, which is defined as:

D : Qty) — Q) : T — PY(Z), t € I,. @)
The mapping ®7 is assumed to be sufficiently smooth, orientation preserving and invertible in

each timeinterval I,,, but not necessarily acrosstime intervals.

At the time level ¢,, we use hexahedral elements K to define the tessellation 7, of Q(t,,):

n

_ N, — — e . . .o
Tt = A{K}| U K} = altn) and K N K =0 ifj#4,1<j,j <Np}.

Each element K™ € 7," isrelated to the master element K = (—1,1)* through the mapping Fz::
A — 8 —
Fp:K o5 K": & z=>Y z(K")xi(d),
=1

with z;(K™) € R%, 1 < 4 < 8, the spatial coordinates of the vertices of the hexahedron K™
at time t,, and x;(£) the standard tri-linear finite element shape functions for hexahedra, with
£ = (€1,&2,63) € K. The elements K1, constituting the tesselation at the time level ¢, are
obtained by moving the vertices of each hexahedron K™ € 7_71" with the mapping 7 to their new

position at timet = ¢,,41, and we can define the mapping:

o

FRfli K5 K" fmz =) @7 (2i(K™) xi(€)-
i=1
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The space-time elements are obtained by connecting the elementsin Qj,(¢,,) and Q,(¢,,+1) by lin-
ear interpolationin time. Thisresultsin the following parameterization of the space-time elements
K™

el :I€—>K":§n—>(:i,t) 3
T=3(1-&)FRE)+ 11+ &)FE (),

1

-2

t =2(tn +tnt1) + 3(tns1 — tn)éa,

with ¢ the computational coordinatesin the master element K = (—1,1)%. The space-time tessel-
lation is now defined as:

T ={k=Gk(K)| K € T"}.

We will aso frequently use the notation K (t) = {z € R®|(z,t) € K} for the element K at
time ¢. The space-time element X" is bounded by the hypersurfaces K (t,}) = liﬁ)l K(tn + €),

K(t;ﬂ) = lgﬁK(tn+1 —¢),and Q" = 0K™ \ ( (t+) U K(tr_wl))

For 1 < m < 8 definetheeight faces S, of an dlement K by So,_1 = {Gk (€)|€ € K, &, = —1},
and S, = {GK(§)[€ € K, & =1}, for1 <n < 4. Notethat S; = K (t}), Ss = K (t,), and

2.3 Flow field expansion

The discontinuous Galerkin finite element discretization is obtained by approximating the flow
field U (z, t) and test functions W (z, t) with polynomia expansionsin each element X, which are
discontinuous across element faces, both in space and time. In the master element K the basis

functions ¢y, (m =0, ... ,4) aredefined which are linear in space and time:
N 1 m =20
¢ f — 7 7
m(&) { Em,s m > 0.

The basis functions ¢,,, in an element K are related to the basis function in the master element K
through the parametrization Gx: ¢ = ¢ 0 G\, (m =0,... ,4).

Asexplainedin Part | the basisfunctionsare dightly modified in such away that thefirst expansion
coefficient represents the element mean flow at timet = ¢,,1. Define

) 17 m:(), 4
P @)~ it S et )ik, m=1a, @
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then we obtain the following expressionsfor Up,:

4
Uh,(jat) = E ﬁm(lc)wm(jat)a (jat) ek, ©)
where
~ _ 1
(Kt K (t0)
Let V;} (7;) be the discrete broken function space defined as

Vil (T = {f : Tt = B[ fjx C span{e |0 < m < 43},

2.4 Weak formulation of the Euler equations

The weak formulation of the Euler equations is obtained by multiplying the (space-time) Euler
equations with a test function W, integrating over a space-time element X and using Gauss
theorem to obtain face flux integrals. Details of this derivation are givenin Part |.

In order to ensure that the weak formulation of the Euler equations is well defined we introduce
the broken space V (7,"):

V(T = {U : T - R | (grad U")" : F(U?)|x € LY(K);
v (UY) - (nk Fy™ (U?) +ng F(yH(U?)) € L' (0K);
YUY U U?) e V(T), VK € T},

with L! the space of Lebesgueintegrablefunctions, y=(U) = lim,jo U(z+enx) thetracesof U at
0K, nx € R* the unit outward normal vector at 9K, and superscript 7' denoting the transposition
of avector. We will also frequently use the notation U+ to denote y*(U). The gradient operator
grad : B° — R* isdefined as: (gradU);; = ?9—[;3 and the symbol : represents the dyadic

product of two second order tensors and is defined for A, B € R**™ as A : B = A;;B;;.

The weak form of the Euler equationsis (compare with Equation (15) in Part 1):

Nt Np,

ZZ{—/ (grad W)™ : F(U,)dK + (6)

n=0j=1 K3

/ W, U, dK — W, -UfdK+ | W, -HU, U/, ax)dQ} = 0.
Kj(ty41) K;(t) Qr

(For clarity of presentation the stabilization operator © introduced in Part | is omitted from the
weak form of the Euler equations.) The numerical flux H = H(U, ,U,",nx) is introduced
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to stabilize the central flux 1 (7L F(U, ) + ng F(U,})), where the ALE flux F is defined by
F(U) = F(U)—v®U (v thegrid velocity). Inthisarticle, the HLL C flux is used (see Section 2.5).

As explained in Part | the time discontinuity at the intersection of the time slabs is treated using
atime numerical flux, which is just the upwind flux. Note that this is equivalent with the usual
approach where atime slab coupling term is added to the weak form of the equations. By defining
the space-time numerical flux Hep as

H(U, U, i) if i # 0,

3y + Ui = slncal (U —Uy) if e =0,

the weak formulation (6) can be rewritten as

HSP(Uh_aU}j—aln”C) = {

n

Nr
SN {- / (grad W) : F(U,)dK + W, - Hsp(U, ,U; ,nc)d(0K)} =0.  (7)

n=0 j=1 3K?

This formulation will be used in Section 5 to determine the local truncation error.

The main interest of the present article are the resulting face and volume flux integrals.
[ on ;U e, and ®)

%-7'— ik (Un)d 9)

1<i<50<LI<4. Theevaluatlon of these flux integrals will be performed in areference
element, and to this end the following notation is introduced. Let dS™ (resp. dS™) be the R*
valued (resp. R® valued) measureon § = (—1,1)3 such that

frxdz = / fds™,
Sm S

/S ’ frxds = /S fds™,

(1 < m < 6), where f isafunction on S,,, C 9K and dz isthe Euclidean measureon S,,,. The
precise expression for the two measuresis given in the appendix. 1n the appendix it will be shown
that the vector-valued measures dS™ and dS™" satisfy the following relation for 1 < m < 6:

/gf-dSm:%At(/gf-dgm—/gm-dg’”), (10)

for any integrable function f : S, — R*, wherev = (Fii™t — F2)/At isthelocal grid velocity.
Taking f = W' F we have

1 _
W Fryds = 5At (/ WEF-dS™ —/W,’{W-d?”), (11)
Sm S S

in which we recognize the ALE formulation containing the grid velocity. In the remainder of this
articlewewill drop the subscript K from the space-time normal n.
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25 HLLC flux

For the numerical flux the HLLC flux (Toro (Ref. 17) and Batten et al. (Ref. 4)) isused since this
technique combines well with the quadrature rule presented in the next sections. In this section
the main elements of the HLLC flux will be presented, after which the flux will be transformed to
aform more suitable for the flux integration.

