NLR-TP-2006-689

Nationaal Lucht- en Ruimtevaartlaboratorium
National Aerospace Laboratory NLR

&

=i

Hybrid Petri nets with diffusion that have into-
mappings with generalised stochastic hybrid

processes

M.H.C. Everdij and H.A.P. Blom

This report contains a paper published in Stochastic Hybrid Systems - Theory and
Safety Critical Applications, Editors: H.A.P. Blom and J. Lygeros, Published by

Springer, July 2006.

This report may be cited on condition that full credit is given to NLR and the authors.

Customer:
Working Plan number:
Owner:

National Aerospace Laboratory NLR
2005 AT.1.A
National Aerospace Laboratory NLR

Division: Air Transport
Distribution: Unlimited
Classification title: Unclassified
September 2006
Approved by:
Author Reviewer Managing department

NE 06

Anonymous peer reviewers

/’L/ac







-3
NLR-TP-2006-689

Hybrid Petri Nets with Diffusion that have
Into-Mappings with Generalised Stochastic
Hybrid Processes

Mariken H.C. Everdij! and Henk A.P. Blom!

National Aerospace Laboratory NLR, everdij@nlr.nl, blom@nlr.nl

Summary. Generalised Stochastic Hybrid Processes (GSHPs) are known as the
largest class of Markov processes virtually describing all continuous-time processes
including diffusion. In general, the state space of a GSHP is of hybrid type, i.e. a
Kronecker product of a discrete set and a continuous-valued space. Since Stochastic
Petri Nets have proven to be extremely useful in developing continuous-time Markov
Chain models for complex practical discrete-valued processes, there is a clear need for
a type of hybrid Petri Nets that can play a similar role for developing GSHP models
for complex practical problems. To fulfil this need, the report defines a Stochastically
and Dynamically Coloured Petri Net (SDCPN), and proves that there exist into-
mappings between GSHPs and SDCPNs.

1 Introduction

Davis [6] has introduced Piecewise Deterministic Markov Processes (PDPs) as
the most general class of continuous-time Markov processes which include both
discrete and continuous processes, except diffusion. A PDP {&;} consists of two
components: a piecewise constant component {6;} and a piecewise continuous
valued component {x;}, which follows the solution of a §;-dependent ordinary
differential equation. A jump in {&;} occurs when {z;} hits the boundary of
a predefined area, or according to a jump rate. If {z;} also makes a jump at
a time when {6,} switches, this is said to be a hybrid jump.

Bujorianu et al [3] extended this PDP definition to Generalised Stochas-
tic Hybrid Processes (GSHP) by including diffusion by means of Brownian
motion. With this extension, between jumps, the process {z;} follows the
solution of a 6;-dependent stochastic (rather than ordinary) differential equa-
tion. GSHP forms a powerful and useful class of processes that have strong
support in stochastic analysis and control.

A Petri Net is a bipartite graph of places (possible conditions or discrete
modes) and transitions (possible mode switches). Tokens, which reside in the
places, model which conditions or modes are current. Petri Nets, see e.g.
[4], and their many extensions, see e.g. [5] for a good overview, have proven
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to be extremely useful in developing models for various complex practical
applications. This usefulness is especially due to their specification power [4],
which allows to develop a submodel for each entity of a complex operation, and
next to combine the submodels in a constructive way. An example is Stochastic
Petri Nets, which have been successfully used in developing continuous-time
Markov Chain models for complex practical discrete-valued processes. For this
reason, there is a clear need for a type of Petri Nets that can play a similar
role for developing PDP or GSHP models for complex practical problems.
Several hybrid state Petri Net extensions have been developed in the past.
Main classes are:

e Hybrid Petri Net , [1]. Some places have a continuous amount of tokens
that may be moved to other places by transitions.

e Fluid Stochastic Petri Net (FSPN), [16]. Some places have a continuous
amount of tokens, the flow rate of which is influenced by the discrete
part. The discrete part of the FSPN can be mapped to a continuous-time
Markov chain.

e Extended Coloured Petri Net (ECPN), [17]. The token colours are real-
valued vectors that may follow the solution path of a difference equation.

e High-Level Hybrid Petri Net (HLHPN), [12]. Again, the token colours
are real-valued vectors that may follow the solution path of a difference
equation, but in addition, a token switch between discrete places may
generate a jump in the value of the real-valued vector.

e Differential Petri Nets , [8]. Differential places have a real-valued number
of tokens and differential transitions fire with a certain speed that may
also be negative.

For none of the above hybrid state Petri Nets it is clear how they relate to PDP.
Moreover, none of them include Brownian motion as GSHP does. In order to
improve this situation for PDP, Everdij and Blom [10], [11], developed a Petri
Net extension named Dynamically Coloured Petri Net (DCPN) and proved
that here exist into-mappings between PDPs and DCPNs. In [9], Everdij and
Blom showed that this existence of into-mappings extends the power-hierarchy
among various model types established by [14], [15]. This is shown in Figure 1,
in which the well-known dependability models Reliability Block Diagrams and
Fault Trees are at the basis of the hierarchy.

Although PDP form a very general class of continuous-time Markov pro-
cesses which include both discrete and continuous processes, PDP do not
include diffusion. The aim of the current chapter aims to solve this issue by

e including a diffusion term into the PDP definition, following [3], and re-
ferred to as GSHP (Generalised Stochastic Hybrid Process);

e introducing an extension of DCPN, referred to as Stochastically and Dy-
namically Coloured Petri Net (SDCPN), which also covers diffusion;

e and showing that there exist into-mappings between GSHP and SDCPN.
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Dynamically Coloured Petri [9, 10] Piecewise Deterministic
Net (DCPN) Markov Process (PDP)
9, 10] (6]
Deterministic and Stochastic Semi Markov P
Petri Net (DSPN) emi Markov Process
14, 15] 14, 15]
Generalised Stochastic Petri [14, 15] Continuous Time Markov
Net (GSPN) Chain (CTMC)

\14, 15] (14, ISM

Fault Tree with Repeated
Events (FTRE)

14, 15)

Reliability Graph

(14, 15V' \14, 15]

Reliability Block Diagram [14, 15]
(RBD) Fault Tree (FT)

Fig. 1. Power hierarchy among various model types established by [6], [9], [10], [14],
and [15]. An arrow from a model to another model indicates that the second model
has more modelling power than the first model

The existence of such into-mappings allows combining the specification power
of Petri Nets with the stochastic analysis and control power of GSHP. In ad-
dition, the into-mappings extend the power hierarchy of Figure 1 with GSHP
and with GSHP-related Petri Nets.

The organisation of the paper is as follows. Section 2 briefly describes
GSHP. Section 3 defines SDCPN. Section 4 shows that each GSHP can be
represented by a SDCPN process. Section 5 shows that each SDCPN process
can be represented by a GSHP. Section 6 presents a SDCPN model for a
simple aircraft evolution example and its mapping to a GSHP. Section 7 draws
conclusions.

2 Generalised Stochastic Hybrid Process
This section presents a definition of Generalised Stochastic Hybrid System

(GSHS) and its GSHP solution, see [3]. As much as possible, the notation
introduced by Davis [7] for Piecewise Deterministic Markov Process is used.
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Definition 1. A Generalised Stochastic Hybrid System (GSHS) is a nine-
tuple (K, d(0), zo, 00, OFy, gy, 98+ A\, Q), together with some conditions Cq
- Cy.

Below, first the structure of the elements in the tuple and the GSHS con-
ditions are given, next the GSHS execution is explained.

2.1 GSHS Elements

The GSHS elements are defined as follows:

1. K is a countable set of discrete variables.

2. d is a map from K into IV, giving the dimensions of the continuous state
process.

For each 6 € K, Ej is an open subset of R¥?) and 0F, is its boundary.
6 is an initial value in K.

Zp is an initial value in Ejy,.

gp : R¥®) — RYO) ig a vector field.

gy : RY9 — RO x R® is a matrix, with b € IV.

X : E — RT is a jump rate function, with E = Uy Ejy.

Q:EUTl™ —[0,1] is a probability measure, with £ = UgFEp and I'* the
reachable boundary of F.

IS

© 00 No O W

2.2 GSHS Conditions

Following [3] (Assumptions 1, 2 and 3), the GSHS conditions are:

C1 go and gy are such! that for each initial state (f,z) at initial time 7
there exists a pathwise unique solution x; = ¢g 5+ to dz; = gy(a)dt +
98 (z)dwe, where {w;} is b-dimensional standard Brownian motion. If
to (6, ) denotes the explosion time of the flow ¢g 51—+, 1.€. [Pg z.1—r| — 00
as t T too(, x), then it is assumed that ¢t (0, ) = co whenever ¢.(0,z) =
00. In other words, explosions are ruled out.

Cy With E = UgpEp, A : E — IR is a measurable function such that for all
€ € E, there is €(€) > 0 such that ¢t — A(0, ¢g,5,¢) is integrable on [0, e(§)[.

C3 With E as above and I'* the reachable boundary of E, ) maps EUI* into
the set of probability measures on (E, £), with £ the Borel-measurable sub-
sets of E, while for each fixed A € &, the map £ — Q(A4;€) is measurable
and Q({€}:€) = 0.

