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Summary
A multi-scale micromechanical model for a Ni-based superalloy is presented. The unit cell on
the material point level incorporates the two-phase γ/γ'-microstructure of the material and the
role of the γ/γ'-interfaces in the mechanical behavior is emphasized. A crystal plasticity
framework is used to model the constitutive behavior of the γ-matrix phase. The limited number
of unit cell constituents and the micromechanical simplifications make the framework
particularly efficient in a multi-scale approach. The model is implemented in a commercial
finite element code and adequately simulates the material response for the alloy CMSX-4. The
effect of microstructural changes on the mechanical response is demonstrated.
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Abstract
A multi-scale micromechanical model for a Ni-based superalloy is presented. The unit cell on
the material point level incorporates the two-phase γ/γ'-microstructure of the material and the
role of the γ/γ'-interfaces in the mechanical behavior is emphasized. A crystal plasticity
framework is used to model the constitutive behavior of the γ-matrix phase. The limited number
of unit cell constituents and the micromechanical simplifications make the framework
particularly efficient in a multi-scale approach. The model is implemented in a commercial
finite element code and adequately simulates the material response for the alloy CMSX-4. The
effect of microstructural changes on the mechanical response is demonstrated.
Keywords: Micromechanics; constitutive model; superalloy; crystal plasticity.

Introduction
The very high resistance against high temperature inelastic deformation is the main reason for
the extensive use of single crystal nickel-based superalloys as gas turbine blade materials. This
superior behavior is attributed to the two-phase composite microstructure consisting of a γmatrix containing a large volume fraction of γ'-particles (see Figure 1). Cubic Ni3Al (γ')
precipitates, with a typical size of 0.5 μm, are more or less regularly distributed in a Ni-matrix
(γ-phase). The typical size of the matrix channels in between the precipitates is only 60 nm.
For both gas turbine component design and maintenance it is important to have the ability to
perform a reliable life time assessment. Therefore, a lot of models were developed to describe
the superalloy mechanical behavior. The earlier models assumed the material to be a
homogeneous single phase material [1-8]. In these approaches crystal plasticity theory was used
to model the material response, which means that constitutive laws were defined on the slip
system level. The formulation of the slip law ranges from purely phenomenological [1,5] to
more physically based approaches [2-4,6]. Since these models are defined on a macroscopic
level, they can easily be applied as a constitutive description in a finite element (FE) analysis,
which is nowadays the common method used for component stress analysis and life time
assessment.
However, to be able to accurately model the material behavior, the two-phase nature of the
superalloy must be taken into account. Therefore, a lot of models have been developed that
consider the microstructural morphology (shape, dimensions and properties of both phases) as a
model parameter. But completely modeling a macroscopic component on a microscopic level
would ask for an enormous computational effort.
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There are two ways to reduce this effort. The first way is to use a multi-scale approach in which
an appropriate homogenization method is applied to connect the microscopic to the macroscopic
level [9-15]. The second way is to use microstructural models that predict the material response
in a closed-form set of equations on the level of the material point [16-22]. The microstructural
results are then used to develop constitutive descriptions that fit in traditional methods at the
macroscopic level. All these microstructural models are based on a unit cell approach, in which
a characteristic volume is defined that contains both γ and γ'-phase material with their respective
properties and dimensions. The FE based unit cell models are detailed but usually too complex
to be used efficiently in a multi-scale analysis of structural components.

Figure 1 Micrograph of a superalloy microstructure showing the cube-like γ'precipitates in a γ-matrix.
The model [23] described in this paper combines the merits of the previously mentioned
models. The material response is described by a crystal plasticity formulation for the matrix
material. Further, a new and efficient unit cell model is used, in which the role of the γ/γ'interfaces is emphasized. The limited size of the unit cell and the micromechanical
simplifications make the framework particularly efficient in a multi-scale approach.
The multi-scale model is described in the next section, providing definitions of the unit cell and
the interaction laws. Then the constitutive models are described and the implementation in an
FE code is discussed. Finally the model is applied to the Ni-based superalloy CMSX-4.
Simulated stress-strain curves are compared to experimental results and the effect of changing
microstructural dimensions is demonstrated.