The HLLC flux is an approximate flux for the Riemann problem of gas dynamics. Given the
left and right state Uz, and Ug, in the Riemann problem, the HLLC flux uses two intermediate
states to define the numerical flux. Given a moving face with space normal 7z, normal velocity
components 4y, and 4 g, local speeds of sound ay, and ag, and normal grid velocity v, let S, =
min(4r —ar,Gg —agr) betheminimumwave speed, Sg = max(4r +ar, 4r+agr) themaximum
wave speed, and define the contact wave speed Sj; as

_ PrUR(SR — UR) — pr0r (St —4L) + pr — Pr (12)

S ~ ~
M pr(Sr — Ur) — pr(SL — r)

The intermediate pressures p; and p7, are defined as

pr, =pr(Sr —4r)(Sm — Uz) +pr 13
Pr =pr(SR — 4R)(SMm — UR) + PR

By construction of the contact wave speed S, the intermediate pressure is constant over the
contact wave: p* = p; = px. The HLLC flux is defined by (see Part | for details):

Huyic(Ur, Ur) = %(ﬁ(UL) + F(Ur) — (IS — v| — |Sm —v)UF, +
(IS —v| = |Sm —v|)Ug + |S, — v|UL — |Sg — v|Ur —
U(UL + UR)), (14)

where the | eft intermediate state is derived as

[ 0

S, — i, 1
U* :7U - * _ —
L SL _ SM L + SL _ SM (p pL)n
p*Sm — prir
[ 0

_LU # arUr + = +# * o
_SL — Su L S, — Sy urLvr +pL An S — SMP Sn
ury, M

(right intermediate state is computed likewise). Recognizing the second term between square
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)=

brackets on the right hand side as aflux term, the HLL C flux can be rewritten as

- - 1
Huiic(Ur,Ug,n) = ct.Fr, + crFr — §U(UL + Ug)

1[5 19| — |1Su] 1 [ & 1Sk = |Suml
3 (‘S” St g, =5y ) Ur T2 \ ISRl = SR —g 7 | UR - a5)

1 (\SL|—|SM| |SR|—|SM|) \
-5 - P Vp,

2 St —Su Sr—Su

where 7, = F(UL,) = F(Uy) - @ isthe normal flux. The corrected wave speeds are defined as
S, = S, — v, theconstants ¢z, and ¢, are given by therelations

1 1Sc| — [Sml
CL_z(” SL—5Su )

118wl
R 2 Sr— Sy ’

and the vector v, € R® isdefined by

Sm

The term %(]:" (Up) + F(Ug)) in (14) is referred to as the central part of the numerical flux, the
remaining terms as the dissipative part of the numerical flux.
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3 Taylor quadraturerule

In an attempt to improve the computational efficiency of the second order accurate DG method
a novel approximation of the flux integrals is proposed. The flux function in the integrand is
replaced by the second order Taylor seriesof the flux evaluated at the face center. Termscontaining
the gradients transversal to the face are introduced into the discretized equations, enhancing the
stability of the discretized system. Maoreover, second order accuracy of this Taylor approximation
of the flux integrals is proved in Section 5. Based on a flop count analysis (not presented here)
it is estimated that this approximation is computationally more efficient than Gauss quadrature,
because of the reduction in the number of flux evaluations. Also, the locality of the required
flow data (only data in the face center is required) will improve the speed of the flux quadrature
agorithm.

First, we will explain the basic concept of the so-called Taylor quadrature for the face flux inte-
grals, after which we will present the general formulation for both face and volume flux integrals.
In the Taylor quadrature rule, the central part of the HLL C flux is approximated as:

/ T (Ui ~F(Us(E,0)) [fmdS?
Sm S

OF i .. - OUI —m
i U* m m mds ’
2 ot ) g 6 ] 6

(16)

where U, = Uf, or Ug, &, is the computational face center of the face S,,, defined by £, ; =
+8im, and I(S,,) isthe ordered index set defined by I(S,,) = {ma,m3, ma}, ma < m3 < my,
the complement of {m} in {1,2,3,4}. These are thefirst four termsin a Taylor expansion of the
integrand on S. The remaining integrals, which depend solely on the geometry of the face, are
evaluated exactly — only the flux terms are expanded in a Taylor series. The exact evaluation of
the geometric termsiscrucial in order to maintain the second order accuracy of the DG method.

The flow derivatives necessary for the quadrature rule can be easily computed, since in compu-
tational coordinates the solution vector Uy, in cell K, restricted to the face S,,,,, can be written
as

U\Sml = U(gml) + £WL2 Umz (}C) + §m3f]m3 (}C) + 6404(}C); (17)

hence, the flow derivatives are equal to g—g(éml) = U, forl € I(Sy,). Thefact that the gradi-
ents occur directly in the approximation of the face flux integrals, demonstrates that DG methods
provide a natural setting for the Taylor quadraturerule.
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For the genera formulation of the Taylor quadrature rule for both face and volume flux integrals
we return to the weak formulation (7) of the Euler equations using the space-timeflux. Thisallows
usto treat the space-time fluxes through the different element facesin a uniform way.

Thefirst step isto transform the integralsin physical space to integralsin computational space,

8
/ Wy - FEnTdQ=">" / W, - Fi dSp. (18)
Q me1?8m
Likewise the volume flux integrals are transformed to computational space:

/VWh:]-"dIC: /th:f|JGK|d1€. (19)
K K

Subsequently the flux in the integrand is expanded in a second order Taylor series, and the foll ow-
ing Taylor quadrature rules for the face and volume integrals are obtained:

W, - F*  ngdok ~

oK
8 +
OFE (&
> [FinEm) /W dST + Zakg /thgldsk] (20)
m=1 1€1(Sm) 3
/ VW), : FdK ~ Fi;(0) / aW’” T |dK + 9%3(0) / ‘9W“5 Jald,  (21)
K g Oz o6 Jg oz

with 7+ = F(U®).

In Section 5.1, Lemma 3, the conditions for the flux tensor will be given such that the approxima-
tions above are well defined.
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4 Taylor approximation

For the stability of the discretization, it was found to be essential to not just expand the central part
of the numerical flux, but also the dissipative part. This has been one of the main reasonsto apply
the HLL C flux, where one can hope to obtain reasonably simple expressions for the derivatives of
the dissipative part. Note that in smooth parts of the flow field the dissipative part of the numerical
flux is of higher order than the central part, hence the approximation of the face integrals of the
dissipative part does not affect thelocal truncation error analyzed in Section 5.

This section only deals with the numerical flux through the space-time faces. The time-numerical
flux, including the dissipative part of the time-numerical flux, is computed analytically, which is
consistent with the Taylor quadrature rule, since the time-flux is linear.

A complete linearization of the HLLC flux would require the linearization of all wave speeds.
Linearization of the wave speedsis atedious exercise, not only because the expressionsfor the | eft
and right wave speeds are complex, but also because of the upwind character of the HLL C flux.
An efficient linearization of the flux integral would be alinearization where the left and right wave
Speeds are assumed to be constant, while retaining certain desirable properties of the HLLC flux.
These properties are stability of the discretization scheme, preservation of uniform flow, and the
contact wave analogy for the contact wave speed.

Such alinearization is presented below, for a given space-timeface S = S, (1 < m < 6), using
the following assumptions:

Assumption 1 The wave speeds Sy, and Sy are assumed constant in the face, the contact wave
speed Sy isallowed to vary with the flow. Variations with respect to the face normal are ignored
for all wave speeds.

Assumption 2 Thewave speeds are computed based on the faceaverage normal [ dz /| [ ndzx).

Assumption 3 The face moments are approximated as |, g PJsdé = | i) § PdS|, for an arbitrary
polynomial P on S, where Js isthe Jacobian of the parametrization of S.

Assumption 4 The coefficients in the dissipative flux containing the contact wave speed are as-
sumed constant.

Aswill be shown in Section 4.1, the first assumption is sufficient to ensure that the intermediate
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pressures are equal across the contact wave up to second order in the left and right states. In
Section 4.2 it will be shown that the other assumptions are sufficient to ensure the preservation
of uniform flow when the Taylor quadrature rule is used. The stability of the scheme will be
demonstrated experimentally in Section 6. It isimportant to note that the Taylor quadrature rule
puts no restriction on the specific choice of the left and right wave speeds.

Using Assumption 1 to 4 and the formulation of the HLLC flux in (15) we obtain the following
approximation of the face flux integrals:

/8 buHY (UL, Ug, 7)dz ~ (22)

3 (@ FaULED) + enFiUnEn) [ €0dST
S

1 OF i o -
+§cL Z U (UL(fm))Ui,l/:éflfndSk

2
1 1SL] — 1Sm]| / i
1z o 1Skl = 18ul / i

1(1Sc] =S| 1Skl = |Sm] \ =
_ _ FZ * .
2<SL—SM Sk — Su (")

The first three terms on the right hand side of (22) follow directly from (16). In the last term the
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)=

functions F' (p*) are defined as

L(p*) =0

Fi(p™) =p" (En /sndsz L+ (2<i<4)
£ + B, ) [ ST
G aUJ Uit oud, ) JgSrm

F5(p) =SM<£m>p* &) / 0T, dE +

3p
+ Z Snt(Em) (aUJ Lt U7 U, )[éflﬁanmdﬁ

lel(S

8S'M BSM
* Z (8(]] Uil aUJ Ul{ll) /glfnjsmdé-a

leI(8

which essentially is the differentiation product rule applied to p*wv, in (15). Theintegralsin (23)
and (24) are written out using (17) and Assumption 3 for the face moments:

/ ) UénJs, d¢ =U(E,,) / En s, dE + Z U, / &inJs,, dé

lel(s
[ atts ‘

/Sgndg ‘ Z U

lel(S

~U (€pm)

The grid velocity term is treated in the same way:

/ Ut - nsdé =U(E,,) / Env - dS™ + Z U, / & - dS™

lel(S

(note that this is not an approximation). The analytical expressions for the geometric integrals
[s&6ndS™ and [5 &énv - dS™ are presented in Appendix C.