Cy If Ny =3, I(4>7,), then it is assumed that for every starting point § and
for all t € RT, IEN; < oo. This means, there will be a finite number of
jumps in finite time.

113] assumes Lipschitz continuity and boundedness.
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2.3 GSHS Execution

The execution of a GSHS generates a Generalised Stochastic Hybrid Process
(GSHP) {&;}, with & = (6, z+), as follows:

For each # € K, consider the stochastic differential equation dz; =
go(x)dt + gy (x)dwe, where {w,} is b-dimensional standard Brownian mo-
tion. Given an initial value x € Fy, under GSHS condition C, this differential
equation has a pathwise unique solution. This means that if at some time in-
stant 7 the GSHP state assumes value &, = (0., z,), then, as long as no jumps
occur, the GSHP state at ¢ > 7 is given by §, = (04, 2,) = (0+, ¢g, ., ,1—r), With
b0, z, t—r = f: o, (zs)dt + f: g4’ (xs)dws. At some moment in time, however,
the GSHP state value may jump. Such moment is generated by either one of
the following events, depending on which event occurs first:

1. A Poisson point process with jump rate A(0;,x;), t > 7 generates a point.
2. The piecewise continuous process x; is about to hit the boundary 0Fy_ of
Eo ,t>T.

At the moment when either of these events occurs, the GSHP state makes
a jump. The value of the GSHP state right after the jump is generated by
using a transition measure @), which is the probability measure of the GSHP
state after the jump, given the value of the GSHP state immediately before
the jump. After this, the GSHP state &, evolves in a similar way from the new
value onwards.

The GSHP process is generated by executing a GSHS through time as
follows: Suppose at time 79 A 0 the GSHP initial state is &, = (6o, 7o), then,
if no jumps occur, the process state at t > 7¢ is given by & = (0, 7;) =
(B0, Doy, 20,t—70)- The complementary distribution function for the time of the
first jump (i.e. the probability that the first jump occurs at least ¢t — g time
units after 79), also named the survivor function of the first jump, is then
given by:

t
Gfo,t—To é'[(t—To<t* (60,x0)) * exp {_/ )\(907 ¢00,:vo,8—7’0)d8} ) (1)

T0

where I is an indicator function and ¢.(6p, o) denotes the time until the
first boundary hit after ¢ = 79, which is given by t.(6p,z¢) A inf{t — 79 >
0 | ¢6y.20,t—79 € OFp,}. The first factor in Equation (1) is explained by the
boundary hitting process: after the process state has hit the boundary, which
is when t — 79 = t.(6p,x0), this first factor ensures that the survivor func-
tion evaluates to zero. The second factor in Equation (1) comes from the
Poisson process: this second factor ensures that a jump is generated after an
exponentially distributed time with a rate A that is dependent on the GSHP
state.

The time 77 until the first jump after 7y is generated by drawing a sample
from a uniform distribution on [0, 1], and then using a transformation that



@

-8
NLR-TP-2006-689

takes G into account. More formally (see [7], Section 23), the Hilbert cube
OH = T[2, Y, with Y; a copy of Y = [0,1], provides the canonical space
for a countable sequence of independent random variables Uy, Us, ..., each
having uniform [0, 1] distribution, defined by U;(w) = w; for elements w =
(w1,w2,...) € 2. The complete probability space is (£2,F,B, {:}), with
2 =01 x 28, and where 27 supports the Brownian motion. Now, define

inf{t : Geopt—ro (w) < u}
400 if the above set is empty

Y1 (u, §o,w) = {

and define o1 (w) = 7 (w) = Y1 (U1 (w), &, w), then 7 is the time until the first
jump.

The value of the hybrid process state to which the jump is made is gen-
erated by using the transition measure ), which is the probability measure
of the hybrid state after the jump, given the value of the hybrid state im-
mediately before the jump. The Hilbert cube from above is again used: Let
Y9 1 [0,1] x (EUTI™) — E, with E = UpEy and I'* the reachable boundary
of E, be a measurable function such that I{u : ¢¥2(u,§) € B} = Q(B,€) for B
Borel measurable. Then &;, = ¢2(Usz(w),§) is a sample from Q(-,§).

With this, the algorithm to determine a sample path for the hybrid state
process &, t > 0, from the initial state & = (0g, o) on, is in two iterative
steps; define 79 A 0 and let for k = 0, &, = (0., 2,,) be the initial state,
then for k =1,2,...:

Step 1: Draw a sample oy from survivor function Ge, . (w), i.e.
ok(w) = ¥1(Uzk—1(w),&r,_,,w). Then the time 7 of the kth jump is 7, =
Tk—1 + 0. The sample path up to the kth jump is given by

= < < 00
k— Th_1'%T_ 1 ¢ — — =
&= (Or,_1,P0., ey t—m 1)y Th—1 <t <7 and 7 .

Step 2: Draw a multi-dimensional sample (; from transition measure
Q('; ‘,rk)7 where &k = (oTk—l’¢07k_17x1'k_1y7'k_’7'k—1)’ Le. ¢, = ¢2(U2k(w)? */rk)
Then, if 7, < 0o, the process state at the time 73 of the kth jump is given by

§Tk = (k

3 Stochastically and Dynamically Coloured Petri Net
(SDCPN)

This section presents a definition of Stochastically and Dynamically Coloured
Petri Net (SDCPN). As much as possible, the notation introduced by Jensen
[13] for Coloured Petri Net is used.

Definition 2. A Stochastically and Dynamically Coloured Petri Net (SD-
CPN) is a 12-tuple SDCPN = (P, T, A, N, §, €, V, W, G, D, F, J), together
with some rules Ry — Ry.
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Below, first the structure of the elements in the tuple is given, next the
SDCPN evolution through time is explained, finally, the SDCPN generated
process is outlined.

3.1 SDCPN Elements

The SDCPN elements are defined as follows:

1. P is a finite set of places. In a graphical notation, places are denoted by
circles:

Place: Q

2. T is a finite set of transitions, such that TN P = (. The set T consists of
1) a set T of guard transitions, 2) a set Tp of delay transitions and 3) a
set J7 of immediate transitions, with 7 = T UJTp U JT7, and T¢NTp =
TpNTr =T NTg = 0. Notations are:

Guard transition:
Delay transition:

[

Immediate transition:

3. A is a finite set of arcs such that ANP =ANT = 0. The set A consists
of 1) a set Ao of ordinary arcs, 2) a set Ag of enabling arcs and 3) a set
Arp of inhibitor arcs, with A = Ao UApUA, and Ao NAg = ApNAr =
ArnAo = 0. Notations are:

Ordinary arc: ——
Enabling arc: ——e
Inhibitor arc: ——o

4. N: A —- PxTUT x P is a node function which maps each arc A in A
to a pair of ordered nodes N(A). The place of N(A) is denoted by P(A),
the transition of N(A) is denoted by T(A), such that for all A € ApUA;:
N(A) = (P(A), T(A)) and for all A € Ap: either N(A) = (P(A),T(A)) or
N(A) = (T(A), P(A)). Further notation:

o A(T)={A € A|T(A) = T} denotes the set of arcs connected to
transition T, with A(T) = Ain(T) U Agye(T), where

o Ap(T)={A € A(T) | N(A) = (P(A),T)} is the set of input arcs of
T and

o A,u(T)={A € A(T) | N(A) = (T,P(A))} is the set of output arcs of
T. Moreover,
Ain,o(T) = Ain(T) N Ao is the set of ordinary input arcs of T,
Ainoe(T) = Ain(T) N {Ag U Ao} is the set of input arcs of T that
are either ordinary or enabling, and

e P(A(T)) is the set of places connected to T' by the set of arcs A(T).
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10.

11.

12.

Finally, {A; € Ay | 3A € A, A # A; : N(A) = N(A4;)} = 0, i.e, if an
inhibitor arc points from a place P to a transition 7', there is no other arc
from P to T.

8 is a finite set of colour types. Each colour type is to be written in the
form IR™, with n a natural number and with R° = §.

C: P — § is a colour function which maps each place P € P to a specific
colour type in 8.

J: P — C(P)ms is an initialisation function, where C(P),,s for P € P
denotes the set of all multisets over C(P). It defines the initial marking of
the net, i.e., for each place it specifies the number of tokens (possibly zero)
initially in it, together with the colours they have, and their ordering per
place.

V is set of a token colour functions. For each place P € P for which
C(P) # RY, it contains a function Vp : C(P) — C(P) which satisfies
conditions that ensure a pathwise unique solution.

W is set of a token colour matrix functions. For each place P € P for
which C(P) # R, it contains a function Wp : C(P) — C(P) x €'(P),
which satisfies conditions that ensure a pathwise unique solution, and
where C'(P) collects the Brownian motion terms. Here, €’ maps P into
IR®, with b € R a constant.

G is a set of transition guards. For each T' € T, it contains a transition
guard Gr : C(P(Ain,0e(T))) — {True, False}. Gr(c) evaluates to True
if ¢ is in the boundary OGr of an open subset Gr in C(P(Aim,0r(T))).
Here, if P(A;n,0r(T)) contains more than one place, e.g., P(Ain.or(T)) =
{P;,..., P;}, then C(P(Ain,0r(T))) is defined by C(P;) x --- x C(F;). If
C(P(Ain,0r(T))) = R° then 0Gr = 0 and the guard will always evaluate
to False.