Multi-scale approach
The multi-scale approach used for the prediction of the superalloy mechanical behaviour is
shown schematically in Figure 2a . The macroscopic level is the engineering level on which a
finite element (FE) model is commonly used to solve the governing equilibrium problem. The
mesoscopic level is the level of the microstructure within a macroscopic material point. At this
level the material is considered as a compound of two different phases: γ'-precipitates embedded
in a γ-matrix. Finally, the crystallographic response of the individual material phases is
described on the microscopic level, using a crystal plasticity framework.
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Definition of the unit cell
On the material point level the Ni-based superalloy microstructure, consisting of γ'-precipitates
in a γ-matrix, is represented by a unit cell containing 16 regions (see Figure 2b):

▪
▪

1 γ'-precipitate region
3 γ-matrix channel regions (γj, j = 1… 3) with different orientations (normal to the [001],
[010] and [100] direction)

▪

12 interface regions (Ikm and Ikp, k = 1… 6) containing the γ/γ'-interfaces. A matrix and a
precipitate region together form a bi-crystal, which is located on each face of the γ'precipitate.
The interface between the two different phases plays an important role in the mechanical
behavior of the material. Therefore, special interface regions were included in the model to take
into account the processes that take place at the γ/γ'-interfaces.

I4
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engineering level

γ2

I2

MESO
microstructure
level
material
point level,
compound
compound of
of γ/γ'
γ/γ' phases
phases

I5

γ'

I1
I3

γ1
z

γ3
MICRO
individual phases
constitutive models

a)

x

y

b)

Figure 2 Schematic overview of the model, showing (a) the multi-scale character and (b) the
multi-phase unit cell, consisting of one precipitate (γ’), three matrix (γi ) and six double
interface(Ii) regions.
Scale transitions and interaction law
In a conventional approach, a finite element method is used on the macroscopic level to solve
the engineering problem with its boundary conditions. In the present multi-scale approach the
usual standard procedure to obtain the stress response for a given deformation (i.e. a local
closed-form constitutive equation) is replaced by a mesoscopic calculation at the unit cell level.
The deformation (total strain) for a certain macroscopic material point during a time increment
is provided by the macro scale and the stress response is returned after the computations at the
mesoscopic level. The quantities used for this macro-meso scale transition are denoted as the
mesoscopic average strain ( ε ) and the mesoscopic average stress ( σ ). The stress tensor σ is
determined from the strain tensor ε based on the specified mesoscopic configuration and the
local constitutive equations of the different phases at the micro level.

7

NLR-TP-2006-352

The mesoscopic strain is obtained by averaging the microstructural quantities in each of the
regions, defined as
N

∑f

i i
tot

ε

= εtot

i = γ' , γ1 , γ 2 , γ 3 , I1p , I1m , I p2 , I m2 , I 3p , I 3m

(1)

i =1

where f i are the volume fractions, εitot the total strain tensors in the different regions and N
indicates the effective number (10) of regions in the model.
The constitutive models, which relate the stress tensors to the individual strain tensors for all 10
regions, provide the relation between the mesoscopic and microscopic level
→ constitutive box → σ i

εi

i = γ' , γ1 , γ 2 , γ 3 , I1p , I1m , I p2 , I m2 , I 3p , I 3m

(2)

The constitutive model on the micro level, for each phase, is based on a crystal plasticity theory
and will be described in the next section.
Both stress and deformation are assumed to be uniform inside each of the different regions. To
specify the coupling between the regions an interaction law has to be defined. For the present
model a modified Sachs approach is used, which means that in the γ and γ'-regions the stresses
are required to be equal to the mesoscopic stress. In each pair of interface regions however, only
the average stress is enforced to be equal to the mesoscopic stress. This results in the following
equations:
- Sachs interaction between γ' and γ-regions
σγ ' = σγ = σγ = σγ = σ
1

(3)