4.1 Contact wave analogy

Theintermediate pressures defined in (13) are equal if al flow quantities are evaluated at the same
point. If we assume al wave speeds to be constant in a face, we would have 5 Op st~ = 0, whereas
clearly ap L s nonzero. Hence a variation in the left state would have no effect on the right
intermediate pressure, so the intermediate pressures will in general not be equal across the face.
Since the introduction of the contact wave analogy into the HLL flux has significantly improved
the accuracy of the HLL C flux, we want to preserve the contact wave anal ogy within the quadrature
rule. Wewill show that taking the variation of S, into account, but assuming Sy, and Si constant
across the face, implies that the left and right intermediate pressures are equal up to second order
(compare with Batten et a. (Ref. 5)), which is consistent with the Taylor quadrature rule.
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Lemmal Given Assumption 1, we have

(P, — PR) (U + AUL, U + AUR) = O(|AUL?, |AUR?),  (|AUL|, |AUR| — 0).

Proof. Sincetheintermediate pressures are equal in the face center by the construction of the con-
tact wave speed Sy, it is sufficient to prove that the linear variations of the intermediate pressures
areequal.

Define p = pr(Sgr — 4gr) — pr(SL — 4y). Given the definition of Sy, in (12) the derivative of
S with respect to the left state is obtained as follows:

0Smr _ Sv 0p 1 0

ﬁ =— 7@ + ;E (—prtr (S —ar) +pr)
Sy 0p 1 9 . .
5 oUL + 50, (pz — PrSM(SL —4r))
_ Sw Op 100, pu(SL—)0Su , Su Op
p oU, poUgL p ouy, p 0Uy,
_18p}  pr(SL — i) Sy
poUL p oUr,
which is equivalent with
(Su—an) oM = 9L
PR\OPR — UR UL = U,
Hence, 5 55 5
Opg _ g 95m _ Opy
U, pr(Sr — UR) o0, — ou,’

where the first equality follows directly from (13). Likewise it can be proven that the derivatives
with respect to U areequal. O

4.2 Consistency of the approximation
Lemma 2 Given Assumption 2 to 4, the Taylor approximation of the flux integral s preserves uni-
formflow. Hence the flux evaluation satisfies the Geometric Conservation Law for moving meshes.

Proof. To prove the preservation of uniform flow, it is sufficient to show that the dissipative part
of the HLLC scheme vanishes in uniform flow, since the geometric terms in the central flux are
evaluated exactly.

Without loss of generality we may assume S;, < v < Sy < Sgr. The dissipative part of the
HLLC schemeis given pointwise by (compare with (15))
St

5.5y (SMU+pvp—.7:"),
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where the subscripts R and L are omitted from the flow variables since U, = Uz = U. For
uniform flow, the contact wave speed S}, is equa to the normal velocity. With the definition of
the normal in the definition of the wave speeds, Assumption 2, we have:

u-fsﬁd:v
Su = —F"—,
|fsnd$|
hence,
u-/ﬁda::SM /ﬁdw AS:SSSM/da:.
S S S

If we now use Assumption 4 in thefirst equality, we obtain

/SSL€7LSM (SMU—i-pvp—f:) de =
- iLSM /S (SuU +pu, - F) da

ZL(UU'/ﬁd"II-{—/p’Upd.’L‘—f'/’ﬁ;dﬂ?)
St —Sm s S s
g pu-fsﬁdm
e = _F. | fdo) =
_SL—SM( (puu + p) [¢Adz F /Sndx) 0,
(PE +p)u - [gidx

hence, uniform flow is preserved. Combined with the exact evaluation of the geometrical coeffi-
cientsthis proves that the Taylor quadrature rule satisfies the Geometric Conservation Law. O

4.3 Boundary conditions

The Taylor quadrature rule described above is extended to boundary faces by consistently expand-
ing the boundary conditionsin Taylor series. Since the flux for a boundary faceis computed using
aright state based on the left state, the expansion only depends on the left state. To be more pre-
cise, for a specific boundary condition let f : R> — R® define the mapping describing the dummy
state as function of the left state:

Ur = fu(UL) =: B(UL, Uy),

then
0 — 0 —
8_&F(UR) :%F(fw(UL))
OF  ofk .
BUk(UR)BUJ
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It isnatural to approximate the integrals of the dissipative flux using the Taylor expansion of f:

. o ofi ..
[ Vibnde ~UREn) [ eustc+ ¥ GE0d, [ agusae

1€1(S)

The above two formulas show that the Taylor quadrature rule for boundary faces is equal to the
Taylor quadrature rule for internal facesif we define:

. Oft ..

Ug, = 8—UijUi’l. (25)
It is straightforward to expand the boundary conditions into a Taylor series. For the dlip wall
boundary condition for strongly curved surfaces it may be beneficial to incorporate the variation

of the face normal and grid velocity.
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5 Local truncation error

In this section we will analyze the accuracy of the Taylor and Gauss quadrature rules for the flux
integration. Gauss quadrature rules were used in Part | but are computationally expensive in com-
parison with the Taylor quadrature rules. The main result, Proposition 1, provides an estimate for
thetruncation error of the space-time discontinuous Gal erkin discretization, including the effect of
the Taylor quadrature rules. The analysis shows that the Taylor quadrature rules result in the same
truncation error for the space-time DG discretization of the conservation laws, when linear test and
trial functions in the reference element are used, as is obtained with the Gauss quadrature rules
used in Part |. Both quadrature rules result in a second order truncation error of the discretization
in the same properly chosen norm. Also, conditions on the flux tensor F, and implicitly aso on
U, are given which guarantee the applicability of the Taylor and Gauss quadrature rules. These
conditions and the error estimates require a high degree of smoothness. The required smoothness
is, however, not available when discontinuities are present in the flow, but in these areas the nu-
merical discretization will have a reduced accuracy anyway, independent of the quadrature rule.
Definitions of the various Sobolev spaces and (semi)-norms used in this section can be found in
Appendix A.

5.1 Validity of the approximation
Sufficient conditions on the flux tensor such that the Taylor quadrature rules (20) and (21) are
applicable are given by the following lemma:

Lemma3 Let Gx : K — K bea C! diffeomorphismfor all K € T, If F € (W54(T™))>,
withs, g € R, 1 < ¢g < oo, s integer wheng = 1, and (s — 1)g > 4, then the Taylor quadrature
rules presented in (20) and (21) are well defined.

Proof.The proof of thislemmaisimmediate using a Taylor series expansion of the traces F* and
the flux tensor F, if we can ensure that we can consider pointwise values of £+ at 9K and F in
K, and also for their derivatives. This requires that we can imbed the flux tensor F in C*(K),
the space of continuously differentiable functions on K, the closure of K. Since K is a bounded
domain with the cone property (see Appendix A) and (s — 1)g > dim(K) = 4, with s € R and
1 < ¢ < o0, s integer when g = 1, the following imbedding exists:

W(K) — CY(K). (26)
For integer values of s thisis part of the Rellich-Kondrachov theorem, see Adams (Ref. 1) Theorem
6.2 part |1, page 144. For fractional order spaces, with s not an integer and 1 < ¢ < oo, thisis

adirect consequence of Theorem 4.6.1/6 in Triebel (Ref. 18), pages 327328, using the relation
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between fractional order Sobolev spaces and Besov spaces, see Triebel (Ref. 18), page 323 and
also Nikol'skii (Ref. 16). This means that pointwise values of F and its derivatives exist and the
quadrature rules (20)-(21) are well defined, because the Jacobian Jg,. is finite when G isa C!
diffeomorphism. O

Remark 1 For the error estimatesin Section 5.2 we must know to which Sobolev space the traces
F=* belong. Theimbedding theorem (26) ensures that 7+ € C*(S,,), but we can also apply the
imbedding theorem directly to S,,. |f we compare the imbedding conditions (s—1)g > 4for F
in the domain K and the equivalent condition (s’ — 1)q > 3 for theimbedding of 7+ in S,,,, then
we see that F+ € W*~1/94(S,,). Thisresult can also be obtained from the trace theorem when
s—1/gisnot aninteger, see Grisvard (Ref. 12). In the present analysisalso integer valuess —1/q
are required and we need to use (26) to determine the Sobolev spaces for F=.

