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The aim of this paper is to study, in a system theoretical framework, the
contact problem for mechanical systems subject to unilateral constraints.
Contrary to what is usually done in studies on this subject, we first
investigate what can be deduced already from the mathematical models of
the unconstrained mechanical system and the constraint set. It is only
after this analysis that we incorporate the physics of contact in our
framework. This sequence of steps leads to important insights to the
contact itself, and to useful theoretical findings with respect to
modelling and control of impact.
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Summary
This paper is a contribution to the proposed invited session on Hybrid Mechanical Systems at the
European Control Conference ECC' 97, Brussels, Belgium, July 1-4, 1997.
The aim of this paper is to study, in a system theoretical framework, the contact problem for
mechanical systems subject to unilateral constraints. Contrary to what is usually done in studies
on this subject, we first investigate what can be deduced already from the mathematical models of
the unconstrained mechanical system and the constraint set. It is only after this analysis that we
incorporate the physics of contact in our framework. This sequence of steps leads to important
insights to the contact problem itself, and to useful theoretical findings with respect to modelling
and control of impact.
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Abstract
The aim of this paper is to study, in a system theoretical framework, the contact problem for mechanical systems subject to unilateral constraints. Contrary to what
is usually done in studies on this subject, we rst investigate what can be deduced already from the mathematical
models of the unconstrained mechanical system and the
constraint set. It is only after this analysis that we incorporate the physics of contact in our framework. This
sequence of steps leads to important insights to the contact problem itself, and to useful theoretical ndings with
respect to modelling and control of impact.

1 Introduction
In this paper we study, in a system theoretical framework, the contact problem for mechanical systems subject to unilateral constraints. The contact problem arises
when (a trajectory of) a mechanical system interacts with
the boundary set of a unilateral constraint. In [7] we have
studied the contact problem for linear dynamical systems.
In this paper we will extend the results of [7] to a class of
nonlinear systems: mechanical systems subject to unilateral constraints. A constrained robotic manipulator will
illustrate our approach to the contact problem.
In hostile environments, such as space, a large number of operations will be executed autonomously by robotic manipulators [5]. During these operations there are
many instances where a manipulator, speci cally its ende ector, is, or comes, in contact with a xed or moving
external object even though operational control schemes

causes elastic oscillations and joint rotations, and in case
of retrieval of large satellites possible attitude drift of the
carrier spacecraft as well.
A primary goal of controller design for constrained manipulators is to ensure that impact forces remain within
speci ed bounds (in order not to damage the structure),
that bouncing of the manipulator is avoided as much as
possible, and that post-impact dynamics interferes to a
minimum with the task at hand. Here impact refers to
the short period of time where the impulse due to collision
enters the system, and post-impact refers to the period of
time where the e ects of impact, after the impact event itself has occurred, are notable in the system. Clearly, control of the (post-)impact is aimed also at shortening these
periods. Interesting theoretical and experimental results
have been presented recently, see e.g. [11, 13, 14, 16] and
the references therein.
The remainder of this paper is organised as follows. In
section 2 the problem formulation and some mathematical preliminaries are presented. In section 3 we investigate how trajectories of mechanical systems interact with
the boundary of a unilateral constraint. In the present
paper we will focus on a single unilateral constraint whose
boundary set can be described (locally) by a linear equality. This will enable us to focus on the introduction of our
framework. (The nonlinear case can be found in [8].) In
section 4 we will introduce the collision maps that make
the constraint set an invariant set for the constrained
system. In section 5 we will incorporate the physics of
contact into our framework, and give a general expression
for the collision map for constrained mechanical systems.
Some implications of our approach to the contact problem as far as control is concerned are discussed in section
6. Finally, the conclusions can be found in section 7.