3

2

- Modified Sachs interaction for the bi-crystal interfaces
p
k

p
k

m
k

m
k

(

p
k

m
k

)

f I σI + f I σI = f I + f I σ

k = 1, 2, 3

(4)

where σi are the stress tensors in the different regions, σ is the mesoscopic stress tensor and f i
are the volume fractions of the respective regions.
In the interface regions additional requirements are set. Both stress continuity (across
the interface) and kinematical compatibility (in the plane of the interface) are required, resulting
in the following equations:
- Compatibility between the matrix (I mk ) and the precipitate side (I pk ) of the kth interface:

(

)

(

G G
G G
εI ⋅ I − nk nk = εI ⋅ I − nk nk
p
k

m
k

)

k = 1, 2, 3

(5)

- Stress continuity at the same interface:
G
G
σI ⋅ nk = σI ⋅ nk
p
k

m
k

k = 1, 2, 3

(6)
G

where σ and ε are the stress and strain tensors in the different regions and n k is the unit normal
vector on the kth interface.
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For the material point model the mesoscopic deformation (total strain) is provided by the macro
scale analysis and the mesoscopic stress must be calculated. Since the model consists of 10
distinct regions in which the deformation and stress are homogeneous, and the symmetric stress
and strain tensors contain 6 independent components, a total of 120 unknowns results.
Equations (1) and (3) to (6) yield a total of 60 equations and the constitutive model (2) another
60 equations, which completes the system of equations.

Constitutive models
A crystal plasticity approach is used to model the constitutive behavior of the two phases. The
elastic material behavior is described by a standard formulation for orthotropic materials with
cubic symmetry. The three independent components of the elastic tensor 4C of both phases in
CMSX-4 at 850 oC are given in Table 1 [24].

Table 1

4

C elastic tensor components for CMSX-4 at 850 oC [24].
γ-matrix
190.9
127.3
100.2

C1111 (GPa)
C1122 (GPa)
C1212 (GPa)

γ'-precipitate
216.9
144.6
105.2

Matrix constitutive model
The basic ingredient of the crystal plasticity framework is the relation between the slip rates
γα and the resolved shear stresses τα for all the slip systems α. The following formulation is
used:
⎫
⎪
⎬
⎪⎭

α
⎧ τ eff
⎪
α


γ = γ0⎨ α
⎪⎩ s

m

α
⎧
⎛ τ eff
⎪
⎜
⎨1 − exp⎜ − or
τ
⎪⎩
⎝

n

⎞⎫
⎟⎪ sign τ α
eff
⎟⎬
⎠⎪⎭

( )

(7)

α
where τor denotes the Orowan stress, sα the actual slip resistance and τ eff
the effective stress on
slip system α, defined as the combination of the resolved shear stress and the misfit stress.
α
α
τ eff
= τ α + τ misfit

(8)

Recalling that the elastic properties of γ and γ' are very similar and assuming that the size of
both phases is in the same order, it is assumed that the misfit is accommodated equally by both
phases, leading to a misfit strain
ε misfit =

1
2

(a

γ'

− aγ )

(9)

aγ

in the matrix (in the two directions in the plane of the interface) and the same strain with
opposite sign in the precipitate. The lattice parameters aγ’ and aγ refer to the γ' and γ-phases
respectively. The misfit stress and strain tensor are related to each other by a modified elastic
stiffness tensor, which ensures that only the stress components parallel to the interface are nonzero.
The resolved shear stress τα is obtained from the Cauchy stress tensor σ by
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τ α = σ : Pα

(10)

where Pα is the symmetric Schmid tensor defined as
Pα =

1
2

(sG

α

G
G G
nα + nα s α

)

G

(11)
G

The unit length vectors nα and s α are the slip plane normal and slip direction respectively. The
(projected) misfit stress is obtained from the corresponding stress tensor in the same way.
The Orowan stress, which is the stress required to bow a dislocation line into the channel
between two precipitates, is given by [25] as
τ or =