5.2 Analysisof element face quadratureerrors
Combining (18) and (20) we can now definethe quadrature error functional Esx for theintegration
of the element face fluxes at 0K as:

= = 37‘?;; €m) Am
Eac (W, , F%) Z W6 (F2© - FiEn) - Y a=2masp. (@D
1€1(Sm)
An upper bound for the quadrature error of the flux integrals over 9K is provided by the following
lemma:

Lemma4 Let the tessellation 7, satisfy the condition 0 < h7 < 1, with k7 the diameter of the
smallest ball containing the elements K € 7. Suppose that for all I € 7," the mapping Gk isa
C" diffeomorphismwith | J;1| < C/hk. Let F € (WeU(Tm)** ! withs,g € R, 1 < ¢ < o0,
sinteger wheng =1, (s — 1)g > 4, (s — 2)g > 1, and W}, € V;}(T;*), then the quadrature error
| Eaxc| can be estimated for all K € 7, as

_ 2—1
| Boxc Wy, , FE)| < ChT P\ FE|, ol Wi 1,

with & + - = 1, and C a positive constant independent of A, F= and W}, but dependent on the
grid velocity.

Remark 2 The bound on the inverse of the Jacobian of G stated in Lemma 4 is trivial for a
square hexahedral space-time element and also valid for mappings closeto theidentity. Geometric
conditionsto ensure this condition for general elements are discussed in van der Vegt (Ref. 19).
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Proof. Using the triangle inequality in (27) we obtain the following estimate:
| Boxc (W), , )|

8 ) OFE(Em), s
<3 [, W17 - Filen - 3 & Ol uspy

ler Sm

< OW Wy llogosl F* 1l oos

where we used in the second step the estimate |¢| < /3 for ¢ € S, and

A 1 _
/|d8m|§—At(/ |d$m|+/ |v-d§m|>
Sm 2 Sm Sm

< CAth% < Ch, form=1,---,6,

which can be obtained directly from the geometric integrals discussed in Appendix C. The esti-
mates for the integrals over S; and Sg follow directly from Appendix C. The constant C' depends
onthe grid velocity v. We also used the fact that F+ € W17°°($‘). Thisisadirect consequence of
the imbedding (26), which is applicablesince (s — 1)¢ > 4 and the relation Cl(fC) — W1’°°(l_€).
Thisimplies, as discussed in Remark 1, that F+ € W5~ 1/24(8) — W1°°(8) and we obtain the
estimate:

|Box (Wi, F5) < Ol | Wy lgso. sl F* Ul g0

We can further improve the estimate for | Egx | using the generalized Bramble-Hilbert lemma, see
Bramble and Hilbert (Ref. 7).

First assume that s — 1/q¢ = 2. Define the set of polynomials @, such that % = 0 for
J

j =1,---,4. For any fixed Wj(z) = Wj(Fs(£)) € (W™4(8))3, withm > 0, integer, the
bounded linear functional Egx satisfiesthe relation:

Eox(W, , F£) =0,  VF* e (Qu(S)> ™

The Bramble-Hilbert lemma (Ref. 7) then states that there is a positive constant C' (S’), such that
for al F* € (W>4(8))>**, we have the inequality:

|Box (W), . F9)| < C(8) || Box Il , ¢ [Flo 06 (28)
with:
R Box (W, , F*
| Box Il 5= sup '6’3(&" )
5 oprrewra@nra 1T lags
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The semi-norms [F=], 0.8 1 < m < 8, can be expressed as a semi-norm with respect to Sp,
using the following inequality (Ciarlet (Ref. 9), p. 246):

1
F4laas < Ot/ s (FSIE o s 1P basn + [Fsllyos, | FElasa)-  (29)

The semi-norms |[Fs]|, . ¢ . k € {1,2} can be directly estimated from the isoparametric map-
ping Gk:
[Fs]l) 00,8, < Chr, (30)

|[Fs]l2,00,8,, = O- (31)

Introducing (29)-(31) into (28) and using the assumption on the Jacobian of G ;(1, restrictedto S,
as stated in Lemma 4, we obtain an improved estimate for | Egx|:

|Borc (W), , FH)| < Ch5 | FE |y g o | Wy o oo (32)

where the positive constant C' isindependent of -, F* and W},, but depends on the grid velocity.

For (s — 2)g > 1 we have W*~1/24(8) € W24(S), which implies that inequality (32) is also
valid for F£ € Ws~1/44(S). This provides more flexibility to choose optimal values of s and ¢
in the estimates for the truncation error discussed later, but does not improve the Bramble-Hilbert
estimate.

The test functions W), are chosen from the finite dimensional space V! (7,"), which implies that
Wy, € (WEP(7))® witht > 1 and >+ ¢ = 1, because F € (Wg'(7;"))>**. Sinceal norms
are equivalent in afinite dimensional space we can use ahomogeneity argument (see Brenner and
Scott (Ref. 8)) to obtain the following inequality:

I Wi lly g0 < ClIg2 102 (Il Wi llopc +IGcly o Wl k)
<ChFP | Wi o, if 0< hy < 1. (33)
Together with the trace theorem, we can use (33) to obtain the following estimate for | Egx|:
|Boxc (W), , FE)| < OB\ F - s q.00 1| Wy Iy oo 8
< Chy U FE by g0n | Wi Il oo
< O\ FE g g0 1| Wi 1.k (34)

with 0 < hy < 1. Inthe last step we used the relation 2 + 1 = 1. O
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In Part | we use aproduct Gauss quadrature rule to approximate (18). A two-point quadrature rule
isapplied for thethree spatial computational coordinatesé, &; and €3, and athree-point quadrature
rule for the temporal computational coordinate 4. Define the quadrature error functional Eg”,c
for the integration of the element face fluxes at 0K in the same way as Egx in (27) with the
Taylor quadrature rule replaced with the product Gauss quadrature rule. An upper bound for the
quadrature error of the flux integrals over 3K using the product Gauss quadrature rule is provided
by the following lemma:

Lemmas5 Let the tessellation 7,” be asin Lemma 4. Let F € (W59(T))>

1<¢g<oo,sinteger wheng =1,s9 > 4,(s—2)g>1,andW,, € Vhl(ﬁln), then the quadrature

,Withs,q € R,

error |ES).| can be estimated for all K € 7;* as:

\ESc (Wi, FE)| < CREMP | F5|y ok || Wh

1,p,K>

with % + % = 1, and C a positive constant independent of h-, F+ and W}, but dependent on the
grid velocity.

Proof. Given the expressions of the geometric quantities in Appendix C, the product Gauss
quadrature rule with two points in the spatial directions and three in the temporal direction is
exact if W), € (Q1(S))3 and F* € (Q1(S))%** and we can apply the Bramble-Hilbert lemmain
the same way asfor Lemma4. Theremaining part of the proof isnearly identical to Lemma4 and
is not repeated here. O

Remark 3 The product Gauss quadrature rule with two pointsin the spatial directions and three
in the temporal direction uses the minimum number of quadrature points in a product Gauss
quadrature rule necessary to satisfy the requirements of the Bramble-Hilbert lemma, which is
used in the proof of Lemma 5.

Remark 4 Since the Gauss quadrature rule does not use derivatives we can relax the condition
(s —1)g > 4to sq > 4 to ensure the validity of the quadrature rule. For more details, see Lemmma
3.

5.3 Analysisof element volume quadrature error
The quadrature error functional Ex for the integration of the element volume fluxes can be defined
as.

8Wh7i

Ec(Wi, 7) = [ Gt (Ful) = Fol0) — 6520

¢
using (19) and (21). The following lemma provides an upper bound for the error in the approxi-

) |k (35)

mation of the volume flux integrals:
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Lemma6 Let the tessellation 7;” be asin Lemma 4. Let F € (W59(T)>*, with s,q € R,
1<g<oo (s—1)g >4, (s—2)g>1,sinteger wheng = 1, and W), € V,/(T;!), then the
quadrature error | Ex| can be estimated for all K € 7, as

| Bxc(Wh, F)| < ChS | Flagper || Wa Il pxc, (36)

with % + é = 1, and C a constant independent of hy, F and Wj,.
Proof. The quadrature error Ex. (W}, F) can be estimated as:

OWh;

8]-“1
B WP < [ 1524170 = F(0) — 2

||J «ldk

<SOWF || F ool Wh 1,00,
<SChE | Fll, gl Wi ll1,0065

where we used the imbedding (26), which is valid since (s — 1)¢ > 4. In addition we used fact
that |¢| < 2 for ¢ € K and the estimate [ | J,c [dK < Ch4-, which can be obtained directly from
the geometric integral's discussed in the appendix.