2 Motivation and mathematical
preliminaries

state-space. A rst-order model of system (3), with
x = [xT1 ; xT2 ]T := [yT ; y_ T ]T , reads:

 
 

x_ 1 =
x2
0
A basic dynamics equation for the manipulator reads [2,
x_ 2
M 1(x1 )N (x) + M 1(x1 ) u: (4)
10]:
Mb (q)q + Nb (q; q_) = :
(1) De ne C := [P 0]. In a rst-order setting the inequalHere q denotes the generalized joint coordinates, Mb(q) ity constraint (2) reads:
denotes the inertial matrix function, Nb (q; q_) is a vector
Cx  d:
(5)
function which characterizes the Coriolis, centrifugal and
gravitational load of the manipulator, and  is the vector The combination of equation (4) and inequality (5) will
be referred to as a constrained mechanical system c:
of generalized inputs.

We assume the following relation between end-e ector
f (x) + g(x)u
position y, and velocity y_ , and joint values q, and joint
c : Cxx_ =
(6)

d;
angular values q_, respectively: y = H (q) and y_ = J (q)q_.
Here J (:= dH
dq ) is called the manipulator Jacobian matrix. with the obvious de nition of the maps f and g from
For the purpose of this paper we will assume that the (4). c is a complex hybrid dynamical system with
manipulator is constrained to move in the region
continuous-time and discrete event characteristics. It is
remarked that (6) is not a state representation of the
Py  d:
(2) constrained mechanical system. One still needs to de ne
constitutes a solution of c .
Here P 2 R1m and d 2 R . We will assume throughout what
Usually, at this point in the modelling procedure the
that P 6= 0. The linear, single constraint case will allow physics
of the contact is incorporated into the modelling
us to focus on the presentation of our framework. (For equations,
leading for example directly to the Lagrange
a treatment of the multiple nonlinear constraint case we multiplier approach
to constrained mechanical systems.
refer to [8].) The boundary set fy 2 Rm j Py = dg mod- We will follow a di erent
First, we will investels a hard environmental constraint (or a mathematical igate what can be deducedapproach.
already
from
equations (6). It
constraint).
is
only
after
we
have
done
this
that
we
incorporate
There are at least two ways to combine the manipulator the physics of the problem at hand. Thewilladvantages
of
model (1) with the constraint region (2). The rst is this approach will become clear in the sequel.
to use the kinematic equations to transform (2) to an We will need some concepts from the di erential geoinequality on joint level. This leads to a fully nonlinear metric approach to nonlinear systems. Let the notation
model of a constrained mechanical system. This case is L h(x) indicate the directional derivative of the map h(x)
f
discussed in detail in [8]. A second way, which we will along
the vector eld f (x). The relative degree of a sysfollow here, is to transform manipulator model (1) to a tem, denoted
by r0 , equals the inherent number of integmodel in terms of Cartesian coordinates. This is in itself rations between
inputs and an output y := h(x). It is
an appealing way to proceed since contact is assumed to easy to see that for
system (6) there holds
occur at end-e ector level.
The following assumptions are made.
Lg (Cx d) = 0 and Lg Lf (Cx d) 6= 0:
(7)

Assumption 2.1

These equations indicate that for the mechanical system
(a) The inertial matrix M (q) is nonsingular.
(4), r0 = 2, with respect to an imaginary output y =
(b) The Jacobian matrix J (q) is nonsingular in singu- Cx d. Important will also be the maximal controlled
larity free regions of the workspace.
invariant distribution contained in the boundary set of
(c) Contact with the boundary set is made in a singu- restriction (5). We obtain from [4]:
larity free region.
Lemma 2.2 The integral manifold of the maximal conA mathematical model on end-e ector level can now trolled invariant distribution contained in ker(d(Cx d))
be derived from (1).
is given by N  = fx 2 Rn j Cx d = 0 and Lf (Cx d) =
0g.
M (y)y + N (y; y_ ) = u:
(3)
:= J T Mb J 1 ; Nb := J T Nb
_
J
JJ 1 y_ , and u := J T  , where we have
suppressed the arguments. We will assume that the
control u is locally integrable.
It will prove to be advantageous to study the contact problem in a rst-order setting. Let X denote the
Here M
T Mb J

1

3 Contact and release sets

We study the contact problem by rst investigating the
interaction between trajectories of the end-e ector of the
manipulator, modelled by (4), with the boundary set of
restriction (5). The following assumption is made.