μb ⎛ d ⎞
μb
ln⎜⎜ ⎟⎟ = α
2πd ⎝ r0 ⎠
d

(12)

where μ is the shear modulus, b the length of the Burgers vector, d the spacing between two
precipitates (equal to the channel width) and r0 the dislocation core radius (in the order of b).
There is no generally accepted value for the constant α. A value of α = 0.80 is taken here.
The slip resistance is related to the availability of mobile dislocations and the resistance of
sessile / forest dislocations and therefore depends on the total dislocation density. The relation
between the slip resistance and the dislocation density is defined according to
⎡Q⎤
s α = cμb ρ α exp ⎢ ⎥
⎣ kT ⎦

(13)

where ρα is the dislocation density on slip system α, c is a material constant, Q is an activation
energy for overcoming the barriers, k is the Stefan-Boltzmann constant and T the absolute
temperature.
The dislocation densities are calculated on the basis of an appropriate evolution equation [26],
starting from their initial value ρ0 :
1⎛ 1
⎞
− 2 yc ρ α ⎟ γ α
b ⎝ Lα
⎠

ρ α = ⎜

, ρ α (t = 0) = ρ 0

(14)

which is the net effect of dislocation accumulation (left term) and annihilation (right term). The
parameter yc represents the critical annihilation length, i.e. the average distance below which
two dislocations of opposite sign annihilate spontaneously. The accumulation rate is linked to
the average dislocation segment length of mobile dislocations on system α, which is determined
by the current dislocation state through
Lα =

K

(15)

ρα

where K is a material constant.
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Precipitate constitutive model
In the present model, the precipitate in the superalloy is assumed to be elastic. This assumption
is only acceptable under certain conditions. The precipitate may deform inelastically when it is
sheared by a dislocation or bypassed by dislocation climb. However, these processes have
considerable thresholds in terms of stress and temperature. Therefore, at temperatures below
950 oC and moderate stress levels the simplification of an elastically deforming precipitate is
justified. The development of an enhanced constitutive model that includes crystal plasticity in
the precipitate for more extreme conditions, is subject of future work.

Application
The framework described in the previous sections was implemented, as a material subroutine, in
the commercial finite element code MSC.Marc. The subroutine is called for every material point
and a fully explicit time-integration is performed. An implicit method would be unconditionally
stable, but would also require a significantly larger implementation effort. Therefore an explicit
method was selected and limiting the time step yields accurate results within acceptable
computation times. The local variables like dislocation densities and plastic strains in the
individual regions are stored in state variables and updated at the end of each increment. The
integration of the multi-scale model with an FE code in this way enables application of the
material model to any structural component for which a FE model is available.
The model has been applied to simulate the mechanical response of the single crystal Ni-based
superalloy CMSX-4, for which the model parameters are given in Table 2. In the remainder of
this section, first the characteristics of the proposed slip law are demonstrated and then the
influence of a change in the microstructural dimensions is shown.

Table 2 Model parameters for the matrix phase of CMSX-4.
Model parameter

Symbol

Value

Unit

γ0

1.4 x 10-4
3
7
0.3590
0.3586
1.38 x 10-23
0.0
0.426
100.2
0.25
0.50
2.31
8.1 x 1014
10

s-1

Reference slip rate
Rate sensitivity Orowan threshold
Rate sensitivity exponent slip resistance
Lattice constant matrix
Lattice constant precipitate
Boltzmann's constant
Reference activation energy
Strength parameter
Shear modulus
Burgers vector length
Parameter in Orowan stress
Critical annihilation length
Initial SSD density
Material constant

n
m
aγ
aγ’
k
Q
c
μ
b
α
yc
ρ0
K

nm
nm
J K-1
J
GPa
nm
nm
m-2

Used in
equation
(7)
(7)
(7)
(9)
(9)
(13)
(13)
(13)
(13)
(12),(13),(14)
(12)
(14)
(14)
(15)

Slip law features
The slip law for the matrix material, equation (7), reflects that for each slip system two
thresholds must be overcome before plastic slip can occur, associated with the slip resistance
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and the Orowan stress. Plastic slip will only occur when both thresholds are exceeded by the
effective resolved shear stress.