The estimate of the quadrature error functional can be improved with the generalized Bramble-
Hilbert lemma (Ref. 7). Due to the close resemblance with the analysis for Egx only the main
stepswill be discussed. For any fixed value of W), € (W™4(K))® withm > 1, the bounded linear
functional Ex satisfiesthe relation:

Ex(Wh,F) =0,  VF € (Qu(K)™",
hence thereisa constant C(K), such that for all F € (W24(K))5*4, we have the inequality:
| Ex(Wh, F)| < C(K) || Ex 546 Flagk

with:

‘EIC(WhaF)l
1B l0ki= o s TF ook
o 0£FE(W2a(K))5x4 2,¢,K

Using the following inequalities (29)-(31), which are also valid with &,,, replaced with K and S,,,
with IC, we obtain the following estimate:

|Bic(Wh, F)| < ChS 1| Flagcn || Wi 1100 - (37)

The estimate (36) then results from the fact that the W}, are chosen from the finite dimensional
space V,}(7;*) inwhich all norms are equivalent. O
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We can also approximate (19) with a three point product Gauss quadrature rule and define the
quadrature error functional E,Cc’ for the integration of the element volume fluxes in the same way
as Ex in (35) with the Taylor quadrature rule replaced with the product Gauss quadrature rule.

An upper bound for the quadrature error of the volume flux integrals using the three point product
Gauss quadratureruleis provided by the following lemma:

Lemma7 Let the tessellation 7" be asin Lemma 4. Let F € (W54(T))>, with s,¢ € R,
1<g<o0,sq>4,(s—2)g>1,sinteger wheng = 1, and W), € V,}(7,!), then the quadrature
error |EZ| can be estimated for all K € 7;" as:

B (Wi, F)| < ChS | Floger || W [0, (39)

with % + % =1, and C a constant independent of h,, F and W},

Proof. The three point product Gauss quadrature rule is exact if W), € (Q1(S))® and F e
(Q1(8))>** and we can apply the Bramble-Hilbert lemmain the same way as for Lemma 6. The
remaining part of the proof is nearly identical to Lemma6 and is not repeated here. O

5.4 Truncation error of space-timediscontinuous Galerkin discretization

The effect of the quadrature rule on the accuracy of the discontinous Gal erkin discretization can be
investigated by analyzing the truncation error. If we integrate (7) by parts, and introduce the nu-
merical discretization operator Ly, : V,(7,") — V;1(7;"), then we can write the weak formulation
for the DG discretization as:

Find an 7, € V;1(7;), such that for all W), € V,1(T;):

(L (Fn), Wh)gh =0,

with £, = U UM K7 and:

Nt Np
UV)e, =D | U-VdK, VU,V € Vi(T).
n=0j=17K7}

The operator Ly, (F},) therefore is an approximation to divF. We can state now the following
proposition, which providesinformation about the truncation error of the numerical discretization,
including the effect of the Taylor quadrature for the flux integrals.

Proposition 1 Let thetessellation7," beasin Lemma 4, with h the diameter of the smallest ball
containing the elements K € 7,7, with hr < 1. Let W), € V,1(T;}) and F € (Wg5%(T;"))>** with
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$t,gER 1< g<oo,(s—1)g>4,(s—2)g>1,and0 < s < ¢, then thetruncation error of
the approximation to div.F in each space-time element K € 7," isequal to:

1Zn(F) — divF]|]s g < Cohl*[[|F(O)||exr,0,77 + Cihs I\ FU) |o,grn +
Cohs P (ILF* (U) Jlagre + [LF~(U) Jl2q 7)), (39)

with Il) + % =1,and C;,i =0, -- , 2, positive constants independent of F and k7. The constant
C depends on the grid velocity.

Proof.We split the truncation error in each element £ € 7," into a contribution related to the
interpolation error and a contribution related to the discontinous Galerkin discretization:

| Ln(F) = divF lsqpe< || divF — Pyt za (divF) [ls g +
| Lu(F) = Py ey (v F) [k (40)
=e] + eg, (41)

with ]P’VhI (™) the projection onto the space V! (7). The contributions e; and e, are provided by
Lemmas8 and 9. If we sum (41) over all elements K € 7, and use the Minkovski inequality then
we obtain the estimate (39), with the norm and semi-normsin W ;4(7,") defined in Appendix A.O

Lemma8 Let thetessellation 7," beasin Lemma 4 and assumethat each K € 7, is star shaped
with respect to some ball. Suppose s,t,q € R with1 < ¢ < oo and either (¢t — 1)g > 4 when
g>1lort>5wheng=1. Thenfor all F € (WH(K))>** and 0 < s < ¢ we have:

| divF — Pys o (i) [lsqic< OB || F snge (42)

Proof. For integer values of s and ¢ thislemmais a direct consequence of Theorem 4.4.4 in Bren-
ner and Scott (Ref. 8), because the condition |JG;{1| < C/h% dso ensuresthat v = hi/pxc > 0,
with pg the radius of the smallest sphere completely contained in X. For non-integer values of
s and t we use Banach space interpolation between the estimates for integer values of s and ¢. If
we define the operator Tv := v — ]P’Vhlmn)v and use the Banach space interpol ation theorem for
linear operators (Prop. 12.1.5 in (Ref. 8)) then we obtain with m = [t] and i = [s] the estimate:

|| T ||[Wm,p(jc),Wm+1,p(]c)]9‘p_)[wi,p(]c),Wi+1,p(lc)]61pS Ch?—i’

with0 < 6 < 1. Using Theorem 12.2.3in (Ref. 8), which statesthat W™ 97 (KC) = [W™P(K), W12 (K)]pp

if the domain K has a Lipschitz continuous boundary, we obtain the estimate (42) withs =i + 0,
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t = m+ 6 and v = divF. The Lipschitz condition on K is satisfied because K is Lipschitz and
the mapping G'i, used to define K € 7, from K,isaC"! diffeomorphism. O

Lemma9 Letthetessellation7,”, flux tensor F, and test function 1/, be asin Proposition 1, then
for each £ € 7, we have the estimate:

| La(F) = Py 7y (@divF) loge< Crhg /I F (U)o g +
Coh P FH(U) g ox + [F(U)lag,0x)
: 1 1 _
with pt o= 1.

Proof.Define E(Wy) = Eaxc(W3) + Ex(W)y,) asthe error functional, with Ex and Ex. defined
in (27) and (35), respectively. To each W), € (W™4(K))3, with m integer, K € 7%, we can
associate the vector P W), := (D°W},) € (L% (K))®, (see Appendix A), by ordering the N multi-
indices o, satisfying || < m, inacornvenient way. Let 1 < p < oo. The representation theorem
for linear functionsin the dua space of the Sobolev space W™P(K) (Adams (Ref. 1), Theorem
3.8), states that there exists an element v € (L}(K))®, with 2 + 2 = 1, such that writing the

vector v inthe form (vy) we have for al W, € (W™P(K))> the following representation

0<lal<m
for the error functional E(W,):

EW) = Y / DOW), v dK. (43)
0</al<m * X
Moreover,
it 110 llzg, s =1 B lingur “9

with B the set of al v € (L% (K))5 for which (43) holds for every W), € (W™P(K))5. For
1 < p < oo theelement v € (L% (K))° satisfying (43) and (44) is unique. If we integrate E by
parts then we obtain the representation:

(W) = /}C Wi - (Ln(F) — divF))dK

= /;c Wi« (La(F) = Py (divF)) dK,
Sincewv € (L%(K))® isuniquefor 1 < p < oo, we must have the relation:

Hence, the minimum is attained when v satisfies (45), and using (44) we have the relation:

| L (F) = Py orny (divF) [|(ze, gocyys =l £ | (46)

*
m,p,K *
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The space (W™4(K))® is a closed subspace W of (L%;)® and there exists an isometric isomor-
phism from (W™4(K))5 onto W C (L%, (K))® (see Adams (Ref. 1), page 46). Since Ly (F) —
divF € (W™4(K))®, because F € (W5(T;))>**, we can therefore transform (46) into;

| Zn(F) = Py 7 (@i F) llmqe=Il B 1 pxc -

Using Banach space interpolation we can extend this relation aso to noninteger values of m. For
more details, see Lions (Ref. 13) and Adams (Ref. 1).