Assumption 3.1 In the contact point between end- Lemma 3.5 The subsets Xcon;v , Xrel;v , and Nc are in-

e ector and target there are forces but no moments.
variant under the regular static state feedback u = (x)+
(x)v, with v the new control, for the system (4).
This assumption implies that impact occurs at a single
point, which is unable to transmit a local moment. This Proof: Follows from the de nitions in (11) and (12), and
is further justi ed in [6].
de nition 3.3.
2
First we introduce the following sets to indicate
whether of not inequality (5) is satis ed:
Let us now apply a preliminary feedback loop that linearizes
the equation of motion (4) following the procedure
Xg := fx 2 Rn j Cx > dg
(8) in [10]. (It is assumed that we can measure the positions
Cb := fx 2 Rn j Cx = dg
(9) and velocities.) Take arbitrary, constant matrices A21
n
Xf := fx 2 R j Cx < dg
(10) and A22 of appropriate dimensions. De ne [10]:

Let x denote a trajectory of system (4). Furthermore, u := M (x1 )(M 1 (x1 )N (x) + A21 x1 + A22 x2 + w); (13)
let u : R 7! U N; i.e. u is a countable dimensional vector
whose elements take their values in U . Let Xcon denote where w denotes the new control. Then the linear system
all points where contact can be made with the bound- equations become:


 
ary of the constraint set. Likewise, let Xrel denote all
0
I
points where trajectories can leave the boundary of the
x_ = Ax + Bw := A A x + I0 w: (14)
21
22
constraint set. These sets are de ned formally by:
Note that the constraint equation itself is not a ected. As
De nition 3.2 ([8]) The contact and release sets.
are now in a linear setting we can apply the results

(i) Xcon := fx 2 Cb j 9x and 9t < 0; such that x(0) = we
presented
in [7].

x; and x( ) 2 Xg ; 8 : t <  < 0g.

(ii) Xrel := fx 2 Cb j 9x and 9t > 0 such that x(0) = Proposition 3.6 ([7]) The following holds:
x; and x( ) 2 Xg ; 8 : 0 <  < t g.
(i) Xcon;v = fx 2 Cb j CAx < 0g,
Note that the contact set Xcon says something on the (ii) Xrel;v = fx 2 Cb j CAx > 0g,
past of a trajectory, whereas Xrel says something about (iii) Nc = fx 2 Cb j CAx = 0g.
the future. It is shown in [8] that Xcon and Xrel switch It is not dicult to prove that N  = Nc = V  , where
roles for the time-reversed system. It will prove useful V  is the largest controlled invariant subset of system
to introduce some additional notation. De ne hi : Rn  (14) that is contained in the boundary set of (5). If we
U N 7! R and rb (x) : Cb 7! N as
now view the boundary set as a mathematical constraint
rather than a hard environmental constraint, it follows
i
X
hi (x; u) := Lif (Cx d) + Lg Ljf 1 (Cx d)ui j (11) that in Xcon nVc application of a smooth control can not
prevent a trajectory of system (4) to enter Xf . It is clear
j =1
this nding has consequences for (feedback) controlN
rb (x) := minfi 2 N j hi (x; u) 6= 0; u 2 U g
(12) that
ler design if one of the objectives is smooth contact with
the boundary set. The above leads to the concept of forFrom (7) it follows that rb (x)  2 for system (4).
bidden controls, which will prove useful when the collision
We will need the following sets in the sequel.
maps are discussed. A formal de nition is given next.
De nition 3.3 The sets Xcon;v and Xrel;v (v for veloDe nition 3.7 Let x 2 Nc. The set of (loccity), and the set Nc (c for control).
ally) forbidden controls is de ned as: Uf (x) =
(i) Xcon;v := fx 2 Xcon j rb (x) = 1g
fu 2 U j 9x of system (4) and 9t > 0 such that x(0) =
(ii) Xrel;v := fx 2 Xrel j rb (x) = 1g
x and x( ) 2 Xf ; 8 : 0 <  < t g.
(iii) Nc := fx 2 Cb j rb (x) = 2g
The following result is a special case of a result in [8].