0.001

0.001

0.0008

0.0008
Slip rate (1/s)

Slip rate (1/s)

The slip rate as a function of the effective resolved shear stress was calculated for two cases to
demonstrate the slip law characteristics. The results are shown in Figure 3 for the Orowan stress
below (τor = 147 MPa) and above (τor = 368 MPa) the initial slip resistance (sα = 305 MPa). The
plots show that the slip rate in both cases reaches the reference slip rate γ0 when the resolved
shear stress exceeds both thresholds.

0.0006
0.0004

Orowan
threshold

Slip
resistance

0.0002
0
100

Orowan
threshold

0.0006

Slip
resistance

0.0004
0.0002

200

300

400

0
100

500

Effective resolved shear stress (MPa)

200

300

400

500

Effective resolved shear stress (MPa)

a)

b)

Figure 3 Activation of the proposed slip law for different values of the Orowan
threshold.
Effect of microstructural changes
Nickel-based superalloys show a clear size dependence, which means that the mechanical
behaviour changes when proportionally increasing or decreasing the microstructural dimensions
while keeping all volume fractions constant. The present framework is able to simulate these
microstructural size effects, since the Orowan threshold, which is inversely proportional to the
γ-channel width h, is incorporated in the model. Before analysing the effects of microstructural
changes, a reference case was studied by simulating a tensile test at 850 oC at a strain rate of 103 -1
s . The microstructural dimensions used are L = 500 nm and h = 60 nm. The result is shown in
Figure 4, together with an experimentally determined stress-strain curve for CMSX-4 at the
same conditions [24].
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1400
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400
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200
0
0

0.01

0.02

0.03

0.04

0.05

0.06

Strain

Figure 4 Simulated stress-strain curve for CMSX-4 at 850 oC at a strain rate of 10-3 s-1
compared to an experimentally determined curve.
The model parameters from Table 2 lead to an initial slip resistance (sα = 305 MPa) which is
considerably higher than the Orowan stress (τor = 147 MPa). This means that the slip resistance
threshold is the decisive threshold in this case. Downsizing the complete unit cell by a factor 2
or 4 increases the Orowan threshold by the same factor, which means that it approaches or even
supersedes the slip resistance and becomes an active threshold. The unit cell dimensions were
varied to quantify this size effect. Figure 5 shows the stress-strain curves for the reference case
and for three other cases with all unit cell dimensions multiplied by a factor 0.5, 0.75 and 2.
This figure shows that the shape of the curves for the different unit cell sizes remains the same,
but the maximum stress shifts to a higher level with a decreasing matrix channel width, i.e.
smaller is stronger.
1400
1200
0.5 Ref.
0.75 Ref.
Reference
2 Ref.

Stress (MPa)

1000
800
600
400
200
0
0

0.02

0.04

0.06

Strain

Figure 5 Effect of changing microstructural dimensions on the stress-strain curve. The
reference case is L = 500 nm and h = 60 nm.
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Conclusions
A physically motivated crystal plasticity framework is presented to describe the mechanical
behaviour of the nickel-based superalloys. The framework has the following characteristics:
• The material response is predicted accurately by using a crystal plasticity model for the
matrix material. A threshold term related to the Orowan stress is included, as well as the
effect of lattice misfit between the two phases.
• The limited size of the unit cell and the micromechanical simplifications make the
framework particularly efficient in a multi-scale approach. The unit cell response is
determined numerically on a material point level within a macroscopic FE code, which is
computationally much more efficient than a detailed FE-based unit cell discretization.
• Special interface regions have been included in the unit cell, since the role of the γ/γ'interfaces is believed to play an important role in the material deformation behaviour. In the
interface regions internal stresses will develop as a result of the lattice misfit between the
two phases. Also conditions requiring stress continuity and strain compatibility across the
γ/γ'-interfaces have been specified in these regions.
The model was implemented in the commercial FE code MSC.Marc and was applied to the Nibased superalloy CMSX-4. It was shown to be capable of accurately describing the material
stress-strain curve and the influence of changing microstructural dimensions was demonstrated.
Therefore, it can be concluded that the present framework is able to accurately describe the
material response, while being computationally much more efficient than complex FE unit cell
models.
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