D is a set of transition enabling rate functions. For each T € Tp, it con-
tains an integrable transition enabling rate function o1 : C(P(Ain,0r(T)))
— IR, which, if T is evaluated from stopping time 7 on, specifies a delay
time equal to Dp(r) = inf{t | e~ J797(e)ds < 4} where u is a random
number drawn from U[0,1] at 7. If C(P(Aum,0r(T))) = R° then ér is a
constant function.

F is a set of firing measures. For each T' € T it specifies a probability mea-
sure Fr which maps C(P(Ain,0r(T))) into the set of probability measures
on {0, 1}14eut(D x C(P(Apui(T))).

3.2 SDCPN Execution

The execution of a SDCPN provides a series of increasing stopping times,
To < T; < Tit1, with for ¢ € (7;,7541) a fixed number of tokens per place and
per token a colour which is the solution of a stochastic differential equation.
This number of tokens and the colours of these tokens are generated as follows:

Each token residing in place P has a colour of type C(P). If a token in

place P has colour ¢ at time 7, and if it remains in that place up to time
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t > 7, then the colour ¢; at time ¢ equals the unique solution of the stochastic
differential equation de; = Vp(c)dt+Wp(cy)dw, with initial condition ¢, = c.

A transition T is pre-enabled if it has at least one token per incoming
ordinary and enabling arc in each of its input places and has no token in
places to which it is connected by an inhibitor arc; denote "¢ = inf{t |
T is pre-enabled at time t}. Consider one token per ordinary and enabling
arc in the input places of T and write ¢; € C(P(Ain.0r(T))), t > 77", as the
column vector containing the colours of these tokens; ¢; may change through
time according to its corresponding token colour functions. If this vector is
not unique (for example, one input place contains several tokens per arc), all
possible such vectors are executed in parallel.

A transition T is enabled if it is pre-enabled and a second requirement
holds true. For T' € J7, the second requirement automatically holds true. For
T € T¢, the second requirement holds true when Gr(c;) = True. For T € Tp,
the second requirement holds true Dp(71"¢) units after 71", Guard or delay
evaluation of a transition 7" stops when T is not pre-enabled anymore, and is
restarted when it is.

For the evaluation of Dp(777¢), use is made of a Hilbert cube 2% =
[1:2,Y:, with ¥; a copy of Y = [0,1], which provides the canonical space
for a countable sequence of independent random variables Uy, Us, ..., each
having a uniform [0,1] distribution, defined by U;(w) = w; for elements
w = (w1,ws,...) € 2. This Hilbert cube applies as follows: Suppose T
is a delay transition that is pre-enabled at time 7 and has vector of input
colours ¢; at time ¢t > 7. Then transition T is enabled at random time

inf{t : exp {—f: 6T(cs)ds} < Uy}, with inf{ } = 4o00. The complete prob-

ability space is (12,5, B, {T:}), with 2 = 2 x 28 and where 27 supports
the Brownian motion.
In case of competing enablings, the following rules apply:

Ry The firing of an immediate transition has priority over the firing of a guard
or a delay transition.

Ry If one transition becomes enabled by two or more disjoint sets of input
tokens at exactly the same time, then it will fire these sets of tokens inde-
pendently, at the same time.

Ry If one transition becomes enabled by two or more non-disjoint sets of
input tokens at exactly the same time, then the set that is fired is selected
randomly.

Rs3 If two or more transitions become enabled at exactly the same time by
disjoint sets of input tokens, then they will fire at the same time.

Ry If two or more transitions become enabled at exactly the same time by non-
disjoint sets of input tokens, then the transition that will fire is selected
randomly.

Here, two sets of input tokens are disjoint if they have no tokens in common
that are reserved by ordinary arcs, i.e., they may have tokens in common that
are reserved by enabling arcs.
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If T is enabled, suppose this occurs at time 71, it removes one token per
arc in A;n,0(T') from each of its input places. At this time 71, T produces zero
or one token along each output arc: If ¢, is the vector of colours of tokens
that enabled T" and (f, a,,) is a sample from Fr(-; ¢, ), then vector f specifies
along which of the output arcs of T' a token is produced (f holds a one at
the corresponding vector components and a zero at the arcs along which no
token is produced) and a., specifies the colours of the produced tokens. The
colours of the new tokens have sample paths that start at time 7.

For drawing the sample from Fr(;c;,), again use is made of the Hilbert
cube 2 Let 3 : [0,1] x C(P(Ain,0r(T))) — {0, 1}1Acwt(MIx (P (A (T)))
be a measurable function such that [{u : ¥3 (u,c) € B} = Fr(B,c) for B in
the Borel set of {0, 1}14e«(M)l x @(P(Apyu:(T))). Then a sample from Fr(-; ¢, )
is given by ¥Z (Uz(w), ¢r, ), if ¢, is the vector of input colours that enabled 7.

In order to keep track of the identity of individual tokens, the tokens in a
place are ordered according to the time at which they entered the place, or, if
several tokens are produced for one place at the same time, according to the
order within the set of arcs A = {A;,..., A4} along which these tokens were
produced (the firing measure produces zero or one token along each output
arc).

3.3 SDCPN Stochastic Process

The SDCPN generates a stochastic process which is uniquely defined as fol-
lows: The process state at time t is defined by the numbers of tokens in each
place, and the colours of these tokens. Provided there is a unique ordering of
SDCPN places, and a unique ordering of tokens within a place, this charac-
terisation is unique, except at time instants when one or more transitions fire.
To make this characterisation of SDCPN process state unique, it is defined as
follows:

e At times ¢ when no transition fires, the number of tokens in each place is
uniquely characterised by the vector (vi,...,vp|) of length |P|, where
v;+ denotes the number of tokens in place P; at time ¢ and {1,...,|P|}
refers to a unique ordering of places adopted for SDCPN. At time instants
when one or more transitions fire, uniqueness of (vi,...,vp| ) is assured
as follows: Suppose that 7 is such time instant at which one transition or a
sequence of transitions fires. Next, assume without loss of generality, that
this sequence of transitions is {T3,Ts,..., T} and that time is running
again after T, (note that 77 must be a guard or a delay transition, and
T, through T, must be immediate transitions). Then the number of to-
kens in each place at time ¢ is defined as that vector (vi,...,vp|) that
occurs after T, has fired. This construction also ensures that the process
(v1,t,--+,V)p|,¢) has limits from the left and is continuous from the right,
i.e., it satisfies the cadlag property.
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o If (v1y,...,vp|,) is the distribution of the tokens among the places of
the SDCPN at time ¢, which is uniquely defined above, then the asso-
ciated colours of these tokens are uniquely gathered in a vector as fol-
lows: This vector first contains all colours of tokens in place P;, next all
colours of tokens in place P, etc, until place Pp|, where {1,...,|P|} refers
to a unique ordering of places adopted for SDCPN. Within a place the
colours of the tokens are ordered according to the unique ordering of to-
kens within their place defined for SDCPN (see under SDCPN execution
above). Since (v1,, ..., v|p| ) satisfies the cadlag property, the correspond-
ing vector of token colours does too. An additional case occurs, however,
when (v1,...,vp|) jumps to the same value again, so that only the pro-
cess associated with the vector of token colours makes a jump at time 7. In
that case, let the process associated with the vector of token colours be de-
fined according to the timing construction as described for (vi¢,...,vp| )
above (i.e. at time 7, the process associated with the vector of token colours
is defined as that vector of token colours that occurs after the last transi-
tion has fired in the sequence of transitions that fire at time 7).

With this, the SDCPN definition is complete.

4 Generalised Stochastic Hybrid Processes into
Stochastically and Dynamically Coloured Petri Nets

This section shows that each Generalised Stochastic Hybrid Process can be
represented by a Stochastically and Dynamically Coloured Petri Net, by pro-
viding a pathwise equivalent into-mapping from GSHP into the set of SDCPN
processes.

Theorem 1. For any arbitrary Generalised Stochastic Hybrid Process with
a finite domain K there exists P-almost surely a pathwise equivalent process
generated by a Stochastically and Dynamically Coloured Petri Net (P, T, A,
N, 8,C, 3, V,W, G, D, F) satisfying Ry through Ry.

Proof. Consider an arbitrary GSHP {6;,x;} described by the GSHS elements
{K, d(0), zo, 0o, Oy, go, \, Q}.

First, we construct a SDCPN, the elements {P, T, A, N, 8, €, I, V, W, G,
D, F} and the rules Ry — R4 of which are characterised in terms of the GSHS
elements {K, d(6), xo, 0o, OFs, go, A, Q} as follows:

P ={Py;0 € K}. Hence, for each 6 € K there is one place Pp.

T =TqUTpUTr, with T7 = 0, Tg = {TE;H € K}, Tp = {T9D;9 € K}
Hence, for each place Py there is one guard transition 7" and one delay
transition 7,°.

A =ApUAg UA, with |A;] =0, |[Ag| =0, and |[Ap| = 2|K| + 2|K|2.
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N: The node function maps each arc in A = Ap to a pair of nodes. These
connected pairs of nodes are: {(Py,T§);0 € K} U {(Py,Tf);0 € K}U
{(TF, Py);0,9 € K} U (TP, Py);0,9 € K}. Hence, each place Pp has two
outgoing arcs: one to guard transition TGG and one to delay transition TGD .
Each transition has |K| outgoing arcs: one arc to each place in P.