4 The collision map

Theorem 3.4 The following holds:
(a) Xcon = Xcon;v [ Nc .
(b) Xrel = Xrel;v [ Nc .
(c) Cb = Xcon [ Xrel .
(d) Xcon;v \ Xrel;v = ;.
Proof: Follows from [8] and de nition 3.3.

We will need the following result.

In this section we will introduce collision maps in our
framework that will make (5) an invariant set for (4).

Assumption 4.1 Collisions are instantaneous.
2

Suppose that at some point in time a state trajectory
intersects the boundary set, say at time t . If, for instance, x(t ) 2 Xcon;v then, whatever (smooth) control

is applied, the motion can not remain in Xg [ Cb . In Nc
it depends also on the control whether a trajectory will
proceed in Xg or will remain in Cb . This motivates the
following de nitions.

De nition 4.2 Let x 2 Cb. Then we will say that a
collision at x is an uncontrolled, controlled, collision if
x 2 Xcon;v , x 2 Nc , respectively. Likewise, we will say
that a release is an uncontrolled, controlled, release if x 2
Xrel;v , x 2 Nc , respectively.
From proposition 3.6 and de nition 4.2 the following
result is now immediate. (The proof is omitted.)

Lemma 4.3 For the constrained mechanical system
(6) uncontrolled collisions occur in the set Xcon;v =
f(y; y_ ) j Py = d; P y_ < 0g, uncontrolled release takes
place in the set Xrel;v = f(y; y_ ) j Py = d; P y_ > 0g, and
controlled contact and release can take place in the set
Nc = f(y; y_ ) j Py = d; P y_ = 0g.
It is important to remark that in our framework the
fact whether or not a collision is a controlled collision
follows already from the models for the unconstrained
manipulator model, and the model of the boundary set.
The physics of contact itself need not to be incorporated:
(un)controlled collisions are a feature of the model. In
fact, the following important result holds:

Proposition 4.4 The contact and release sets for a

must be determined by external physical modelling. We
merely advocate that collisions can be discussed already
on a general system theoretical level. The collision map
will be used in the remainder to make the constraint set
an invariant set for the mechanical system.
It can be seen that plastic collisions di er in a number of ways from elastic collisions, especially when control enters the formulation. Notably, if x 2 Xcon nNc
is mapped into Nc , then control enters the formulation.
This can be captured by applying the map Tc immediately after the map Tp. Of course, one could also combine the latter two maps in one controlled collision map,
but the present de nitions allow us to unify elastic and
inelastic collisions when discussing the behaviour of constrained dynamical systems below. Use of the collision
maps allows us to state the following result.
Theorem 4.6 The constrained system c given in (6)
can alternatively be presented as:
c = fx : R 7! Xj9u piece-wise C 1 such that 8t0 2 R :
(i) x(t0 ) 2 Xg [ Cb ;
(ii) x(t) 2 Xg [ Xrel ; t  t0 ) x_ (t) = f (x(t)) +
g(x(t))u(t);
(iii) x(t) 2 Xcon nNc, t  t0 ) limt #t x(t ) = T (x(t));
(iv) x(t) 2 Nc , t  t0 ) limt#t (x; u)(t ) =
Tc(x(t); u(t)), with ui (t) := u(i) (t) g.
Proof: Follows from theorem 3.4 and the analysis in this
section, with the collision map T as in de nition 4.5. 2