The proof is completed using the estimates provided by Lemmas 4 and 6 and the inequality ||
Wi l1pic S|l Wi |ls,pxc fOr s > 1

| L (F) =Pyt (7 (divF)

$,q,K

E B (Wr, F+
< sup | /c(VWhJ:HJr sup %| ax (W, )l
52 || Wh llspx

T omme(worgo)” TV lspR e (o)

llEBIC(Wh_a]:i)l
2 ” Wh, ||5,p,lC

sup
5
0£Wie (Wer ()

< CAS Y F(U)ag i + Coy P (|1FF (U)lagor + |F~ (U)l2,4,0x) (47)
H 1 1 _
with 5 + i 1.0

Remark 5 For g =1/(1—e¢),s > 5andt > 7inProposition 1, withe € R* an arbitrary positive
number, the trunction error of the discontinuous Galerkin discretization, including the effect of the
approximation of the element surface and volume integrals, is O(h?r‘f) in the W2(7,) norm.
Thisshowsthat the Taylor quadrature rule does not negatively influence the second order accuracy
of the numerical discretization, since we can choose e arbitrary small.

Corollary 1 Let theconditionsof Proposition 1 be satisfied, with (s—1)g > 4 replaced by sq > 4,
then the product Gauss quadrature rules defined above Lemma 5 and Lemma 7 result in the same
truncation error as obtained for the Taylor quadrature rule in Proposition 1.

Proof. The proof isimmediate if one uses the estimates provided by Lemmas5 and 7 in (47).0

Remark 6 The reader is referred to Part | for an experimental verification of the error. For
a steady subsonic entropy preserving flow a global L?-error of the order h%° was found from
numerical experiments, using data at supercorvergence points, even on locally refined meshes.
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Fig. 1 Comparison of pressure distribution for the transonic over a NACA0012 foil.

6 Results

6.1 NACAO0012

A first comparison of the two point product Gauss quadrature rule and the Taylor quadrature rule
is presented in Figure 1. Transonic flow over a NACAOQO012 airfoil has been simulated with a
freestream Mach number of 0.8, and an angle of attack of 2 degrees. Both the Taylor quadrature
rule and the product Gauss quadrature rule of Corollary 1 have been used. In thisand thefollowing
experimentsthe system of equationsis solved asdescribedin Part |. Clearly, the resultsin Figure 1
show hardly any difference in the pressure distribution over the airfoil. The lift coefficient are
computed to be 0.5387 for the Taylor quadrature rule, and 0.5348 for the Gauss quadrature rule.
The small increase in lift is most probably caused by the fact that the Taylor quadrature rule is
dightly less dissipative.

6.2 Cylinder flow

In an interesting article, Bassi and Rebay (Ref. 3) found that the second order DG method using
first order polynomials for both the flow representation and the geometry elements produced a
severe numerical boundary layer for the inviscid subsonic flow past a cylinder. Bassi et al. apply
the standard steady-state RKDG algorithm of Cockburn et al. (Ref. 10), but without the use of a
limiter, since the flow is subsonic. In their simulations they used an exact Riemann solver, the
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equations were discretized on a triangular mesh, and a Gauss quadrature rule was used to evaluate
the flux integrals.

The numerical experiment of Bassi and Rebay has been repeated. Subsonic flow past a cylinder
has been simulated at a Mach number M., = 0.38, on afine64 x 96 mesh and a coarse 32 x 48
mesh, both with rectangular elements, which are described using the bilinear isoparametric map.
On the coarse mesh al so a quadratic superparametric representation of the boundary has been used.
Both the Gauss and Taylor quadrature rule have been applied. No artifical dissipation has been
added, and all simulations have been converged to machine accuracy. The numerical boundary
layers are presented in Figure 2; the numerical boundary layer is represented by the total pressure
loss, defined as

Dt—loss = —
T pe \ 13- MR

where M isthelocal Mach number, and -y isthe ratio of specific heats. Clearly, the Taylor quadra-

e
p (1+%(7—1)M2)”‘1

ture rule results in a significant reduction of the numerical boundary layer. This difference can
be attributed to the fact that in the Gauss quadrature rule the normal flux is computed at different
locations in the element face. At each quadrature point we consider a one-dimensional Riemann
problem and neglect the tangentia variation of the solution in the element face. The tangential
vectors at the quadrature points are slightly different and this results in different shear wave con-
tributions from the quadrature points, which manifest themselves in spurious entropy generation
near the wall. The Taylor quadrature rule considers the Riemann problem only at one point and
therefore results in a more consistent discretization when combined with one-dimensional (ap-
proximate) Riemann solvers.

Bassi and Rebay reported that it was mandatory to use higher order boundary representation in
order to get correct results. In particular, their numerical boundary was found not to dissappear
under grid refinement. This may have been caused by the fact that their computation failed to
converge on the finer meshes. Though they do not present a total pressure loss distribution for
linear boundary elements, the strength of the numerical wake shown in the Mach field plots, would
imply atotal pressure loss far exceeding 10%, which is more than experienced in our ssmulations.
As shown in Figure 2, a superparametric boundary representation does improve the flow results,
but since the numerical boundary layer on the coarse mesh is not al that bad, the improvement is
not as dramatic as with Bassi and Rebay.

Actually, the accuracy improvement under grid refinement, uniform or local, is greater than when
using superparametric elements. Thisis already clear from Figure 2 where the fine grid results are
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Fig. 2 Comparison of the total pressure loss at the wall for the flow around a circular cylinder
(My = 0.38) using Gauss and Taylor flux quadrature rules for isoparametric elements
on a coarse (32 x 48 elements) and fine mesh (64 x 96 elements) and superparametric

elements on a coarse mesh (32 x 48 elements).

more accurate than the coarse superparametric results. The grid refinement efficiency is demon-
strated more strongly in Figure 3, where the previous results are compared with results obtained
under local grid refinement. The coarse mesh has been refined three times and the Mach number
distributions are shown. The adapted meshes are obtained through local grid refinement near the
cylinder, and at each adaptation the number of boundary cells in the circumferential direction is
doubled. Accuracy on the one time refined mesh is comparabl e to the fine mesh computation, and
the numerical boundary layer all but disappears on the three times refined mesh (maximum total
pressure loss of 0.2 percent). Hence it is not necessary to use a higher-order accurate boundary
representation in order to obtain accurate simulation results. More details can be found in Van der
Vegt et a. (Ref. 21).

6.3 Lambda shock

In order to demonstrate the shock-capturing capabilities of the present DG method, transonic flow
around the ONERA M6 wing has been simulated with a Mach number of 0.84 and an angle of
attack of 3.06 degrees. The grid consists of 440,000 cells. The pressure distribution on the wing
and at the symmetry plane is shown in Figure 4, the lambda shock structure is clearly visible. In
Figure 5 the pressure distribution at the cross sections at 65% span and at 90% span are compared
with experiment. Considering the fact that in the simulations the flow is considered to be inviscid,
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(a) Gauss coarse (b) Taylor coarse

(c) Taylor fine (d) Taylor three adaptations

Fig. 3 Comparison of the Mach number field of a circular cylinder at M, = 0.38 using Gauss
and Taylor quadrature with (locally refined) linear isoparametric elements (coarse mesh
with 1536 cells, fine mesh with 6144 cells, and three times adapted coarse mesh with
8358 elements).

agreement is good.

6.4 Computational efficiency

Steady, subsonic flow over an ONERA M6 wing is simulated with a freestream Mach number of
0.4 and an angle of attack of six degrees. Even though the flow is stationary, it has been simulated
with the space-timediscretization. Thisexampleischosen to measure the computational efficiency
of the Taylor quadrature rule. Not only the quadrature rules are compared but also the numerical
flux. The original version of the flow solver applied the Osher approximate Riemann solver. As
explained above, for the development of the Taylor quadratureruleit proved necessary to changeto
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Fig. 4 Pressure distribution on wing and symmetry plane for the ONERA M6 wing.

the HLL C approximate Riemann solver. In Table 1 computing times and speeds for the complete
execution of the flow solver are compared for three of the four combinations of quadrature rule and
Riemann solver. Computing times are on a single processor NEC SX-5, for 100 multigrid cycles
with one pre- and postrel axation on a coarse mesh with 55,000 grid cells. Inthetransition from the
Gauss guadrature rule combined with the Osher scheme to the Taylor quadrature rule combined
with the HLLC scheme a speedup of six has been obtained. This is partly due to the reduced
number of computations, and partly due to the data locality, which allows higher computational
Speeds.
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Fig. 5 Pressure distributions at 65% and 90% span for the ONERA M6 wing. Experimental

results are shown with dots.