8§ = {R¥ ;9 c K}.

@: For all 6 € K, C(Py) = R,

J: Place Py, contains one token with colour xg. All other places initially con-
tain zero tokens.

V: For all 0 € K, Vp,(-) = gp(-).

W: For all 0 € K, Wp, () = g5'(+).

G: For all ¢ € K, aGTf = 0Ejy.

D: Forall0 € K, é7.0(-) = A(0, -). Moreover, for the evaluation of the SDCPN
survivor functions, the same Hilbert cube applies as the one applied by
the GSHP.

F: If = denotes the colour of the token removed from place Py, (6 € K),
at the transition firing, then for all ¥/ € K, 2’ € Ey: fng" (¢/\a'52) =
Q' ,x';6,x), where €' is the vector of length |K| containing a one at the
component corresponding with arc (TGG , Py/) and zeros elsewhere. For all
0K, H:'TJD = ?Tg;. Moreover, for the evaluation of the SDCPN firing,
the same Hilbert cube applies as the one applied by the GSHP.

Ry — Ry4: Since there are no immediate transitions in the constructed SDCPN
instantiation, rule R holds true. Since there is only one token in the
constructed SDCPN instantiation, Ry — Rs also hold true. Rule Ry is
in effect when for particular 6, transitions TQG and Téj become enabled
at exactly the same time. Since A is integrable, the probability that this
occurs is zero, yielding that R4 holds with probability one. However, if
this event should occur, then due to the fact that the firing measures for
the guard transition and the delay transition are equal, the application of
rule R4 has no effect on the path of the SDCPN process.

This shows that for any GSHS we are able to construct a SDCPN instantiation.
Next, we have to show that the SDCPN execution delivers the ‘same’ cadlag
stochastic process as the GSHS execution does.

In the SDCPN instantiation constructed, initially there is one token in
place Py,. Because each transition firing removes one token and produces one
token, the number of tokens does not change for ¢ > 0. Hence, for ¢ > 0 there
is one token and the possible places for this single token are {Py;9 € K}.
Figure 2 shows the situation at some time 75_1, when the GSHP is given by
(0ro s 2Zr,_,). The token resides in place Py,, which models that 0, _, = 9.
This token has colour =, ,. The colour of the token up to and at the time of
the next jump is evaluated according to two steps that are similar to those of
GSHP:

Step 1: While the token is residing in place Py,, its colour x; changes
according to the stochastic low ¢y, o, -7, 1€, T4 = @9, 0, -7, de-
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Py

Fig. 2. Part of a Stochastically and Dynamically Coloured Petri Net representing
a Generalised Stochastic Hybrid Process

fined on the complete probability space (£2,F, B, {S:}). Transitions Tg and
TﬁDZ_ are both pre-enabled and compete for this token which resides in their
common input place Py,. Transition Tg models the boundary hitting generat-
ing a mode switch, while transition Téji models the Poisson process generating
a mode switch. For this, use is made of a random sample from the Hilbert cube.
The transition that is enabled first, determines the kind of switch occurring.
The time at which this happens is denoted by 7.

Step 2: With one, or more (has probability zero), of the transitions en-
abled at time 7y, its firing measure is evaluated. For this, use is made of a
random sample from the Hilbert cube. The firing measure is such, that if a
sample ( from transition measure Q(-;v;, Poizr,, rr—Th 1 ), would appear to
be (i = (V;,x), then the enabled transition would produce one token with
colour z,, = z for place Py,. The other places get no token.

After this, the above two steps are repeated in the same way from the new
state on. The pathwise equivalence of the GSHP and SDCPN processes can
be shown from the first stopping time to the next stopping time, and so on.
From stopping time to stopping time both processes use the same independent
realisations of the random variables Uy, Us, ..., each having uniform [0, 1]
distribution, defined by U;(w) = w; for elements w = (w1, wa, . ..) of the Hilbert
cube 2H = T[72,Y;, with Y; a copy of Y = [0,1], to generate all random
variables in both the GSHP process and the SDCPN process. Hence, from
stopping time to stopping time, the GSHP and the associated SDCPN process
have equivalent paths and equivalent stopping times. O



-16-
NLR-TP-2006-689

5 Stochastically and Dynamically Coloured Petri Nets
into Generalised Stochastic Hybrid Processes

Under some conditions, each Stochastically and Dynamically Coloured Petri
Net can be represented by a Generalised Stochastic Hybrid Process. In this
section this is shown by providing an into-mapping from SDCPN into the set
of GSHPs.

Theorem 2. For each stochastic process generated by a Stochastically and
Dynamically Coloured Petri Net (P, T, A, N, 8,C, 3, V,'W, G, D, F) satisfying
Ry through Ry there exists a unique probabilistically equivalent Generalised
Stochastic Hybrid Process if the following conditions are satisfied:

Dy There are no explosions, i.e. the time at which a token colour equals +00 or
—o00 approaches infinity whenever the time until the first guard transition
enabling moment approaches infinity.

Dy After a transition firing (or after a sequence of firings that occur at the
same time instant) at least one place must contain a different number of
tokens, or the colour of at least one token must have jumped

D3 In a finite time interval, each transition is expected to fire a finite number
of times, and for t — oo the number of tokens remains finite.

Dy The initial marking is such, that no immediate transition is initially en-
abled.

Proof. For an arbitrary SDCPN that satisfies conditions D1 — Dy, we first
construct a GSHP that is probabilistically equivalent to the SDCPN process.
As a preparatory step, the given SDCPN is enlarged as follows: for each guard
transition and each place from which that guard transition may be enabled,
copy the corresponding places and transitions, including guards and firing
measures, and revise the firing measures of the input transitions to these
places, such that the new firings ensure that the corresponding guard tran-
sitions may be reached from one side only. This step is illustrated with an
example:

Ezample 1. In the picture on the left in Figure 3, transition 77 (which may be
of any type) may fire tokens to place P, while transition 75 is a guard transi-
tion that uses these tokens as input. In this example, assume that C(P;) = R
and that 0Gr, = 3. This means, transition 75 is enabled if the colour of the
token in place P; reaches value 3. This value may be reached from above or
from below, depending on whether the initial colour of the token in P; is
larger or smaller than 3, respectively.

In the picture on the right, place P; and transition T» have been copied.
Transitions To, and To, get the same guard as 75, but transition 77 gets a
new firing measure with respect to 77: it is similar to the one of T3, but it
delivers a token to place Py, if the colour of this new token is smaller than 3,
and it delivers a token to place Py if its colour is larger than 3. This way, the
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T3 P2

TI Pl T2 P3

Fig. 3. Example transformation to model SDCPN enlargement

guard of transition T, is always reached from below, i.e., its input colours are
smaller than 3. The guard of transition 75, is always reached from above, i.e.,
its input colours are larger than 3. The second output transition T3 of place
P; also needs to be copied, but the output place of these copies can remain
the same as before. (End of Example)

(Continuation of proof.) Let this enlarged SDCPN be described by the
tuple (P, T, A, N, §, C, I, V,'W, G, D, F) and satisfy the rules Ry — R4, and
assume that the conditions D; — D, are satisfied. In order to represent this
SDCPN by a GSHP, all GSHS elements K, d(8), o, 0o, 99, 95, 0F9, A, Q
and the GSHS conditions C'; — Cy are characterised in terms of this SDCPN:

K: The domain K for the mode process {6;} can be found from the reacha-
bility graph (RG) of the SDCPN graph. The nodes in the RG are vectors
V = (v1,...,vp), where v; equals the number of tokens in place F;,
i = 1,...,|P|, where these places are uniquely ordered. The RG is con-
structed from SDCPN components P, T, A, N and J. The first node 1}
is found from J, which provides the numbers of tokens initially in each of
the places?. From then on, the RG is constructed as follows: If it is possi-
ble to move in one jump from token distribution V; to, say, either one of
distributions V1, ..., V¥ unequal to Vj, then arrows are drawn from Vj to
(new) nodes V',..., V¥ Each of V1,..., V¥ is treated in the same way.
Each arrow is labelled by the (set of) transition(s) fired at the jump. If a
node V7 can be directly reached from V* by different (sets of) transitions
firing, then multiple arrows are drawn from V¢ to V7, each labelled by
another (set) of transition(s). Multiple arrows are also drawn if V7 can be
directly reached from V* by firing of one transition, but by different sets
of tokens, for example in case this transition has multiple input tokens

2 Notice that K has to be constructed for all J by following the proposed procedure

such that is applies for each possible instantiation of the initial token distribution.
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per incoming arc in its input places. In this case, the multiple arrows each
get this transition as label.

The nodes in the resulting reachability graph, exclusive the nodes from
which an immediate transition is enabled, form the discrete domain K of
the GSHP. To emphasise these nodes from which an immediate transition
is enabled in the RG picture, they are given in italics. Since the number
of places in the SDCPN is finite and the number of tokens per place and
the number of nodes in the RG are countable, K is a countable set, which
satisfies the GSHS conditions.