constrained mechanical system (6) are independent of From theorem 4.6 it follows that trajectories of the
the parameters of the unconstrained mechanical system constrained mechanical system consist of concatenated
model.
path pieces of the unconstrained system, where the collision map is used to deal with the local behavior in
Proof: Follows from lemma 4.3.
2 case of collisions. For the global behavior one still has
to take into account in nite series of impacts in a From the proposition it follows that for the contact and nite time. For instance, an in nite series of impacts, at
release sets it is the second-order nature of a mechanical times tn (n ! 1), in a nite time, say t , can be modsystem that is important, and not the parameters of the elled by appropriate choice of the collision maps such that
model. As a consequence we have that uncontrolled con- limtn !t Tv (x(tn )) = Tp (x(t )). We refer to [1] for some
tact, i.e. collisions, do occur. In our point of view, a more details on this type of collisions for mechanical sysdiscussion on collisions should thus be an integral part of tems.
a treatment of constrained mechanical systems.
For a manipulator, plastic collisions indicate that the
end-e ector remains on the boundary set. An elastic collision indicates that some energy can be taken from the
system, but a bounce still happens. This, and lemma 4.3, Until now we have used the models of the unconstrained
motivates the following de nitions of the collision map(s). mechanical system and the boundary set of the constraint
to come to a system theoretical framework to discuss the
De nition 4.5 The collision map T : Xcon 7! Xrel.
contact problem. In this section we will incorporate the
(a) The collision map for uncontrolled elastic collisions physics of the problem at hand and compare our frameis de ned as a map: Tv : Xcon;v 7! Xrel;v .
work with constrained mechanical system models.
(b) The collision map for uncontrolled plastic collisions Assuming that contact is frictionless, the following
is de ned as a map: Tp : Xcon;v 7! Nc .
model is taken from [2], and adapted to our notation:
(c) The collision map for controlled collisions is de ned
M (y)y + N (y; y_ ) = v + P T f;
(15)
as a map: Tc : Nc  U 7! Nc  (UnUf ).
8
< 0 during free motion,
We have now reserved a place to model collisions with
f = : during collision,
(16)
the boundary set. The exact de nition of the map T
 during constrained motion,

5 The physics of contact

combined with equation (2). Here P T f represents the
contact force matrix, denotes the impulsive force due
to collisions, and  denotes the Lagrange multiplier which
has the dimension of the force for a holonomic equality
constraint Py = d.
We will show that this model ts our framework by
special choices of the collision map T . Firstly, in the free
motion phase it follows from theorem 4.6 that model (15)
and our model coincide. Secondly, for the (uncontrolled)
collision phase it follows from de nition 4.5 and lemma
4.3 that the collision map Tv yields a jump in (part of)
the velocity. For systems with nonzero mass, this implies
a discontinuity in momentum, which can only be caused
by an impulsive force. The following result can also be
found in [2, theorem 1], where the proof uses the concept
of virtual masses to arrive at the result (for nonlinear
constraints).
Proposition 5.1 Let y_n denote the velocity component
normal to the boundary set of constraint (2) at the moment of collision. Then there is no uncontrolled collision
( = 0) if and only if y_n = 0.
Proof: From lemma 4.3 follows that there are no
collisions if and only if Py = d and P y_ = 0. Hence,
y_ 2 ker(P ), i.e. y_n = 0. The collision map T can be
taken as the identity on X , meaning that there is no
discontinuity in the state. Consequently, = 0.
2
In case contact is made in Xcon;v an impulse does enter
the system. Knowledge of the collision map T is a prerequisite to obtain an expression for the impulse , since
the velocity characteristics on end-e ector level immediately after the collisions are necessary. The importance
of (the estimate of) is a consequence of the fact that a
small impulsive force leads (in general) to small changes
in the velocities.
The most widely used collision map is known as Newton's rule, which relates the velocity immediately after
contact to the velocity before impact using a restitution
coecient . This rule can be generalised to higher dimensions (see e.g. [1]). In our framework this can be captured by explicitly de ning Tv as: Tv (y; y_ ) = (y; y_ 1 y_2 )
where
y_1 := (I M 1P T (PM 1P T ) 1 P )y;_ (17)
y_2 := M 1 P T (PM 1 P T ) 1 P y:_
(18)
Hence, by choice, y_1 is the skew projection of y_ on ker(P )
and y_2 is a projection of y_ on im(M 1 P T ) for system
(3). It is clear that the impulse now only changes the
velocity components in im(M 1 P T ) for system (3), i.e.
the impulse can be modelled as P T for system (15).
Finally, for the constrained motion phase it is assumed
that Py = d on an interval [t1 ; t2 ]. System (6) reduces
to a singular system. De ne as controlled collision map:
Tc(x; u) := (x; v + P T ) (c.f. de nition 4.5), where 
must be chosen such that whatever the control v, the

control u := v + P T  is not forbidden, i.e. u 2= Uf (x)
(c.f. de nition 3.7). Note that the state is left invariant under the map Tc. By continuous application of
the map Tc on the interval [t1 ; t2 ] one arrives at model
(15). An explicit expression of , reads ([8, 10, 12]):
 = (PM 1 P T ) 1 PM 1 (v N ).
It is concluded that our approach to restricted systems
ts the approach generally taken in the literature.