Tablel Performance comparison of the different methods.

method computingtime[s] speed [Gflop/s]
Osher scheme with Gauss quadrature 1628 2.2
HLL C scheme with Gauss quadrature 754 29
HL L C scheme with Taylor quadrature 274 34

6.5 First torsion mode of the AGARD 445.6 wing

Transonic flow at a freestream Mach number of 0.96 is simulated over the deforming AGARD
445.6 wing. The geometry deformation correspondsto the first torsion mode of thewing. Thegrid
point displacementsare only in the z-direction, and the average displacement is zero. Views of the
normally flat wing at the two extreme positions are shown in Figure 6. Maximum displacement
occurs at the tip and is of the order of 10% root chord. The normalized frequency of the torsion
mode is 0.192, normalized with L/a,, where L isthe root chord and a. is the freestream speed
of sound.

The wing deformations are accomaodated by the grid using a standard grid deformation algorithm
to move the grid points. The deformation algorithm essentially solves a Laplace equation for the
grid point displacements (see Masud and Hughes (Ref. 15)).

The grid contains 73,728 grid points. The time period is subdivided into 20 uniform time steps,
which are chosen such that the movement of the shock is captured accurately. Per time step the Lo-
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Fig. 6 Wing deformation at the two extreme positions. The vertical coordinate is multiplied with

a factor 5, to make the deformation visible. The flow comes from the right.

residual for the cell averagesis reduced to the level of 103, which required 150 multigrid cycles

on average. Part of the convergence histories are shown in Figure 7. Including postprocessing, the
simulation of a period required 15,000 seconds on a single processor NEC SX-5 at a speed of 3.5

Gflop/s.
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Fig. 7 Convergence history for five time steps of the simulation of the first torsion mode of the
AGARD 445.6 wing

T
20"

where T' is the period of the torsion mode, is shown in Figure 8. The pressure coefficient C),

The Mach number distribution on the upper side of the wing and in the symmetry planeat t =

at 88% span is shown in Figure 9. Also shown is the shape of the cross section geometry. The
pressure coefficient shows strong variations during the oscillation cycle and a rapidly moving and
oscillating shock is captured without numerical oscillations.

The results clearly demonstrate the matureness of the discontinuous Galerkin method. Efficient
simulation of the three-dimensional unsteady flow over a deforming wing is possible using the
space-time discontinuous Galerkin finite element method described in this article.
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\

Fig. 8 Mach number contours on wing and symmetry plane at time ¢t = %T, where T' is the

period of the torsion mode.
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7 Conclusions

Inthisarticleanew quadraturerulefor the face flux integral s arising in the discontinuous Galerkin
discretization of the Euler equationsis presented. Basically, the quadrature rule expands the flux
termsin a Taylor seriesin the face center. The key ideais that the gradient expansion coefficients
are readily available in the DG method. This makes the Taylor quadrature rule very natural and
highly efficient within the DG framework. A speedup of three has been obtained when comparing
the computing times for Taylor quadrature rule with the computing times for the standard Gauss
quadrature rule. Moreover, this gain in efficiency comes without any loss in accuracy. Namely,
when combined with linear basis functions in the DG method, the new Taylor quadrature rule
yields a second order local truncation error, just as the corventional Gauss quadrature rule does.

Numerical experiments have demonstrated the stability and accuracy of the method. The DG
scheme combined with the Taylor quadrature rule is dlightly less dissipative than the DG scheme
combined with the Gauss quadrature rule. This emphasizes the importance of the particular face
flux quadrature in discontinuous Galerkin methods. Clearly, more research has to be performed to
completely understand the dissipative behaviour of the DG method, especially near dlip walls.

The space-time discontinuous Galerkin discretization of the Euler equations combined with the
Taylor quadrature rule has successfully been applied to the simulation of transonic flow over a
deforming wing. Application of the method to helicopter rotor flows are presented elsewhere
(Boelens et a. (Ref. 6)). These applications demonstrate the matureness of the discontinuous
Galerkin method.
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Appendices
A Sobolev spaces

e A domain €2 has the cone property if there exists afinite cone C' such that each point = € €2
is the vertex of afinite cone C, contained in €2, which is obtained by rigid motion from C
and is congruent to C', Adams (Ref. 1).

e Define the standard Sobolev space W™P(Q), withm € Z, m > 0,1 < p < oo, and
QCR* as

W2(Q) = {v € Lipe(D) | |0 lmp0< 00} -

Here L!

loc

(€2) denotes the space of locally integrable functions:
L},0(Q) = {v|v € L'(K), Ycompact K C interior Q},

and L' (K) the space of Lebesgueintegrable functionson K. The Sobolev norm || v ||m .0

is defined as:
10 [lmp,0 = Z /|D0‘ |de ,  if1<p<oo,
|a|<m
| v [|mp0 = max (ess sup | D%v(z )|), if p= o0,
|a|<m e

and the semi-norms |v|,, .0 and [v],, p.o arefor 1 < p < oo defined as:

[Dlp == / Do),
\al

- Z / ‘ 3%” 1/1)

with o the multi-index symbol, and the usual modification for p = oo. The derivatives in
the (semi)-norms have to be considered as weak derivatives.

e For a bounded or unbounded open domain 2 C R™ with the cone property the Sobolev
space WP(Q), withs € R, s > 0,1 < p < oo, isdefined as: W*P(Q) = W™P(Q) when
s = m isanon-negative integer, and for noninteger s as the subspace of W™ () with a
finite Sobolev-Slobodezkij norm:

|D*0(x) — Dw(y)? ,  \Up
||U||s,p,n_(||v||pypyﬂ+z / / \x_mmm ardy) ", 1<p<oo

D*y(x) — D*v(y
10 i (| 0 o, s sup (222D =R o

al mx,yeQ,x#y |.’L‘ - y|a
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with m the integer part of s, and 0 = s — m, with0 < o < 1. Note, with this defini-
tion fractional order Sobolev spaces coincide for s noninteger and 1 < p < oo with the

Besov spacesdefined in Triebel (Ref. 18), pages 310 and 323 (see al so (Ref. 16)), for which
extensive imbedding theorems exist.

o Define the broken Sobolev space W7 (7,"), withs € R, s > 0and1 < p < o0, &s:
Wit () = {v € LT | vl € WHP(C)), VI € Tt} (48)

with the norm and semi-norms defined as;

1
Holllspre =( 32 o 2,

KeTy
1/1)
$,D; 7—h E | |pap7
KeTy
1
Lolsmrp =( D5 10, 00) -
KeT

e The norms and semi-norms on product spaces are extended naturally. For instance if v €

R, v = (vy,--- ,vp) then:
" » 1/p .
I0lhpo= (3 i lhp0) s if1<p<oo, (49)
=1
112a<x H (% ||mooﬂa (50)
0™ (z)
L T o | S

with || - || the Euclidian norm.

e The product space L, isdefined for 1 < p < oo as:
13,(9) = T, L7(9),

with the associated norm given by (49).
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B Somefactsfrom differential geometry

Given aparametrization F' : (—1,1)"~! — S, where S is curved hypersurface in R, integration
over the surface S is defined as;

oF OF

z)dr = / F ‘— A A

/S S =[S 5 a

wherethe outer product v = wy A« « -Aw,,_1, for n—1 vectorsw; in R", isdefined component-wise

dg,

by therule

=det(wy,... ,wp_1,€5),

with e; the j-th basisvector in R”. From thisformulait isclear that this concept isageneralization
of the outer product in R3.