Example 2. As an example, consider the SDCPN graph in Figure 4, which
first is enlarged as explained above; the result is Figure 5. The enlarged
graph initially has two tokens in place P;, and one in Ps, and the unique
ordering of places is (P14, P1p, P2, P3, Py) such that V5 = (2,0,0, 1,0). This
vector forms the first node of the reachability graph.

Fig. 4. Example SDCPN to explain reachability graph

Both T, and T5, are pre-enabled. They both have two tokens per in-
coming arc in their input place, hence for both transitions, two vectors
of input colours are evaluated in parallel. If T7, becomes enabled for one
of these input tokens, it removes the corresponding token from P, and
produces a token for P» (we assume that all firing measures are such,
that each transition will fire a token when enabled, i.e., Fr(0,-;-) = 0), so
the new token distribution is (1,0, 1,1,0). Therefore, in the reachability
graph two arcs labelled by T3, are drawn from (2,0,0,1,0) to the new
node (1,0, 1,1,0); this duplication of arcs characterises that T3, has eval-
uated two vectors of input tokens in parallel. The same reasoning holds
for transition Tb,: two arcs are drawn from (2,0,0,1,0) to (1,0,1,1,0).
It may also happen that from (2,0,0,1,0), the guard transition T3, is
enabled by its two input tokens at exactly the same time. Due to Rule
R; it then fires these two tokens at exactly the same time, resulting in
node (0,0,2,1,0). Therefore, an additional arc labelled Ty, + 11, is drawn
from (2,0,0,1,0) to (0,0,2,1,0). Unlike the case for Ti,, there is no arc
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T2b

Fig. 5. Example enlarged SDCPN to explain reachability graph

drawn from (2,0,0,1,0) labelled by To, + Tbg, since To, is a delay tran-
sition, hence the probability that it is enabled by both its input tokens
at the same time is zero. Now consider node (0,0,2,1,0). From this to-
ken distribution the immediate transition T} is enabled; its firing leads to
(1,0,1,0,1). Since node (1,0, 1,1,0) enables an immediate transition it is
drawn in italics and is excluded from K.

The resulting reachability graph for this example is given in Figure
6. So, for this example, K = {(2,0,0,1,0), (0,0,2,0,1), (1,0,1,0,1),
(0,1,1,0,1), (1,1,0,1,0), (0,2,0,1,0)}. (End of Example)

2,0,0,1,0)

TS

Tla+Tla (2,0, 0, 0: 1)
T4

T3

T3 /
(0,02,1,0) —s (0,0,20,1) 3 (1,0,1,0,) | T1b
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L/ !
[ 01100 o 110010 Frs—{ 1,,0,1,0) |
TIb+T1b 13 \ /
15 T2b "

(0,2,0,1,0) 11 (0.1,1,1,0)

T1b:

Fig. 6. Example reachability graph
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i
(Continuation of proof.)

d(6): The colour of a token in a place P is an element of C(P) = R™¥), there-
fore d(0) = 17! 6, x n(P,), with 6 = (61, ...,03) € K, with {1,...,|P|}
referring to the unique ordering of places adopted for the SDCPN.

g and g¥: For x = Col{z?,...,2/"l}, with * € R%*™") and with {1,...,
|P} referring to the unique ordering of places adopted for the SDCPN, gqy
is defined by gg(z) = Col{gg(x'),... ,gleg)l(a:m)}, where for 2t = Col{z",
oo 2 with 29 € R™P for all j € {1,...,60;}: gh(z*) = Col{Vp, (z*),
..., Vp, (z%%)}. Here, j € {1,...,0;} refers to the unique ordering of tokens
within their place defined for SDCPN (see Section 3). In a similar way, g§’
is defined by g% (z) = Diag{g;”’l(:cl),...,g;”’lyl(:cm)}. Since, for all P;,
Vp, and Wp, satisfy conditions that ensure existence of a pathwise unique
solution without explosion, this also applies to g, and gg’.

OFEy: For each token distribution €, the boundary 0Fy of subset Ejy is deter-
mined from the transition guards corresponding with the set of transitions
in J¢ that, under token distribution 6, are pre-enabled (this set is uniquely
determined). Without loss of generality, suppose this set of transitions is
T1,..., Ty (note that this set may contain one transition multiple times,
if multiple tokens are evaluated in parallel). Suppose {P, ... P¥i} are
the input places of T; that are connected to T; by means of ordinary or
enabling arcs. Define d; = E;;l n(PY), then 9Ey = 0G7, U ...UdG, |
where Gf, = [Gr, x R¥®~di] ¢ RU9. Here [] denotes a special order-
ing of all vector elements: Vector elements corresponding with tokens in
place P, are ordered before vector elements corresponding with tokens
in place P, if b > a, according to the unique ordering of places adopted
for the SDCPN; vector elements corresponding with tokens within one
place are ordered according to the unique ordering of tokens within their
place defined for SDCPN (see Section 3). If the set of pre-enabled guard
transitions is empty, then 0FEy = ().

A: For each token distribution 6, the jump rate A(0,-) is determined from the
transition delays corresponding with the set of transitions in Tp that, un-
der token distribution 6, are pre-enabled (this set is uniquely determined).
Without loss of generality, suppose this set of transitions is 77,...,Tp,.
Then A(6,-) = 3" 61,(-). This equality is due to the fact that the com-
bined arrival process of individual Poisson processes is again Poisson, with
an arrival rate equal to the sum of all individual arrival rates. Since dp
is integrable for all T' € Tp, A is also integrable. If the set of pre-enabled
delay transitions is empty, then A(6,-) = 0.

Q: Foreach® e K,z € Ey,0' € Kand 2’ € Ey, Q(0',2'; 0, x) is characterised
by the reachability graph, the sets D, § and F and the rules Ry — R4. The
reachability graph is used to determine which transitions are pre-enabled
in token distribution 6; the sets D and G and the rules Ry — R4 are used
to determine which pre-enabled transitions will actually fire from state
(0,z); and finally, set F is used to determine the probability of (8',x)
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being the state after the jump, given state (6, x) before the jump and the
set of transitions that will fire in the jump. Because of its complexity,
the characterisation of () is given in the appendix, but an outline is given
next:
Main challenge in the characterisation of @ is the following: In some situ-
ations one does not know for certain which transitions will fire in a jump,
even if one knows the state (0, x) before the jump and knows that a jump
will occur from (0, z) to (¢',2"). Hence, in these situations it is not known
with certainty which firing measures one should combine in order to con-
struct Q(6',2'; 0, x) from SDCPN elements. However, one does know the
following:

e Given 0, one knows which transitions are pre-enabled; this can be read
off the reachability graph (i.e. gather the labels of all arrows leaving
node 6).

Given that 0 € K, no immediate transitions are enabled in 6.
The probability that a guard transition and a delay transition are
enabled at exactly the same time is zero.

e The probability that two delay transitions are enabled at exactly the
same time is zero.

e There is a possibility that two or more guard transitions are enabled
at exactly the same time. It may even occur (due to rule Ry) that one
single guard transition fires twice at the same time.

Hence, the steps to be followed to construct Q(¢',z’; 0, x), for any (¢’, 2/,

0,x) are:

1. Determine (using the reachability graph) which transitions are pre-
enabled in 6.

2. Consider the guard transitions in this set of pre-enabled transitions

and determine which of these are enabled. For a transition T, this
is done by considering its vector of input colours (which is part of
x) and checking whether this vector has entered the boundary 0Gr.
If the set of enabled guard transitions is not empty, then use rules
R; — R4 to find out which of these transitions will actually fire with
which probability.
If this set of enabled guard transitions is empty, then one pre-enabled
delay transition must be enabled. Use D to determine for each pre-
enabled delay transition the probability with which it will actually
fire.

3. Determine which transition firings can actually lead to discrete process
state @’ in one jump. This set can be found by identifying in the
reachability graph all arrows directly from node 0 to 6’ and all directed
paths from node 6 to 6’ that pass only nodes that enable immediate
transitions (i.e. that pass only nodes in italics).

4. Finally, Q(#',2'; 6, z) is constructed from the firing measures, by con-
ditioning on these arrows and paths from 6 to ¢’.
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0y and xg: These can be constructed from J, the SDCPN initial marking,
which provides the places the tokens are initially in and the colours these
tokens have. Hence, 6y = (v1,0,...,vp|,0), Where v; o denotes the initial
number of tokens in place P;, with the places ordered according to the
unique ordering adopted for SDCPN, and zg € R%%) is a vector contain-
ing the colours of these tokens. Within a place the colours of the tokens
are ordered according to the specification in J. With this, and due to con-
dition D4 (which prevents different token distributions to be applicable
at the initial time), the constructed 6y and xg are uniquely defined.

C4: This condition (no explosions) follows from assumption D;.

C5: This condition () is integrable) follows from the fact that dr is integrable
forall T € Tp.

Cj5: This condition (@ measurable and Q({¢};€) = 0) follows from the as-
sumption that F is continuous and from assumption Ds.

C4: This condition (IEN; < 00) follows from assumption Ds.

This shows that for any SDCPN satisfying conditions D1 — D4, we are able
to construct unique GSHS elements, and thus a unique GSHS.