6 On impact control
There are at least two control methodologies that have
reached a certain level of maturity for constrained mechanical system, i.e. pure force control and impedance
control. Due to space limitations we will only discuss (brie y) impedance control where the boundary set
fy 2 Rm j Py = dg models a very sti surface. The term
impedance control typically refers to a control law that
implements some target dynamics consisting of selected
inertial, damping, and sti ness parameters. Let the target dynamics be given by [11, 15]:

Md y + Dd(y_ y_d) + Kd(y yd) = F:

(19)

Here Md, Dd and Kd are (m  m) positive-de nite
matrices representing the desired inertia, damping, and
sti ness of the closed loop system, yd represents the desired end-e ector position, and F denotes the Cartesian
force exerted on the environment.
Solving (19) for y and substitution into (15) yields the
impedance control law. A simpli ed controller can be
obtained by setting Md = M ,  2 R . This gives [11, 15]:
v = (1 1 )F + 1 (D (y_ y_ ) + K (y y )) + R; (20)



 d

d

d

d

where R contains terms that do not depend on .
The factor (1 1 ) plays the most important role in determining the magnitude of impact, because the impact
force is much larger than all other forces on the righthand side of the above equation. If  = 1 the rst term
in (20) vanishes and the control force at impact is reduced
since this choice blocks the force signal from feeding back
into the controller [11], i.e. force feedback is disabled.
In [11] it is remarked that simulations show that for sti
environments, the choice  = 1 provides a 'good compromise between rebound e ects and the magnitude of
the impulsive forces', but also with the reduced impedance controller the manipulator rebounced.
At rst sight it may seem strange that not using force
sensor information in the feedback loop is more stable
than the case where one does use this sensor information. However, from our analysis it follows that there is a
good mathematical reason for doing so: in Xcon;v impact
can not be controlled by a smooth control and rebound
e ects are unavoidable, also for very sti surfaces. This
is supported also by results reported in for instance [16],

where during impact simulations with a steel pedestal
at least one bounce always occurred. One could apply
an impulse to the system to counteract the impulse that
arises due to impact, but this is not a practical solution.
Carefully manipulating the impedance control laws such
that the measured force is not fed back is a sensible thing
to do, and is motivated also by our analysis.
We conclude that control design should be aimed at
making contact with small velocities, and at e ective
avoidance of multiple bounces.

7 Concluding remarks
In this paper we have presented a framework to study
the contact problem for linear continuous-time mechanical systems subject to unilateral constraints. Our analysis amounts to a top-down approach to investigate the
e ect (of the boundary set) of a unilateral constraint on
the behaviour of a mechanical system. Our main results
are a system theoretical framework in which we described
exactly what happens upon contact, an identi cation of
the speci c places for modelling the laws of collision, and
a precise de nition of the constrained state-space system
in terms of the restricted behaviour.
We have shown that analysis of impact phenomena bene ts from a discussion of the mathematical models on
a system theoretical level before the physics of contact
are incorporated. We have also shown that the velocity
of the end-e ector of the manipulator at the moment of
contact and the (unit) vector normal to the plane of impact play an important role in the impact phase. The
parameters of the model of the mechanical system do not
have an in uence on the sets where contact and release
(can) take(s) place. It is the second-order nature of the
model that is important. The inertia matrix of the manipulator model does play a role when the magnitude of
the resulting impulse must be calculated. Inclusion of the
physics of contact amounts to choosing the appropriate
collision maps. For instance, friction can be included in
our framework by further detailing of equation (17). This
is left as part of future research.
It is stated in [9] that for several control methods 'the
suggested improvements are inconclusive unless considerations of hardware, software and equipment speci c data
are taken into account'. The analysis performed in this
paper can be seen to extent this statement to the impact phase of mechanical systems subject to unilateral
constraints.
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