Let S,, (1 < m < 6) beone of the six space-time faces of the element C which is parametrized
by themap G k. Let Fs,, bethe parametrization of S,,, obtained from the restriction of G i to the

appropriate face of the boundary of K = (—1,1)*. Ascomputed in Part | we have:

1 Atag‘gm“) A anm(t)
- ~1AT- (3Fs (t)/\aFSm(t)) ’

I 0mg

8Fs,
Om,

BFs,
O&ms

8Fs,
084

(52)

where the outer product on the right hand side is the usual outer product in R? and Az =
FtH(€) — Fii(€). The parametrization Fy, ;) of the space face Sy, (t) at time't is obtained by a
further restriction of Fs to aconstant computational time coordinate. Note that aggm(t) A Hsmi)
is aligned with the space normal of S,,,(t) C 0K (t) C R3. By construction the outer product is

aligned with the space-time normal n of S,,:

Oémy

OFs dFs dFs

_ a§m2 agmg 664
n= | OFs p OFs p OFs |’
a§m2 a§m3 654

where s = +1 issuch that the normal is outward pointing. By definition,

OFs, , OFs,  OFs
ndr = s / m m m
s L oy " m, " 0

hence the R*-valued mea&JredSm, 1 <m < 6, isdefined as
F F F
8 Sm p 0Fs,, A 0Fs,,

(53)

dfmg dng d§4 )

dS™ = dém, démad
a£m2 8£m3 f 577’1@ gm:g {4
Define the R3-valued measure dS™" on § by
— 8FS (t) 8 S.
dS™ = m m®) ge - dem.d
S S 8§m2 3§m3 £m2 éms '£4
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Using theintegral rule (53) for the space-time face S™ and relation (52) we find for an integrable
R*-valued function f on S,,,:

BFSm (t) (9F5m

A S finude =s . Athk( s e

Sm =1

OF OF
/ ﬁZAask( aégm A agm:t) iy dmy A

zsiAt(/Sf-dS —/wa-dS )
:At(smf-ﬁdw—/smﬁw-ﬁd:c).

Hence the geometric face integral's containing the space normal and grid velocity are evaluated as

follows:
| e =sat [ 6™ (54
/ </>l</>kvdx —S;At/flfk— dS (55)

For the face S; the parametrization is given by F(£) = (t,, Fx(§)) for K = K(t}). A simple
computation shows that for this face we have

dS" = —|Jk|esdé,

wheree, = (0,0,0,1)7 isthe last unit vector in R*. Hence,

/‘éf-d‘§'7:_/‘§f4\JK|d§_:—/K(tm fuda.
/Sf-dé‘?*‘: /K . fydz.

n+1)

Likewise we have
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C Geometricintegrals

The parametrization of the space-timeface S isthelinear interpolationin time of theisoparametric
parametrization of the space faces S™ = S(¢,,) and S"*! = S(t,41). Letz?, ... , 2} bethe four
vertices of the face S™. Then the isoparametric mapping of S™ is given by

Fgn : (fl,fg) i—)ﬁ:? + z5¢&1 + .’igfg + .@25162

1 1
::Z(wl + 129+ x5+ 14) + Z(_xl +xzo — x3+34)&1 + (56)
%(—xl — xo + T3 + T4)€2 + %(961 —z9 — 3 + 24)&1&0.
Define the vectors (in R?)
agy =&y N &4 = é(m’f —z}) A (2 — z8),
1

o =i A&} = (e — ) A (o — ),
s =i A& = £(oF — af) A (a] —oB)
Coo :Iﬁg_'—l N @g + @g N :f?g_H
C10 :Li'g+1 A Li'z + :%3 A Li'2+1

cor =23 A Y + 2% A &S

1 X (57)
oo :ag(;" + ago + 5000,
n+1 n 1
n1 =619 + a1y + 5610,
1
no1 :agf'l + (181 + 5001,
doo =agy " — agy,
dyo =aff! — aly,
do1 =ag;"" — afy.
Wefind
OFsw  OFsw) 1 >
A =1+ &) (agd " + &mpaly " + Emgal™
1
+5 (1 = €0)*(afio + &my o + &ms ) (58)

1
+Z(1 — €2)(coo + Emycro + Emscor),

and the geometric integrals (54) obtained using this formula are tabulated in Table 2.
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Table2 Theintegras 3 [ dipmndz. Thesignfor m = m; isequal to qsml‘s.

m=0 m=m; m=my m=ms m =4
4 4 4 4 2
=0 3mo0  *3m00 3n10 gno1 3doo
4 4 4 2
l=my gnio Egyno 5700 0 5d10
4 4 4 2
l=m3 gno1 *gno 0 3700 §do1
_ 2 2 2 2 8 2
l=4 gdoo *35doo 5d10 gdo1  157M00 — 7500

Table3 Theintegras 3 [ pipm7 - vdz. Thesignfor m = my isequal to by |s-

m=0 m=m1 m=m9g m=m3 m=4

I=0 w0 +v000 V100 V010 V001
I =my w100 +v100 1200 V110 V101
l=m3 o190 +vp10 V110 V020 V011

=4 v +vo01 V101 V011 V002

The grid velocity v is given by

Az - 2 7 7
v = 20 = b+ by, + Bty + binaons: 9

with b; = (:ﬁ?*l —27')/At. Notethat the grid vel ocity does not depend on the computational time
coordinate.

Define the numbers

vooo = 3 bimoo + 5 barmio + 5 bs-mon,
V100 = % by -noo + % bi-nip + 24—7 by - not,
V010 % by moo + 24—7 by mig + % by - not,
V200 = % bi-noo + 14—5 by-nio + 24—7 bs - o,
1020 % bi-noo + 24—7 by-nip + 14—5 bs - mou,
CISTES % by-moo + 24—7 by-nip + 24—7 b - no1,
V001 2 biedyo + 2 bordig + 2 b3-do,
vig = 2 by-deg + 2 birdio + & ba-do,
V011 2 b3edoo + & bardig + 2 bi-do,
Voo2 = % bi-noo + 48—5 by-nip + 4% b3 - no1

- = bi-coo — = by-cro — = bs - co1.

Using these expressions the integrals (55) are computed and tabulated in Table 3.
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D Discrete conservation

In order to stay conservative at the discretelevel, the face fluxes are computed for one cell connect-
ing to the face, and added to the other cell using only some permutation relations. These relations
are the generalization of the principle that for genera finite volume schemes the flux added to the
one connecting cell is substracted from the other.

Let S connect the cells K and K'. The local face coordinate system (f;n,2 , f;ng, ¢}) of the face de-
rived from the topology of cell K’ is connected with the coordinate system (&, , €m., £4) through:

é" / m
" 4 o) [ b |
fmg = §m3 bl 1 S 7 S 8, (60)
where A; isone of the eight following rotation/mirror matrices:
10 0 1 -1 0 0 -1
Al = ) A2 = ) A3 = ) A4 = ’
0 1 -1 0 0 -1 1 0
-1 0 01 1 0 0 -1
A5 = ’ A6 = ’ A7 = ; A8 = -
0 1 10 0 —1 -1 0

Let m;, resp. m}, (1 < 4 < 3) bethe ordering of the space gradientsin cell X, resp. ', such that
(compare with (17))

U|’§(§m25 §m3a 54) = U(Eml 5 IC) + §m2 Umz (}C) + éms Um:a (IC) + '5404 (}C)

US (€ € €8) = UEms K1) + &y Uy (K) €1y Upy (K1) + 4T ().
Using (60) we find that in the computational coordinates of face S the latter equality is equivalent
with

U (Emas Emg ) = U(€n K1) + &y Upny (K1) + g Up,y (K') + €4U(KC).

where the transversal gradients are defined by

Upna () \ _ (U ()
U, (K") "\ Ok )

By definition of the basis functions, (60) implies

¢§!ZIS iy ( Phosls > .
¢ﬁ’g|8 Bhosls

The remaining basis function is constant on the face: ¢§h‘ s = ssand ¢ﬁ', s = 85
1
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The numerical flux is consistent, and hence
Fuiic(Ur,Ur,n) = —FuLc(Ur, Ur, —7).

Let U}, and Uy, be the left and right states as seen from cell K’ and let 72’ be the outward pointing
normal of face S for cell K'. Then,

/FHLLC(Ui,Ufz,ﬁ')dxZ/FHLLC(UR,UL,—ﬁ)dHU
S S
= —/FHLLC(UL,UR,ﬁ)diE,
s

/Qb’TCHIIIFHLLC(UiaU]IQaﬁ,)d-T = —st/ FuLc(Ur, Ug, m)dz,
S S

¢icnl’ ! ot ¢ﬁ2 =
/ }C’2 FHLLC(ULa URa n ) =—A; / K FHLLC(ULa Ur, n)dac,
s\ Py s\ ¢

m3

(61)

/¢4’CIFHLLC(U£7U1IL277_L,)d-'E = —/ X FuLic(Ur, Ug, 71)dz.
s s

So, the face fluxes for cell K’ easily follow from the fluxesfor cell K.