Finally, we show that the GSHP process {0y, x;} is probabilistically equiv-
alent to the process generated by the SDCPN:

With the mapping from SDCPN elements into GSHS elements, it is easily
shown that the GSHP process {6, x;} is probabilistically equivalent to the
process generated by the SDCPN characterised in Section 3: at each time ¢ the
process {6;} is probabilistically equivalent to the process (vi,...,vjp|;) and
the process {z;} is probabilistically equivalent to the process associated with
the vector of token colours. This is shown by observing that the initial GSHP
state (Ao, xq) is probabilistically equivalent to the initial SDCPN state through
the mapping constructed above. Moreover, also by the unique mapping of
SDCPN elements into GSHS elements, at each time instant after the initial
time, the GSHP state is probabilistically equivalent to the SDCPN state:
At times t when no jump occurs, the GSHP process evolves according to
gp and gy’ and the SDCPN process evolves according to V and 'W. Through
the mapping between g, and V and between gy and W developed above,
these evolutions provide probabilistically equivalent processes. At times when
a jump occurs, the GSHP process makes a jump generated by (), while the
SDCPN process makes a jump generated by F. Through the mapping between
Q@ and F developed above, these jumps provide probabilistically equivalent
processes.

6 Example SDCPN and Mapping to GSHP

This section gives a simple example SDCPN model and its mapping to GSHP
of the evolution of an aircraft. First, Subsection 6.1 explains how a SDCPN
that models a complex operation is generally constructed in three steps. In
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order to illustrate these steps, Subsection 6.2 presents a simple example of
the evolution of one aircraft. Subsection 6.3 gives a SDCPN that models this
aircraft evolution and Subsection 6.4 explains the mapping of this SDCPN
example in a GSHP.

6.1 SDCPN Construction and Verification Process

A SDCPN modelling a particular operation can be constructed, for example,
by first identifying the discrete state space, represented by the places, the
transitions and arcs, and next adding the continuous-time-based elements one
by one, similar as what one would expect when modelling a GSHP for such
operation. However, in case of a very complex operation, with many entities
that interact such as occur in air traffic, it is generally more desirable and
constructive to do the SDCPN modelling in several iterations, for example in
a four-phased approach:

1. In the first phase, each operation entity or agent (for example, a pi-
lot, a navigation system, an aircraft) is modelled separately by one local
DCPN (i.e. no Brownian motion components 'W). Each such entity model
is named a Local Petri Net (LPN).

2. In the second phase, the interactions between these entities are modelled,
connecting the LPNs, such that these interactions do not change the num-
ber of tokens per LPN.

3. In the third phase the Brownian motion components W are added to the
LPNs.

4. In the fourth phase, one verifies whether the conditions Dy — D4 under
which a mapping to GSHP is guaranteed to exist have been fulfilled.
Because of the modularity and fixed number of tokens per LPN, these
conditions can easily be verified per LPN, and subsequently per interaction
between LPNs.

The additional advantage of this phased approach is that the total SDCPN
can be verified simultaneously by multiple domain experts. For example, a
Local Petri Net model for a navigation system can be verified by a navigational
system expert; a Local Petri Net model for a pilot can be verified by a human
factors expert; interactions can be verified by a pilot.

6.2 Aircraft Evolution Example

This subsection presents a simple aircraft evolution example. The next sub-
sections present a SDCPN model and a mapping to GSHP for this example.

Assume the deviation of this aircraft from its intended path depends on the
operationality of two of its aircraft systems: the engine system, and the naviga-
tion system. Each of these aircraft systems can be in one of two modes: Work-
ing (functioning properly) or Not working (operating in some failure mode).
Both systems switch between their modes independently and on exponentially
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distributed times, with rates d3 (engine repaired), d4 (engine fails), d5 (navi-
gation repaired) and dg (navigation fails), respectively. The operationality of
these systems has the following effect on the aircraft path: if both systems are
Working, the aircraft evolves in Nominal mode and the rate of change of the
position and velocity of the aircraft is determined by (V;, W;) (i.e. if z; is a
vector containing this position and velocity then dz; = V,(z;)dt + Widwy).
If either one, or both, of the systems is Not working, the aircraft evolves in
Non-nominal mode and the position and velocity of the aircraft is determined
by (V4, W,). The factors W; and W, are determined by wind fluctuations.
Initially, the aircraft has a particular position xg and velocity vg, while both
its systems are Working. The evaluation of this process may be stopped when
the aircraft position has Landed, i.e. its vertical position and velocity is equal
to zero. Once landed, the aircraft is assumed not to depart anymore, hence
the rate of change of its position and velocity equals zero.

This simple aircraft evolution example illustrates the kind of difficulty
encountered when one wants to model a realistic problem directly as a GSHP.
Mathematically one would define three discrete valued processes {x; }, {k?},
{k3}, and an IR®-valued process {x;}:

o {k}} represents the aircraft evolution mode assuming values in { Nominal,
Non-nominal, Landed};

e {k?} represents the navigation mode assuming values in { Working, Not-
working};

e {x}} represents the engine mode assuming values in {Working, Not-
working};

e {x;} represents the 3D position and 3D velocity of the aircraft

Unfortunately, the process {r¢, z¢}, with x; = Col{k}, k2, K3}, is not a GSHP,
since some k; combinations lead to immediate jumps, which is not allowed for
GSHP.

6.3 SDCPN Model for the Aircraft Evolution Example

This subsection gives a SDCPN instantiation that models the aircraft evolu-
tion example of the previous subsection. In order to illustrate the three-phased
approach of subsection 6.1, we first give the Local Petri Net graphs that have
been identified in the first phase of the modelling. The entities identified are:
Aircraft evolution, Navigation system, and Engine system. This gives us three
Local Petri Nets. The resulting graphs are given in Figure 7.

The interactions between the Engine and Navigation Local Petri Net and
the Evolution Local Petri Net are modelled by coupling the Local Petri Nets
by additional arcs (and, if necessary, additional places or transitions). Here,
removal of a token from one Local Petri Net by a transition of another Local
Petri Net is prevented by using enabling arcs instead of ordinary arcs for
the interactions. The resulting graph is presented in Figure 8. Notice that
transition 77 has to be replaced by two transitions 77, and Tjp in order to
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Evolution Engine Navigation

P ()
Tl TQ Q
P )
/Di 7 Py T, b
Py (o)
Fig. 7. Local Petri Nets for the aircraft operations example. Place P1 models Evo-
lution Nominal, P> models Evolution Non-nominal, Ps models Engine system Not

working, P4+ models Engine system Working, Ps models Navigation system Not work-
ing, Ps models Navigation system Working. Pr models aircraft has landed

allow both the engine and the navigation LPNs to influence transition T}
separately from each other.

Fig. 8. Local Petri Nets integrated into one Petri Net

The graph above completely defines SDCPN elements P, T, A and N,
where ‘IG' = {T7,Tg}, ‘ID = {Tg,T4,T5,T6} and ‘I] = {Tla,le,Tg}. The
other SDCPN elements are specified below.

8: Two colour types are defined; 8§ = {R?, R%}.

C: C(P1) = C(P2) = C(P;) = RS, hence n(P;) = n(P) = n(Pr) = 6. The
first three colour components model the longitudinal, lateral and vertical
position of the aircraft, the last three components model the corresponding
velocities. For places P3 through Ps, C(P;) = IR® = ) hence n(P;) = 0.
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J: Place Py initially has a token with colour zg = (x¢,vo)’, with zg € R? x
(0,00) and vg € R3\Col{0,0,0}. Places Py and Ps initially each have a
token without colour.

V and

‘W: The token colour functions for places P;, P> and P; are determined by
(Vl’wl)? (VQ’WQ)’ and (V77W7)a respectively, where (V7’W7) = (070)
For places P3 — Ps there is no token colour function.

G: Transitions 77 and Ty have a guard that is defined by 0Gr, = 0Gr, =
R? x {0} x R? x {0}.

D: The enabling rates for transitions 75, Ty, T5 and T are o7, (-) = 03, o7, (+) =
d4, 07, (+) = 05 and o7, (-) = Jg, respectively.

F: Each transition has a unique output place, to which it fires to their output
place a token with a colour (if applicable) equal to the colour of the token
removed, i.e. for all T, Fp(1,-;-) = 1.

6.4 Mapping to GSHP

In this subsection, the SDCPN aircraft evolution example is mapped to a
GSHP, following the construction in the proof of Theorem 2. Because the
boundaries of the guard transitions 77 and Ty (i.e. Gy, = G, = R? x
{0} x R? x {0}) are always reached from one side only, there is no need to
first enlarge the SDCPN for these guard transitions (see Section 5).

The SDCPN of Figure 8 has seven places hence the reachability graph has
elements that are vectors of length 7. Since there is always one token in the
set of places {Py, Py, P;}, one token in {Ps, P4} and one token in {Ps, Ps},
the reachability graph has 3 x 2 x 2 = 12 nodes, see Figure 9. However,
four nodes are excluded from K: nodes (1,0,1,0,0,1,0), (0,1,0,1,0,1,0) and
(1,0,0,1,1,0,0) enable immediate transitions, and node (1,0,1,0, 1,0,0) can-
not be reached since it requires the enabling of a delay transition that is com-
peting with an immediate transition, while due to SDCPN rule Ry, an imme-
diate transition always gets priority. Therefore, K consists of the remaining 8
nodes {mz1, me, ms, my, ms, mg, my, ms}, which are specified in Table 1.

Table 1. Discrete modes in K

Node Engine Navigation Evolution
my = (1,0,0,1,0,1,0) Working Working Nominal

mo = (0,1,1,0,0,1,0) Not working Working Non-nominal
ms = (0,1,1,0,1,0,0) Not working Not working Non-nominal
my = (0,1,0,1,1,0,0) Working Not working Non-nominal
ms = (0,0,0,1,0,1,1) Working Working Landed

me = (0,0,1,0,0,1,1) Not working Working Landed

my = (0,0,1,0,1,0,1) Not working Not working Landed

mg = (0,0,0,1,1,0,1) Working Not working Landed
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(1,0,0,1,0,1,0) T7- %
T4 e
A/ \
| (1,0,1,0,0,1,0) | | (0,1,0,1,0,1,0) | | (1,0,0,1,1,0,0) | J \

T T3 “b /?| R .
©0.1,1,0,0,10) ©.10,1,1,00) Z \ / j

5 T6
(1,0.1,0,1,0.0)

(0,1,1,0,1,0,0) T8

0,0,1,0,1,0,1)

Fig. 9. Reachability graph for the SDCPN of Figure 8

Following Section 5, for each 6 = (01, ...,07) € K, the value of d(#) equals

) = Zlml 0; x n(P;). Since there is always one token in the set of places
{P1, P2, P;}, hence 61 + 02 + 67 = 1, and since n(Py) = n(P2) = n(P;) =6
and n(Ps) = n(Py) = n(Ps) = n(Ps) = 0, we find for all 6 that d(0) =

Since initially there is a token in places P;, P, and Pg, the initial mode 6y
equals 6y = my = (1,0,0,1,0,1,0). The GSHP initial continuous state value
equals the vector containing the initial colours of all initial tokens. Since the
initial colour of the token in Place P; equals zg, and the tokens in places P;
and P have no colour, the GSHP initial continuous state value equals zg.

Following Section 5, with 6 = (61,...,60;) € K, for z = Col{z",.. .,a:7},
with z? € RO*n(P:) the function gy is deﬁned by go(x) = Col{gj(z), ...,
95(z")}, where for &' = Col{z™,... 2%}, with 2 € R"®) for all j €
{1,...,0:}: gi(z) satlsﬁes gs(z*) = Col{Vp,(z*),...,Vp,(z%%)}. Since there
is at most one token in each place, 6; is either zero or one, hence either z* = ()
or z* = z*1. Since there is no token colour function for places {Ps, Py, Ps, Pg}
and there is only one token in { Py, Py, Pr}, go(x) = V1 for 6 = mq, gg(x) = Vs
for 8 € {mq, m3, ma}, and go(x) = 0 otherwise. In a similar way, g§’(z) = Wi
for 6 = mq, gy (z) = Wa for 8 € {mq, m3, ma}, and gy’ (x) = 0 otherwise, see
Table 2

The boundary dFy is determined from the transitions guards that, under
token distribution 6, are enabled. This yields: for 8 = my, 0Ey = 0Gp, =
R?x {0} x R?x{0}; for § € {ma, m3,m4}, Eg = G, = R*x{0} x R?x{0};
for 0 € {m5,m6,m7,mg}, O0FEy = .

The jump rate A(6, -) is determined from the enabling rates corresponding
with the set of delay transitions in Tp that, under token distribution 6, are
pre-enabled. At each time, always two delay transitions are pre-enabled: either



-28-
NLR-TP-2006-689

T5 or Ty and either T or Ts. Hence A(6,-) = Ez’:j,k or,(-) if T; and T}, are
pre-enabled. See Table 2 for the resulting \’s.

The probability measure () is determined by the reachability graph, the
sets D, § and F and the rules Ry — Ry4. In Table 3, Q(¢;£) = p denotes that
if £ is the value of the GSHP before the hybrid jump, then, with probability
p, C is the value of the GSHP immediately after the jump.

Table 2. Example GSHS components gy4(-), g5 () and X as a function of 0

mi Vl() Wl() 04 + 06
m2 V2(') Wz() 03 + de
mg Va(-) Wa(+) 03 + 05
ma Va(-) Wa(+) 04 + 05
ms 0 0 d4 + 06
me 0 0 03 + 06
my 0 0 03 + 05
mg 0 0 04 + 95

Table 3. Example GSHS component )

5 5
For 2 & OEm,: Q(mz, z;mi, 2) = 535, Q(ma, z5ma, 2) = 5225
For z € O0FEm,: Q(ms,z;m1,z) =1
For 2 ¢ 6Em2: Q(mﬁ‘},z;mzvz) = ﬁ, Q(mlvz;m2vz) = 53(3356
For z € OEm,: Q(mse, z;ma,z) =1
5 5
For 2z ¢ OLm;: Q(ma, 2;ms, 2) = 555, Q(mae, 23ms, 2) = 5755
For z € O0FE,: Q(mz,z;m3,z) =1
3 s
For 2 ¢ OEm,: Q(ms, z;ma, z) = 555, Q(ma, 25ma, 2) = 5255
For z € O0FEm,: Q(ms,z;ma,z) =1
For all 2: Q(ms, z;ms, 2) = 524, Q(ms, z;ms, 2) = 525
For all z: Q(m7,z;m6,z) — ﬁ’ Q(m57z;m67’z) = 53:?56
5 55
For all z: Q(ms, z;mr,2) = 555, Q(me, 2;m7, 2) = 724
35
For all z: Q(m7,z;m872) = ﬁ, Q(m57z;m87’z) = 54405

From a mathematical perspective, the GSHP model has clear advantages.
However, the GSHP model does not show the structure of the SDCPN. Be-
cause of this, the SDCPN model of Subsection 6.3 is simpler to comprehend
and to verify against the aircraft evolution example description of Subsection
6.2. These complementary advantages from both perspectives tend to increase
with the complexity of the operation considered.
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7 Conclusions

Generalised Stochastic Hybrid Processes (GSHPs) can be used to describe vir-
tually all complex continuous-time stochastic processes. However, for complex
practical problems it is often difficult to develop a GSHP model, and have it
verified both by mathematical and by multiple operational domain experts.
This paper has introduced a novel Petri Net, which is named Stochastically
and Dynamically Coloured Petri Net (SDCPN) and has shown that under
some mild conditions, any SDCPN generated process can be mapped into a
probabilistically equivalent GSHP. Moreover, it is shown that any GSHP with
a finite discrete state domain can be mapped into a pathwise equivalent pro-
cess which is generated by a executing a GSHS. A consequence of both results
is that there exist into-mappings between GSHPs and SDCPN processes. The
development of a SDCPN model for complex practical problems has similar
specification advantages as basic Petri Nets have over automata [4].

The key result of this paper is that this is the first time that proof of the
existence of into-mappings between GSHPs and Petri Nets has been estab-
lished. This significantly extends the modelling power hierarchy of [14],[15] in
terms of Petri Nets and Markov processes, see Figure 10.

To the authors’ best knowledge, SDCPN is the only hybrid Petri Net
that incorporates Brownian motion. Moreover, SDCPN and DCPN are the
only hybrid Petri Nets for which into-mappings with hybrid state Markov
processes are known. Due to the existence of these into-mappings, GSHP
theoretical results like stochastic analysis, stability and control theory, also
apply to SDCPN stochastic processes. The mapping of SDCPN into GSHP
implies that any specific SDCPN stochastic process can be analysed as if it
is a GSHP, often without the need to first apply the transformation into a
GSHP as we did for the aircraft evolution example in Section 6. Because of
this, for accident risk modelling in air traffic management, in [2] SDCPNs are
adopted for their specification power and for their GSHP inherited stochastic
analysis power.
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wtochastically and

. . .
Dynamically Coloured Petri [*] HG eél gl(‘ialslse(i Sto(cé}lgi;lsc)
Net (SDCPN) yPrid bystem
[**] (3]
Dynamically Coloured Petri [9, 10] Piecewise Deterministic
Net (DCPN) Markov Process (PDP)
9, 10] (6]
Deterministic and Stochastic .
Petri Net (DSPN) Semi Markov Process
[14, 15] [14, 15]
Generalised Stochastic Petri [14, 15] Continuous Time Markov
Net (GSPN) Chain (CTMC)

\14, 15] (14, 15M

Fault Tree with Repeated
Events (FTRE)

14, 15]

Reliability Graph

(14, ISM \14, 15]

Reliability Block Diagram [14, 15]
(RBD) Fault Tree (FT)

Fig. 10. Power hierarchy among various model types established by [6], [9], [10],
[14], [15], [3] and the current paper (denoted by [**]). An arrow from a model to
another model indicates that the second model has more modelling power than the
first model
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A Characterisation of Q in Terms of SDCPN Elements

In

this appendix, () is characterised in terms of SDCPN, as part of the char-

acterisation in Appendix C of GSHP in terms of SDCPN.

is

For each 0 € K, z € Ey, 0’ € K and A C Ey, the value of Q(¢’, A;0, x)
a measure for the probability that if a jump occurs, and if the value of the

GSHP just prior to the jump is (6, x), then the value of the GSHP just after
the jump is in (0’, A). Measure Q(6’, A; 0, x) is characterised in terms of the
SDCPN by the reachability graph (RG) (see Appendix C), elements D, G and
Rules Ry — R4 and the set &, as below. This is done in four steps:

1

. Determine which transitions are pre-enabled in (6, x).
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2. Determine for each pre-enabled transition the probability with which it is
enabled in (0, z).

3. Determine for each pre-enabled transition whether its firing can possibly
lead to discrete state 6’.

4. Use the results of the previous two steps and the set of firing functions to
characterise Q.

Step 1: Determine which transitions are pre-enabled in (6, x).

Consider all arrows in the RG leaving node 6. These arrows are labelled by
names of transitions which are pre-enabled in 0, for example Ty (if T} is pre-
enabled in @), T +75 (if Ty and T» are both pre-enabled and there is a non-zero
probability that they fire at exactly the same time), etc. Therefore the arrows
leaving @ may be characterised by these labels. Denote the multi-set of arrows,
characterised by these labels, by By. This set is a multi-set since there may
exist several arrows with the same label (e.g. if one transition is pre-enabled
by different sets of input tokens). We use notation B € By for an element B
of By (e.g. B = T; represents an arrow with 77 as label), and notation T' € B
for a transition T in label B (e.g. as in B =T + T1).

Step 2: Determine for each pre-enabled transition the probability
with which it is enabled in (0, x).

Given that a jump occurs in (6, x), the set of transitions that will actually fire
in (0, x) is not empty, and is given by one of the labels in By. In the following,
we determine, for all B € By, the probability pp (0, z) that all transitions in
label B will fire.

e Denote the vector of input colours of transition 7' in a particular label
by c¢f. For a transition in a label this vector is unique since we consider
transitions with multiple vectors of input colours separately in the multi-
set By.

Consider the multi-set B§ = {B € By|VT' € B: T € T and c% € dGr}.

If B # 0 then this set contains all transitions that are enabled in (6, ).

Rules Ry — Ry are used (R is not applicable) to determine for each B € Bg

the probability with which the transitions in label B will actually fire:

— Rules Ry and R3 are used as follows: if B is such that there exists
B’ € BY such that the transitions in B form a real subset of the set of
transitions in B’, then pg(f,2) = 0. The set of thus eliminated labels
B is denoted by By,

— Rules Ry and R4 are used as follows: If the multi-set Bg’ — Bf”
contains m elements, then each of these labels gets a probability
pp(0,2) =1/m.
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e If B = ) then only Delay transitions can be enabled in (6,z). Consider
the multi-set BY = {B € By|vTI' € B: T € Tp}. Each B € BY consists of

one delay transition, with pg(6,z) = %
T

D
Te%e

Step 3: Determine for each pre-enabled transition whether its
firing can possibly lead to discrete state 6’.

In the RG, consider nodes # and 8" and delete all other nodes that are elements
of K, including the arrows attached to them. Also, delete all nodes and arrows
that are not part of a directed path from 6 to 6’. The residue is named RGgg.
Then, if § and €’ are not connected in RGgg: by at least one path, a jump
from (0, z) to a state in (0’, A) is not possible.

Step 4: Use the results of the previous two steps and the set of
firing functions to characterise Q.

From the previous step we have

e Q(0',A;60,2) = 0if 6 and 0 are not connected in RGgg, by at least one
path.

If 6 and @’ are connected then in RGgy: one or more paths from 0 to 8’ can be
identified. Each such path may consist of only one arrow, or of sequences of
directed arrows that pass nodes that enable immediate transitions. All arrows
are labelled by names of transitions, therefore the paths between 6 and ¢’ may
be characterised by the labels on these arrows, i.e. by the transitions that
consecutively fire in the jump from 6 to €’. Denote the multi-set of paths,
characterised by these labels, by Lgg-. Examples of elements of Lgg are Ty
(if Ty is pre-enabled in 0 and its firing leads to ), Ty + T (if there is a
non-zero probability that 77 and T will fire at exactly the same time, and
their combined firing leads to 8"), Ty o T3 (if T5 is pre-enabled in 0, its firing
leads to the immediate transition T, being enabled, and the firing of T, leads
to ¢'), etc.

Next, we factorise (Q by conditioning on the path L € Lgg along which
the jump is made. Under the condition that a jump occurs:

Q(O/»A;ov CC) = Z p@’,x’w,m,L(elvA | O,CC,L) X pL|0,x(L | 9» .'17),

LeLgyr

where pg/ 4110,2,(0', A | 0,2, L) denotes the conditional probability that the
SDCPN state immediately after the jump is in (6’, A), given that the SDCPN
state just prior to the jump equals (0, ), given that the set of transitions L
fires to establish the jump. Moreover, prg (L | 6,7) denotes the conditional
probability that the set of transitions L fires, given that the SDCPN state
immediately prior to the jump equals (0, z).
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In the remainder of this appendix, first prjg,(L | 6,2) is characterised
for each L € Lggr. Next, pg 4119,0,0.(0', A | 0,2, L) is characterised for each
L € Lgyr.

Characterisation of prjg,.(L | 6, x) for each L € Lgg

First, assume that Ly, does not contain immediate transitions. This yields:
each L € Ly either contains one or more guard transitions, or one delay
transition (other combinations occur with zero probability). In particular,
Loo is a subset of By defined earlier. Then prg (L | 6, ) is determined by

Prigs(L |6, 2) = Zl)& with pp(6,x) defined earlier.

BEL g pp(0,2)’

Next, consider the situations where RGggr may also contain nodes that
enable immediate transitions. If L is of the form L = T} o T}, with T an
immediate transition, then pr9 (L | 0,2) = pp,0,2(Tk | 0,2), with the right-
hand-side constructed as above for the case without immediate transitions.
The same value pr, jg.»(T% | 0, ) follows for cases like L = T, o Tj o Ty, with
T; and Ty, immediate transitions. However, if the firing of T} enables more
than one immediate transition, then the value of pr, 9 »(T) | 0,) is equally
divided among the corresponding paths. This means, for example, that if there
are Ly = TjoTy and Ly = Tpy, 0Ty, then pr g o (L1 | 0,2) = pryjo,0(Le | 0,2) =
sp1400,0(Tk | 0,2).

With this, prjg,.(L | 6, ) is uniquely characterised.

Characterisation of pg: 5/6,5,.(0", A | 6,2, L) for each L € Lgo

For probability pg/ 4/10,0,0(0, A | 0,2, L), first notice that both (6,z) and
(0',2") represent states of the complete SDCPN, while the firing of L changes
the SDCPN only locally. This yields that in general, several tokens stay where
they are when the SDCPN jumps from 6 to 6’ while the set L of transitions
fires.

® Do aown(0,A|0,2,L) =0 if for all 2’ € A, the components of = and z
that correspond with tokens not moving to another place when transitions
L fire, are unequal.

In all other cases:

e Assume L consists of one transition T that, given 6 and z, is enabled and
will fire. Define again 7. as the vector containing the colours of the input
tokens of T'; ¢ may not be unique. For each ¢} that can be identified,
a sample from Fr(-,;c}.) provides a vector e that holds a one for each
output arc along which a token is produced and a zero for each output arc
along which no token is produced, and it provides a vector ¢’ containing
the colours of the tokens produced. These elements together define the size
of the jump of the SDCPN state. This gives:
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p@’,z’w,w,L(Qla A | 07:07 L) = Z S:T(elacl;c’?) X I(9’,A;e’,c’,c§;)7

-
T (e',¢)

where g/ e, ¢ cz) is the indicator function for the event that if tokens
corresponding with ¢ are removed by T and tokens corresponding with
(¢/,¢') are produced, then the resulting SDCPN state is in (6’, A).

If L consists of several transitions T1,...,T,, that, given 6 and z, will all
fire at the same time, then the firing measure Fr in the equation above is
replaced by a product of firing measures for transitions T7,. .., Ty,:

p0’,m’|0,x,L(0/aA | 9,.’,17,L) = Z / g:Tl (ell’cll;calc’l) X X

X &
CT 0Ty (e, )y (€ ,Ch)

Il
X?Tk (ekv CkaCTk) X I(G’,A;e’l,c’l,cﬂ%l,...,e;,c;,cﬁ-k)v

where L aer er, cz. ) denotes indicator function for the event
k

C yeees€sChis
that the combined 1removal of ¢f, through c7, by transitions 77 through
Ty, respectively, and the combined production of (e}, c}) through (e}, c}.)
by transitions 77 through T}, respectively, leads to a SDCPN state in
(0, A).

If L is of the form L =T} o T}, with 7T} an immediate transition, then the
result is:

Por 210,200/, A | 0,2, L) = Z / S"Tj(e;,c;;cj) X 3"Tk(e§c,c§c;c§~k)><

cx
Ty (o o . of A
k (ej’cj’c.') ’ek’ck)

XL(or aser et el el e2)

where 1(9/’ Ajel ¢l el i) denotes indicator function for the event that the
removal of ¢f, and the production of (e}, c}) by transition Tj leads to Tj
having a vector of colours of input tokens c¢; and the subsequent removal
of ¢; and the production of (e},c}) by transition T; leads to a SDCPN
state in (6’, A).

In cases like L = Ty, o T o T}, with T} and Tj, immediate transitions, the
firing functions of this sequence of transitions are multiplied in a similar
way as above.

With this, probability measure @) of the constructed GSHP is uniquely

characterised in terms of SDCPN elements.
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